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ABSTRACT

An information system is a primitive structure that defines which agents can
initially get information and how such information is then distributed to others.
From political and organizational economics to privacy, information systems arise
in various contexts and, unlike information itself, can be easily observed empiri-
cally. We introduce a methodology to characterize how information systems affect
strategic behavior. This involves proving a revelation principle result for a novel
class of constrained information design problems. We identify when such systems
better distribute information and, as a result, impose more constraints on behav-
ior. This leads to a novel notion of an agent’s influence in the system. Finally, we
apply our theory to examine how current patterns of news consumption from mass

media may affect elections.
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1 Introduction

Modern societies feature increasingly complex informational environments. What agents
know and how they act depend on information they get not only directly from origi-
nal sources but also indirectly as spillovers from other agents. We think of such an en-
vironment as an information system, which defines (1) which agents can get informa-
tion initially and (2) how such information is then distributed to others. These elements
capture the bare bones of the informational environment in which the agents interact.
As such, information systems are often stable and observable—unlike information itself,
which may be hard to measure. This paper proposes a theory of information systems
and their implications for the outcomes of strategic interactions. Such a theory is useful
for obtaining sharper predictions that have empirical content, despite the lack of details

about what information the agents might have.

Examples of information systems exist in various contexts. In the media industry,
news outlets are sources of political information, which they distribute to their possibly
overlapping audiences. This can be viewed as an information system. Its properties can
affect the outcomes of elections or determine the market power of media conglomerates
(Anderson et al. (2016)). In some companies, the organizational hierarchy and firewalls
control how information that is sourced by specialized divisions is distributed to other
divisions. This setup is another example of an information system and can affect the
organization’s productivity (Garicano and Van Zandt (2013)). In the digital economy,
consumers often have to reveal personal data to various platforms, which may then
distribute it to third parties. This environment can be captured with an information
system to study the complex trade-offs that privacy, or lack thereof, creates for individual
and societal welfare (Acquisti et al. (2016)).

Our goal is to characterize which equilibrium outcomes are compatible with a given
information system. To provide an answer, we cast our question as a novel class of
constrained information design problems. We imagine a metaphorical character, called
the designer, who provides information to a group of Bayesian agents, but is constrained
by the information system in two ways. First, the designer can provide information only
to a subset of the agents, called seeds. Second, the agents share information with each
other through a given communication network. These constraints weaken two standard
postulates of the information design paradigm: They render it impossible to provide
information either directly or privately to some agents. This precludes the use of standard
solution methods. Our main methodological contribution is a revelation principle result
that allows us to characterize all equilibrium outcomes compatible with an information

system. With this tool, we then investigate how such outcomes depend on properties



of the information system—mnamely, the seeds and the network—both in general and in
specific applications. Our methodology can be useful in empirical work, as it allows the
econometrician to better exploit observables, without making specific assumptions about
what information the agents might have. Knowing the information system where firms
operate, for example, can sharpen estimates of the effects of entry (e.g., Magnolfi and
Roncoroni (2017)), the likelihood of collusion (e.g., Chassang et al. (2019)), or the market
power of media outlets (Prat (2018)).

In our model, an information system consists of the set of seeds and the communication
network, which is captured by a directed graph. There are three stages. First, the
designer chooses what information to provide to the seeds. For each seed, information
takes the form of a private signal about some underlying state of the world. Second, the
agents share information with their neighbors in the network. Third, given what they
learned, either directly from the designer or indirectly from others, the agents interact in
an arbitrary finite game. The agents are fully Bayesian. Throughout, our key assumption
concerns information spillovers. Modeling spillovers on networks raises serious conceptual
challenges depending on which form of communication is assumed. Our baseline model
makes a stark but simple assumption: If there is a path in the network from one agent to
another, then the latter will learn the signal received by the former. Thus, the spillovers
are mechanical and entirely governed by the network. Later, we relax this baseline
assumption and consider richer and more realistic forms of spillovers.

Our revelation principle for constrained information design has two pillars. The first
shows that, for every information system, there is an auxiliary “direct” information
system that induces the same feasible outcomes for every game. In this auxiliary system
the designer can seed all agents (hence the word “direct”), but information spills over
a richer network. This network captures the additional constraints of having to rely on
the seeds as information intermediaries in order to reach the other agents. In deriving
this equivalence result, we exploit an unexpected connection with computer science,
from which we borrow a cryptography technique known as “secret sharing” (Shamir
(1979)). The second pillar builds on the tradition of direct mechanisms (Myerson (1986))
and characterizes the feasible outcomes of an information system via robustly obedient
recommendations. Robust obedience requires that each agent be willing to follow his
recommended behavior conditional on all the information he receives, either directly from
the designer or indirectly from other agents.

This result allows us to study how information systems affect equilibrium play. What
are the consequences of changing the network? When is a group of seeds more influential
than another? To provide a holistic answer, we avoid focusing on the network or the

set of seeds, but rather we introduce a notion of more-connected information systems.



This order is related to notions of connectedness from the network literature, but differs
by explicitly considering the informational role played by seeds. We show that when an
information system becomes more connected, the set of feasible outcomes shrinks for all
games; we establish that the converse holds as well. We derive two implications of this
result. First, increasing the information spillovers by simply adding links to the network
has, in general, ambiguous effects on the set of feasible outcomes. This speaks to the
fact that the network and the set of seeds should not be analyzed in isolation, but rather
organically as a system. Second, for a given network, our result provides an operational
notion to discern when one group of agents is more influential than another, and hence
should be seeded. This connects our work to the literature on optimal seeding in networks.

We relax the assumption that information leaks mechanically on the network of the
information system. What if information leaks only with some exogenous probability
or the network is uncertain? What if the agents communicate strategically with their
neighbors? Under some conditions, we can use our methodology to compute bounds for
the set of feasible outcomes in these richer settings. Even if the designer does not know
how the agents will communicate with each other, it is possible to find a policy that is
“robust” to communication in the sense of securing a given probability for some specific
behavior of the agents. These bounds are useful in practice because, when communication

is endogenous, computing actual solutions can be infeasible.

Finally, we illustrate our theory with a political economy application. A set of news
outlets provides information to ideologically polarized voters in a referendum. Voting is
costly. An analyst wants to forecast the referendum outcome. Unfortunately, the analyst
does not observe what information the voters receive. Instead, the analyst observes which
news outlets are active in the market and how their audiences overlap. We study how
the analyst’s forecast depends on the ability of different outlets to convey news to broad
or narrow audiences. Our findings suggest that outlets with narrow audiences may gain

influence when voting costs are higher or polarization is lower.

Related Literature. Our work builds on and contributes to the literature on informa-
tion design (see Bergemann and Morris (2019) and Kamenica (2019) for surveys), which
has been applied to study political campaigns, rating systems, financial stress tests, bank-
ing regulations, and many other settings. One can view information systems as imposing
specific informational constraints on the design problem. These constraints restrict, pos-

sibly in very complex ways, the set of available information structures.! Studying infor-

In a different context, Doval and Skreta (2019) investigate how inter-temporal incentives under
limited commitment lead to a constrained information design problem. Brooks et al. (2019) examine
how information hierarchies—which differ from our information systems—constrain how much agents

know about some underlying state and about other agents’ beliefs regarding the state. Mathevet and



mation systems also allows us to assess the robustness of information policies to spillovers
and how to modify them accordingly. This analysis highlights some of the limitations of

using information, which is easy to replicate and share, as a tool to shape incentives.

Within the information design literature, the closest paper to ours is Bergemann and
Morris (2016). However, the two papers ask fundamentally different questions. Berge-
mann and Morris (2016) examine how information that agents exogenously have con-
strains feasible outcomes; we ask how agents’ ability to share any information they en-
dogenously receive constrains feasible outcomes. In fact, to highlight the contrast, our
analysis focuses on the case where the agents have no exogenous information.>

The class of problems introduced in this paper cannot be analyzed using the common
solution methods in the literature. The method based on distributions over induced
posterior beliefs of Kamenica and Gentzkow (2011)—extended to games by Mathevet
et al. (2020)—cannot be productively used here because the new constraints severely
complicate the structure of the possible posterior distributions. The approach based on
recommendation mechanisms of Bergemann and Morris (2016) and Taneva (2019), which
builds on Myerson (1986), is not applicable as we explain in Section 3.1. We develop
an alternative method that preserves most of the convenient features of the standard
revelation principle.

Our paper also provides a partial bridge between the literature on information design
and the literature on optimal seeding in networks.®> A broad theme in the latter is which
network nodes should be targeted with an intervention to achieve maximal diffusion. This
has led to several important notions of centrality. Our paper differs from papers in that
literature in at least one of three dimensions: We import the Bayesian information model
and specialize our interventions to information provision, we allow for arbitrary strategic
interactions among agents, and we consider arbitrary objectives for the designer. This
flexibility is common in information design, less so in the seeding literature. It allows us
to revisit the notions of centrality and influence from a different perspective. We hope the
bridge provided by this paper paves the way to a general theory of optimal information
seeding.

Finally, our paper relates to the vast literature on observational social learning.* This

Taneva (2019) study strategic information spillovers, their implementable outcomes, and their optimality
in binary-action environments with strategic complementarities.

2Building on our baseline model, Candogan (2020) studies optimal information structures in settings
where all agents are seeded, non-strategic, and enter additively in the designer’s objective.

3See, for example, Morris (2000), Ballester et al. (2006), Banerjee et al. (2013), Sadler (2017), Ak-
barpour et al. (2018), and Galeotti et al. (2019). Valente (2012) provides a review of the literature.

4See Banerjee (1992), Bikhchandani et al. (1992), Smith and Sgrensen (2000), Acemoglu et al. (2011),



literature is concerned with how people learn from observing others’ behavior, which is a
prominent form of information spillovers. Usually, this literature assumes that the agents’
initial information is given and simple, and considers rich, sometimes strategic, forms of
spillovers. By contrast, we impose no restrictions on the initial information structures.
In our baseline model, we consider a simple and tractable form of spillovers, which we

then extend to richer—including strategic—spillovers in Section 5.

2 Model

We first outline the settings we are interested in modeling. There is a group of agents,
hereafter called players, who are linked by social relations. Initially, some—possibly
all—players privately observe a signal about some state of the world. The players then
share their information through their social relations. Finally, using all the information
obtained either initially or from their peers, the players interact in a game. As we
discuss below, the initial signals can be interpreted in two ways: Either (1) they are
part of the thought experiment of an analyst who is agnostic about the players’ initial
information, but who wants to understand what behaviors they may adopt (metaphorical
interpretation), or (2) they are provided by a third party who wants to influence the

players’ behavior (literal interpretation).

The following elements of the model are standard. Let I be a finite set of players,
where [ also denotes the number of players. Let €2 be a finite set of states of the world.
The players have a common, fully supported, prior belief u € A(Q2). Let A; be a finite set
of actions for player ¢ whose utility function is u; : A x 2 — R, where A = A; x --- X Aj.
Fixing I, we denote the base game by G = (Q, i, (A;, u;)ier). The information the players
have when playing G is described by an information structure. This is denoted by (7', 7;)
and consists of a finite signal space T; for each player i and a function 7; : Q — A(T),
where T' = T} x --- x T;. Abusing notation, we sometimes write 7; instead of (7', 7).
Together, G and any 7; define a Bayesian game, denoted by (G, 7). We focus on its
Bayes-Nash equilibria. We denote strategies of player i by o; : T; — A(A4;) and the set
of equilibria by BNE(G, 7).

The novelty of our model is that the players are organized in an information system,
which specifies which players can initially get original information about the state and
how such information is then distributed to others. In this way, the system determines
the players’ information 7; in the game. Formally, an information system, denoted by

(N, S), consists of a nonempty set of seeds S C I and a network N C I>—a set of directed

Golub and Sadler (2017), Golub and Jackson (2012), and Mueller-Frank (2013).



links between the players. The seeds are the players who can get a nontrivial initial signal
about the state. We can model this initial information as an information structure that
satisfies |T;| = 1 for i ¢ S. To emphasize this property, we denote the initial information

structure by mg. We call the information system direct if S = I and indirect otherwise.

After the private realization of the initial signals, information spills over the network N.
Being directed, a link from ¢ to j can carry information from ¢ to 7, but not vice versa.
A path from i to j is a sequence of players (iy,...,4,) such that iy = 4, i, = j, and
(i,ik+1) € N for all k =1,...,m — 1. In the baseline version of the model, we start by
assuming that information spills over between players in a mechanical and deterministic

way that is governed by N.

Assumption 1 (Information Spillovers). If a path exists from player i to player j, then j

learns i’s signal t;.

We discuss and motivate this assumption shortly in Section 2.1. We relax it in Section 5.

For most of the analysis, we will focus on information systems that are connected in
an informational sense. To define this, we call player j a source of player ¢ if there is a
path from j to 2. Given N, let N; be the set that contains ¢ and all i’s sources. We call
j a seed source of i if 7 € N; N.S. An information system is connected if every player
has at least one seed source and therefore can receive some information. We relax this

assumption in Appendix D.2.

Assumption 2. The information system (N, S) is connected, that is, N; NS # & for

all 1.

These assumptions imply that N transforms every initial g into a unique final informa-
tion structure, which we denote by m; = fy(ms). Thus, every mg leads to the Bayesian
game (G, fy(7ms)).

The main goal of this paper is to characterize what joint distributions of players’
actions and states can arise across initial information structures given the game G and
the information system (N, S). For the sake of presentation, it is convenient to imagine
that an information designer chooses mg. In some applications, we also specify a payoff
function v : A x 2 — R for the designer. For every mg, define

V(G,N,ng) = max Z v(a,w)o(alt) fn(ms)(tlw)p(w),

€BNE(G,
? (Gofn(ms)) acAteT we)

where fy(7s)(t|w) is the probability that the final information structure fy(7s) assigns to
the profile of signals t in state w. The designer-preferred equilibrium selection is standard
in the literature (Bergemann and Morris (2019)). The designer maximizes V (G, N, g).

This problem can be expressed formally, but doing so involves some technicalities tackled
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in Appendix A. We denote the value of this problem by V*(G, N, S). For convenience,
we will refer to the designer using feminine pronouns and to a player using masculine

pronouns.

2.1 Discussion of the Model

Information Spillovers. A key theme of this paper is to consider spillovers that are
beyond the designer’s control and occur following specific observable patterns. We find
this of practical importance, especially in applications where it is difficult to enforce
privacy because communication among agents is the norm. To analyze these issues, the
information design framework needs to be extended to settings where the players can
share the information they receive. In doing so, we highlight some limitations of using
information—which (unlike money) is a good that is easy to replicate and can be non
rivalrous—as a tool to shape incentives. To make progress, our baseline model assumes
mechanical and deterministic spillovers on an exogenous network. Although descriptively
relevant in several applications (e.g., see Section 4.2), this is a stark assumption. It is,

however, a natural starting point for several reasons.

First, Assumption 1 lies at the polar opposite of the standard information design
framework, which rules out communication among agents that is beyond the designer’s
control. By doing so, our baseline model transparently highlights the trade-offs and
qualitative implications of information spillovers.

Second, mechanical spillovers are also a typical assumption in the literature on infor-
mation diffusion and seeding.’” The classic DeGroot model of information diffusion shares
some of the mechanical and non-strategic features of our spillovers. A key difference is
that in our model updating is Bayesian. From this perspective, our paper bridges that

literature with the literature on information design.

Last but not least, our baseline model proves to be a useful steppingstone to obtaining
robust predictions for more general forms of spillovers. Examples include strategic com-
munication on the network, which can depend on the initial information structure itself,
and mechanical but random spillovers. Although clearly important, such spillovers raise
significant challenges that render them intractable, except in special cases. We discuss
these extensions and issues in Section 5. In a nutshell, some challenges are computa-
tional: Calculating for every mg how the players communicate over the network in equi-
librium may be hard, and their strategies may be complex or unrealistic (for a discus-
sion, see Eyster and Rabin (2010) and Mueller-Frank (2013)). Other challenges are con-

For example, see DeMarzo et al. (2003), Golub and Jackson (2012), Akbarpour et al. (2018), and
Jackson and Storms (2018).



ceptual. Many communication models (such as cheap talk) or solution concepts (such as
communication equilibrium) would require a reasonable criterion to select among mul-
tiple equilibria in the communication stage of our model. For instance, in the case of
cheap talk the designer-preferred equilibrium would be a babbling equilibrium, which ef-
fectively kills any spillover and thus defeats the purpose of this paper. Section 5 shows
that Assumption 1 corresponds to the designer’s worst-case scenario across a broad class
of spillovers. Thus, the methods we develop under Assumption 1 become a tool for ob-
taining predictions that are robust against how linked players may share their informa-
tion due to strategic or technological considerations.

Interpretations. An information system imposes constraints on the information de-
sign problem. It may be impossible to (1) directly provide information to some players
(seeding), and (2) prevent information from leaking between players (spillovers). Thus,
the system restricts what type of information the players may have before playing G.
While in some settings different kinds of restrictions may be relevant (e.g., caps on infor-
mativeness), in many applications constraints (1) and (2) are reasonable and important.
Moreover, they can be interpreted in two ways.

In a metaphorical interpretation, the designer is an analyst who wants to obtain robust
predictions about the possible behavior of the players in G. She is agnostic about which
information the players initially get, which is often hard to observe empirically. However,
she may know the information system, which is a more primitive object (see Section 4.2
for a concrete example). That is, she may know which players can bring information into
the system and how it usually spills over from these players to others. The system then
becomes a tool to capture the analyst’s knowledge of the informational environment in
which the players interact. It represents a tractable way to model basic assumptions on
what the players know about each others’ information. Finally, note that the analyst
can pick the function v instrumentally to learn specific aspects of the players’ possible
behavior. For example, if v equals 1 for specific action profiles and 0 otherwise, she can
learn the maximal feasible probability of those profiles.

This metaphorical interpretation can be especially useful in empirical work. Our
methodology allows the econometrician to better exploit observables in the data, with-
out making specific assumptions about the information that agents might have. For ex-
ample, in entry games (e.g., Magnolfi and Roncoroni (2017)), it can be reasonable that
stores in the same chain share information, whereas stores in different chains do not. A
similar observation can have useful implications when developing “safe tests” & la Chas-
sang et al. (2019). Finally, explicitly allowing for information spillovers between voters

can improve our estimates of media power (Prat (2018)).

In a literal interpretation, the designer is a third party interested in influencing the



players’ behavior. For instance, think of this party as the head of an organization. In
many applications, this party provides all the information that the players have—she
chooses the initial information structure. However, she may face explicit constraints that
can be conveniently captured by an information system. For instance, the head of an
organization may be able or allowed to directly provide information only to some of its
members, or she may not be able to communicate to some members without others also
listening. More generally, N can represent the hierarchical structure of the organization,

describing the flow of information through the levels of its divisions.

3 Feasible Outcomes Under Information Systems

This section provides a general characterization of what behaviors of the players can
be induced by the initial information structure given an arbitrary base game G and an
information system (N, S). We will refer to such behaviors as the feasible outcomes. By
Assumption 1, player i learns the vector ¢y,, the initial signal realizations of all his sources.
By Assumption 2, this vector can have multiple possible realizations for every ¢ under the
final information structure. Therefore, given any initial (7', 7g), the final 7 = fy(7g) is
defined by T} = xjen, T} for alli € I and, for allw € Q, 7; (], ..., t}jw) = 7s(t1, ..., t1|w)
when t; = ty, for all i.

It is convenient to formalize the feasible outcomes as distributions over how the players
play in the base game. Since each player acts on his final information by picking an
action, possibly at random, we can view information structures as inducing distributions
over mixed-action profiles for every state. It is immediate to deduce how these profiles
determine the final actions. Since by assumption each 7g has finite support, we can only
consider finite-support distributions. Let R; = A(A;) and R = X R;. We will refer

toa = (a1,...,ar) € R as an outcome realization.’

Definition 1 (Outcome). Outcome is a mapping z : @ — A(R), where z(-|w) has finite
support for every w € Q.

Even if any initial information structure 7g is possible, only some outcomes are feasible.
In words, x is feasible if an initial 7¢ and an equilibrium o of the final game exist that

induce the same distribution over mixed actions as x.

Definition 2 (Feasible Outcome). An outcome z is feasible for (G,N,S) if mg and

6The reader may wonder why we do not define outcomes as mappings to pure actions only. Appendix
A shows that, in contrast to unconstrained information design, such a definition involves a loss of

generality when there are spillovers (independently of S).
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o € BNE(G, fn(ms)) exist such that, for every w € Q and o € R,

z(ag, ..., qrlw) = ZWS(ﬂw)H]I{Ui(tNi) =}, (1)

teT el

where I{-} is the indicator function. Let X (G, N,.S) be the set of such outcomes.

Information systems add new challenges to the characterization of feasible outcomes.
On the one hand, the approach based on feasible distributions over induced posterior
beliefs of Kamenica and Gentzkow (2011), which was extended to games by Mathevet
et al. (2020), cannot be tractably used here. Our new constraints severely complicate
calculating those posterior distributions. On the other hand, the approach based on
recommendation mechanisms of Bergemann and Morris (2016) and Taneva (2019), which
builds on Myerson (1986), is not applicable here for subtle reasons that we explain in
Example 1 below.

Given these challenges, we develop an alternative approach, which has two parts. In
Section 3.1, we transform the original information system into a direct one that leads to
the same set of feasible outcomes. In Section 3.2, we characterize all feasible outcomes
for this auxiliary problem in terms of recommendation mechanisms that are robust to

information spillovers.

3.1 From Indirect to Direct Information Systems

We now show how to turn the original problem into an outcome-equivalent auxiliary
problem where all players are seeds. This involves specifying a new network that is
“richer” than N and depends on (N, S). We will introduce the logic of this construction

using three examples and then present the general treatment.

The first example illustrates that the inability to seed all players is only part of the
reason the standard recommendation-mechanism approach does not apply here. In some
instances of our problem, we can describe a feasible outcome using the language of rec-

ommendations, but in others we simply cannot.

Example 1. Let I = {1,2,3} and S = {1,2}. Asshown in Figure 1, player 1 and player 2
are the seeds (in gray) and are sources of player 3, who is not a seed. Suppose each player
wants to match the state and let a be each players’ optimal action under no information.
Consider first an outcome where 3’s behavior depends only on ¢;. Concretely, suppose
only 1 and 3 match the state, while 2 plays a. In this case, we can replace t; with ] =
(a1, as), where both actions equal the realized state, and interpret ¢} as a recommendation
to both 1 and 3. By contrast, consider an outcome where 3’s behavior depends on (1, t2)

in such a way that neither ¢; nor ¢, alone pins down az. Concretely, suppose only 3
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matches the state, while 1 and 2 receive no information and play @ (this can be done,
as we show in the next example). If keeping 1 and 2 uncertain about as is necessary to
sustain such an outcome, we cannot restrict the designer to communicating in a language

such that ¢}, or ¢}, for that matter, explicitly recommends an action for 3. A

O

Figure 1: A Non-Seed Player (in White) with Unconnected Seed Sources (in Gray)

Example 1 illustrates the heart of the issue with recommendation mechanisms. A non-
seed player j may receive from each of his sources only part of the information determining
his behavior. These parts may be distributed among his seed sources so that none of their
signals can be reduced to a recommendation to j without revealing too much information
to j’s sources and, thereby, changing their behavior.

The ability to divide a message intended for a non-seed player across multiple sources
is also a key to relaxing the constraints imposed by seeding. Note that in Example 1,
players 1 and 2 are not sources of each other; we therefore call them independent sources
of player 3. It may then be possible to design 1’s and 2’s signals so that together they
allow 3 to learn the message the designer intends to send him, yet each signal alone
reveals nothing about that message (see Example 2). Such signals restore a direct and
private communication from the designer to player 3. The crucial implication for us is
that it is as if we can add 3 himself to the seeds.

Example 2. Consider again Figure 1. Suppose the state is binary: w € {b,g}. We
construct an information structure that allows player 3 to learn the state, while revealing
nothing to players 1 and 2. Let x : {b,g} — {0,1} be any injective function. Let
Ty = {0, 1}. Player 1 receives either signal with equal probability, independently of w and
the signal of player 2. Let Ty = {(k,0), (k,1)}, where to = (k, 1) if and only if k(w) = 1,
and ty = (k,0) if and only if k(w) # t;. Clearly, t; is uninformative. Signal o is
also uninformative, because for every w signal ¢; is equally likely to coincide with r(w).
However, the pair (¢,t5) fully reveals w. In words,  is an encryption code, the second

part of t5 is an encrypted version of w, and t; is the key to using the code to decipher t5. A

This logic allows us to expand the seed set, but does not yet imply that we can expand
it from S to I, thereby fully relaxing the seeding constraint. To see how to do this,

consider the following example.

12



O

(a)

Figure 2: A Non-Seed Player with Connected Seed Sources

Example 3. Figure 2(a) modifies Figure 1 by adding link (2,1). Player 3’s seed sources
are no longer independent, so it is not possible to send encrypted messages to 3 that 1
will not decipher too. Even in such cases, we can add 3 to the seeds by first adding links
to the original network. Here, 3’s information either comes from 2, who is a source of 1,
or directly from 1 himself, so 1 always knows what 3 knows. We can capture this by
adding a link from 3 to 1, represented by the dashed arrow in Figure 2(b). We can then
add player 3 to the seeds. In the expanded network where all players are seeds, indepen-
dently of what signals they get initially, 1 and 3 will have the same final information,

which is what ultimately happens in the original system. JAN

We now formalize and generalize these ideas.

Definition 3 (S-expansion). The S-expansion of N is the network N that contains N
and is obtained as follows: If i ¢ N;, we add link (¢, 7) to N if and only if N; NS C Nj.

The logic behind this definition is that if all seed sources of 7 (i.e., N;N.S) are also sources
of j, then j must infer all the information ¢ could ever get. Adding a link from 7 to j
simply makes this property explicit. Our notion of S-expansion adds exactly the links
that are needed and no more. Figure 3 gives two other examples of expansions.

Our first main result follows. By appropriately enriching the network, we can turn
any information system into a direct one that leads to the same feasible outcomes. This

equivalence is crucial for the rest of our analysis.
Theorem 1 (Equivalence). X (G, N, S) = X(G, N* 1) for all (G,N,S).

The proof builds on the insights from the examples above. First, we show that the S-
expansion does not change the seed sources of any player and consequently it does not
change the information on which each can ultimately act either. Second, we show that we
can treat all players as seeds in the S-expansion. If a non-seed player ¢ has independent
sources—in the sense used before—then it is possible to provide information privately

to ¢ using only the seeds in S, as in Example 2. This may require dividing the message
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Figure 3: Examples of S-Expansions

intended for ¢ across all his independent sources (not just two). If a non-seed player j
does not have independent sources, he must have a bi-directional path to some player
who is a seed or who has independent sources. Therefore, we can add j to the seeds as
in Example 3.

In our argument, the designer can exploit the seeds as intermediaries to communicate
secretly with non-seed players. This uses an encryption method called secret sharing
(Shamir (1979)): A secret can be divided into “shares” so that pooling all shares reveals
it, yet missing even one share renders the rest fully uninformative (see Example 2).7 Of
course, this method relies on the richness of information structures in our model. We do
not interpret it in a descriptive way, as a prediction of how information is actually pro-
vided. More simply, we view this method as a proof technique. Nonetheless, once we
abstract from the details, one substantive point emerges from the proof. When informa-
tion goes through multiple independent channels, it is possible that some listeners will
understand its intended meaning, while others who lack access to some of those channels
will not. This is reminiscent of a kind of communication that is known in politics as dog
whistling. This term refers to employing a coded language that only an intended sub-
group of people will be able to understand, perhaps because they learned its “key” from

sources that are not available to everyone.

3.2 Spillover-Robust Obedience

We can now proceed to the second part of our characterization approach. By Theorem 1,

we can focus on direct systems where all players can receive information initially. Abusing

"Outside of the information design literature, Renou and Tomala (2012), Renault et al. (2014), and
Rivera (2018) also use cryptography techniques. They seek to identify conditions of networks such
that privacy of communication is guaranteed and the standard revelation principle holds. By contrast,
we are interested in settings where privacy can fail and, thus, consider arbitrary information systems.

Consequently, we have to develop new methods to characterize feasible outcomes.

14



notation, let

ui(o, s w) = Z%‘(CL; w) H a;(a;).
acA jel
Given outcome z, let its support be & = {a € R : z(ajw) > 0,w € Q}. Let the projection

of & on any subset of players I' C I be ¢y = {a € Ry : (o, &) € ¢,& € R_p}. Finally,

Definition 4 (Spillover-Robust Obedience). An outcome z is spillover-robust obedient
for (G,N) if, for alli =1,...,] and ay, € xx,,
Z <ui(04i,a,i;w) - ui(ai,a,i;w))x(ai,a,ilw)p(w) >0, a; €A, (2)

we
a—Niew_Ni

To interpret this definition, imagine dividing the left-hand side of condition (2) by the
total probability that ay, arises under x and p. We obtain an equivalent condition
which requires that player i prefers to play a; than any other action conditional on the

information conveyed not only by knowing «;, but also by knowing a; for all his sources.

This leads to our second main result.

Theorem 2 (Feasibility). An outcome x is feasible for (G, N,I)—i.e., v € X(G,N,I)—
if and only if x is spillover-robust obedient for (G, N).

Robust obedience captures the basic economic trade-off caused by information spillovers.
As usual, the signal for each player directly influences his beliefs. In our setting, it can also
influence the beliefs of a player’s followers in the network. This curbs the scope for keeping
them uncertain about that player’s behavior, which may also reveal information about
other players and the state. Put differently, spillovers render it harder—in the sense of
incentive compatibility—to implement correlated behaviors that require some dependence
on w and mutual uncertainty among players. This is illustrated in our applications in
Section 4.

Methodologically, the combination of Theorem 1 and 2 provides a revelation principle
for constrained information design problems that lack both private and direct informa-
tion provision. It allows us to still view feasible outcomes as if the designer directly rec-
ommends to each player how to play in G and each abides by her recommendations, ir-
respective of the spillovers after all recommendations are released. Due to the linearity
of the obedience constraints, we can use powerful linear programming methods to solve
our constrained information design problems and study comparative statics, as we illus-

trate in Section 4.8

8In Galperti and Perego (2018), we use linear programming duality to characterize optimal outcomes
in standard information design problems. Due to the linearity of the robust obedience constraints, we

can readily apply those techniques to the class of problems considered here.
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The intuition for Theorem 2 is simple. Suppose 7; and a BNE ¢ induce x. Note
that by learning his sources’ signals through N, player i also learns the signals of his
sources’ sources and so on. Since in equilibrium ¢ knows o, he can predict the mixed
action of all his sources. In equilibrium, he must best respond to this behavior as well
as to his belief about all other players’ behavior and the state. But this property is
robust obedience.” Conversely, suppose x is robust obedient. We can view x itself as
an information structure. It is then a BNE of (G, fy(z)) for each player to follow his
recommendation, given what he learns through the spillovers and that the others follow

their recommendations.

A by-product of Theorem 2 is that it offers a simple way of characterizing feasible
outcomes when the designer can use only public information—a case often studied in the
literature. It is easy to see that we can model public information using a complete N.

In this case, condition (2) simplifies to requiring that, for all ¢ € I and (o, ;) € @,

Z (wiloy, s, w) — wi(as, oy, w))w(a, ai|w)p(w) >0,  a; € A,
we
Three natural questions may arise at this point: Why are mixed recommendations nec-
essary in Theorem 27 Is there no loss of generality in focusing on information structures
and therefore on outcomes with finite support? Does our constrained information design
problem always have a solution? Since these are rather technical questions, we postpone

the answers to Appendix A.

4 The Effects of Information Systems

In this section, we put our theorems to work and analyze a number of applications
that offer economic insights into information systems and showcase the flexibility of
our framework. Section 4.1 introduces a notion of more-connected information systems
and studies the effects on feasible outcomes. We then exploit this notion to describe
the influence of different seeds and offer insights into how one might optimally choose
them. Section 4.2 studies a political economy application where news outlets provide
information to ideologically polarized voters in an upcoming referendum. The market
structure of the news outlets and their audiences determine the information system. Our

goal is to study its effects on the outcome of the referendum.

9In this light, spillover-robust obedience may seem related to the notion of peer-confirming equilibrium
(Lipnowski and Sadler (2019)). However, its key idea is that a player has correct conjectures about
the strategies (not actions) of the players to which he is linked, but faces strategic (not information)

uncertainty about the remaining players in the spirit of rationalizability.
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Figure 4: Information Systems that are Not Ranked

4.1 More-Connected Information Systems

What does it mean for an information system to become more connected and how does
this affect the feasible outcomes? Before presenting our answer, it is worth noting that
seeding and spillovers give rise to nontrivial trade-offs. Given S, on the one hand, richer
spillovers curb the scope for privately influencing the players’ behavior, which should
shrink the set of feasible outcomes. On the other hand, richer spillovers can open new
channels to reach the players, which may expand the feasible set. To formalize these

intuitions, we introduce the following order on information systems.

Definition 5. Fix I. (N,S) is more connected than (N,S)—denoted by (N,S) >
(N, S)—if, for all i € I, i’s sources in N¥ are also sources in N° (i.e., Nf C NP).

This order captures the idea that, in more-connected systems, players have information
that is more correlated. It is related to notions of connectedness from the network
literature, but differs by explicitly taking into account the informational role played by
seeds. For example, consider the systems in Figure 4. Intuitively, N = {(1,3)} is less
connected than N = {(1,3), (2,3)}. However, (N, S) i} (N, S). To see this, note that in
(N .S ) the information players 1 and 3 have must be perfectly correlated, while in (N, S)
it can be only partially correlated because s; and sy can be uncorrelated. Definition 5
is useful because it exactly characterizes when changes in the information system shrink

the set of feasible outcomes.
Lemma 1. X(G,N,S) C X(G,N,S) for all G if and only if (N,S)> (N, S).

When an information system becomes more connected, “local” information received by

7

the seeds can more easily spread “globally.” This shrinks the set of equilibria that can
be achieved, irrespective of the game being played.!® An interesting asymmetry emerges,
which is particularly visible when S = I: While the designer can always replicate more

spillovers by telling each player what he may learn from his new sources, she cannot undo

10 Related to this, it can be shown that (N, S) > (N, S’) if and only if (N, S) “better aggregates” the

information received by the players. We formalize this point in Appendix D.3.
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them. This suggests an important difference between settings where players influence
each other by sharing information and settings where they use side monetary transfers.
Assuming transferable utility for simplicity, a central authority with no budget constraint
can always undo side transfers through offsetting transfers of its own to the players. By
contrast, it cannot undo information spillovers. In short, while money can be taken back,

information—once leaked—cannot.

Before putting our order to work, we clarify its relationship with the primitives of
our model, without resorting to network expansions. To this end, consider first direct
systems: In this case, (N, 1) (N, I) if and only if N; C N; for all i € I." Thus, when all
players can be seeded, our notion of more-connected information systems coincides with
an intuitive notion of more-connected networks. By contrast, when the system is indirect,
our order takes into account that information originates from seeds only; hence, not all

links in the network are equally important. The next result formalizes this intuition.
Proposition 1. (N, S) > (N, S) if and only if N;n S C Nj implies N; NS C N; for all
1,7 € 1.

Intuitively, if in (]\7 , S ) all seed sources of player i are also sources of player j, then j knows

i’s information. This should also be true in (N, S) for it to be more connected. Therefore,

in (IV, S) either i is already a source of j, or all seed sources of i must again be sources of j.

4.1.1 The Effects of More-Connected Information Systems

To further understand the effects of more-connected information systems, we start again
by considering direct systems. In this case, as confirmed by Lemma 1, having more
channels to reach players should be irrelevant, so more connections should always shrink
the feasible set. We illustrate this with an example.

Example 4 (Investment Game with Spillovers). Two investment banks (I = {1,2})
have to choose whether to invest (a = y) or not (e = n) in a pharmaceutical startup. Its
business idea may be successful (w = g) or not (w = b) with equal probability. Table 1
shows the banks’ payoff functions. To make the example more interesting, let the return
from a successful investment differ between banks: 0 < v < ;. Assume v, < 1 so that
under the prior neither bank invests. Joint investment causes externalities: If both banks
sit on the startup’s board, they may help or obstruct each other in running it. We discuss
the case where the decisions to invest are strategic substitutes (¢ < 0) here and the case

of strategic complements (¢ > 0) in Appendix C. Assume that ¢ is small (i.e., |¢| = 0).

'Note that N C N implies (N,I) > (N,I), but the converse is not true. For example, neither
N = {(1,2),(1,3),(2,3)} nor N = {(1,2),(2,3),(4,2)} is contained in the other, yet (N,I)> (N,I).
This is because the primitive network may not be transitive.
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Figure 5: Investment-Game Feasible Outcomes

Suppose the startup (the designer) wants to persuade the banks to invest: for all w,
v(ay,az;w) =Hay = y1} + T{az = ya}.

To this end, it can develop in-house tests of product prototypes and submit the results
to each bank. We interpret this as choosing mg. Since the startup chooses which test to

send to each bank, we have S = I.

We are interested in the feasible outcomes for the networks in the right panel of Figure 5.
One way to interpret the link (4, 7) is that bank j has an informant in bank i who leaks
the information i gets about the startup to j. We will describe outcomes in terms of the
total probability that each bank invests. The formal steps are in Appendix C.

Figure 5 can be understood as follows. The intercepts of the sets with each axis rep-
resent the solutions to the Bayesian-persuasion problem of maximizing the probability
that a single bank invests. With regard to the boundaries, as the probability that one

bank invests rises, the maximal probability the other can be induced to invest falls due
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to strategic substitutability. Spillovers from 7 to j shrink the feasible set for two reasons.
First, j is better informed. Second, knowing part of j’s information allows ¢ to better
predict when j invests, which reduces i’s willingness to invest due to strategic substi-
tutability. Interestingly, the link (2,1) shrinks the feasible set more than the link (1,2)
does. This is because, due to 7, < 71, persuading bank 2 to invest requires a more infor-

mative signal, whose leakage to bank 1 is therefore more damaging.

The solution to the startup’s problem corresponds to the dotted corner of each set in
Figure 5. Appendix C reports the actual optimal outcomes, whose main features are as
follows. For N = @ and N = {(1,2)}, it is optimal to use private information: When
it is recommended that a bank invest, that bank is kept uncertain about whether the
other invests. This exploits strategic substitutability to relax the obedience constraints.
Instead, for N = {(2,1)} it is optimal to use public information (i.e., perfectly correlated
recommendations). Thus, the more-constraining spillover from 2 to 1 removes all the
value from providing information privately to 1, even though the network per se does not
rule out this option (as when N = {(1,2),(2,1)}). A

This asymmetry between links illustrates a general feature of our class of problems.
Because it may require different information to persuade two players to take an action,
the direction of spillovers between them can have significantly different consequences for
the designer. In contrast to standard seeding problems, here the question is not only who
to provide with information, but also what information to provide.

Next, we illustrate the effects of richer spillovers for indirect information systems.
When S C I, there is a trade-off between losing privacy and gaining channels to reach
the players. Building on Example 4, we show that more connections can change the set

of feasible outcomes non-monotonically.

Example 5 (Investment Game with Indirect Information Systems). Suppose the startup
is unable to develop in-house tests due to the nature of its product. Instead, it needs
to hire independent labs to test its prototypes. Labs have existing relationships with
the banks, to which they promptly release the test results. Thus, the startup can no
longer directly communicate with the banks, but can selectively choose which labs to
hire. We can model this as a link from the labs to the banks. There are three possible
labs: S = {3,4,5}. Theorem 1 allows us to immediately see the effects of which lab is
linked to which bank by looking at the S-expansions. Suppose lab 3 is the only source
of both banks: N = {(3,1),(3,2)} as in Figure 6(a). Since N¥ = N U{(1,2),(2,1)}, the
feasible set is the smallest in Figure 5. Now suppose lab 5 is also a source of bank 2: N =
{(3,1),(3,2),(5,2)} as in Figure 6(b). Since N¥ = NU{(1,2)}, the feasible set becomes
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Figure 6: Investment Game with Indirect Information Systems

the intermediate one in Figure 5.'2 Finally, suppose lab 4 is also a source of bank 1: N =
{(3,1),(3,2),(4,2),(5,1)} as in Figure 6(c). Now the startup can provide information
directly and privately to each bank, which results in the largest set in Figure 5. It is
easy to see that adding links to NV will shrink the feasible set back to the smallest one in

Figure 5. Thus, the startup prefers an intermediate level of connectedness. A

One may wonder whether more-connected information systems benefit the players.
When information provision is endogenous, the effect of more connections on the players
is ambiguous. The resulting lack of privacy and new ways to reach the same players may
lead the designer to provide more or less information in the first place, which in turn
may help or hurt the players.!?

Understanding which effect prevails may be of particular interest in applications of in-
formation design to elections. Heese and Lauermann (2019) ask how much a designer
can undermine the information-aggregation result of Feddersen and Pesendorfer (1997)
by providing information to voters in addition to their exogenous signals. Perhaps sur-
prisingly, the designer can entirely break the result. Crucially for us, she does so by pro-
viding information privately to each voter. In Chan et al. (2019), a designer can improve
the chances that voters support her desired policy by again relying on private informa-
tion. The key is to keep pivotal voters uncertain about which other voters support the
policy. However, among other things, spillovers on social networks exactly limit private
information provision. For instance, for complete networks, which essentially force the
designer to use public information, the result of Feddersen and Pesendorfer (1997) sur-
vives (see Heese and Lauermann (2019)). These remarks suggest that information shar-
ing on social networks need not be only detrimental to elections, in contrast to the com-

mon wisdom. Once we realize that private information (i.e., tailored messages) can be

21f N = {(3,1),(3,2),(4,1)}, NS = NU{(2,1)} and therefore the feasible set is still the smallest in
Figure 5.

13Tn Example 4 the players are better off (sometimes strictly) as (IV, I) becomes more connected. It is
possible to build examples where, even when players face independent decision problems, more-connected

information systems lead to less information provision and Pareto-worse outcomes.
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a key part of strategies to manipulate voters, we can see that social networks may limit

the scope for manipulation.

4.1.2 Seeds and Their Influence

Our framework allows us to shed some light on the following classic question: Fixing N,
which seeds between S and S would a designer choose to achieve some specific objective?
Relatedly, which group of players is more influential? The problem of “optimal seeding”
has received considerable attention in the network literature, in economics as well as
computer science and sociology.'* Building on various measures of network centrality
(like Bonacich’s), this literature has proposed several notions of nodes’ influence that can
be operationally computed based on N only. However, these notions are often derived
under specific assumptions on the players’ interactions and the designer’s objective. For
example, a typical framework assumes that players do not interact strategically and the
designer maximizes diffusion. In the spirit of this literature, we introduce a notion of

influence in our framework that depends only on N, but not G or v.

Definition 6 (Influence). Fix N. S is more influential than S’ if X (G, N,S) 2 X(G, N, 5’)
for all G.

Accordingly, when S is more influential than S’, the designer is better off seeding players
in .S, irrespective of the game. Our influence order is demanding, as its condition has to
hold across all games. However, its characterization is simple, and hence, operational.
Indeed, Lemma 1 implies that there is a tight relation between influence and the notion

of more-connected information systems.
Corollary 1. Fiz N. S is more influential than S’ if and only if (N,S") > (N, S).

The question of which seed set is more influential then boils down to which leads to
a less-connected system. Clearly, when S’ C S, S is more influential than S’. Yet,
S can be more influential than S’ even when S" ¢ S. Consider Figure 7. On the
left panel S = {1,2} and N¥ = I? on the right panel S = {3,4} and N C I2.
Therefore, (N, S")>(N, S). Corollary 1 implies that, irrespective of G and of the designer’s
objective v, she prefers S to 5.

Our notion of influence can disagree with classic notions of influence that rely on

network centrality. This is because we allow for arbitrary strategic interactions among

14Gee, for example, Morris (2000), Ballester et al. (2006), Banerjee et al. (2013), Sadler (2017), Akbar-
pour et al. (2018), and Galeotti et al. (2019). Valente (2012) provides a broad review of the literature

outside economics.
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Figure 7: Influence Order: S = {3,4} is More Influential than S" = {1,2}.

players in N. For example, in Figure 8, player 2 is strictly more central than player 1
according to Bonacich centrality, but 1 and 2 are equally influential according to our
notion. Another difference is that our notion can be applied to groups of players and not

just to single players.

g
>

e

Figure 8: Strategic Influence and Bonacich Centrality

4.2 Application: News Consumption and Elections

News outlets often serve as information gatekeepers for voters and can therefore affect
elections.'® This depends not only on what information they convey, but also who their
audiences are, namely, on voters’ news consumption patterns (Kennedy and Prat (2019)).
Arguably, the audience of an outlet depends on what news it conveys. However, to isolate
the effects of the channels whereby voters get their news, one would want to remove the
effects of the specific news conveyed by each outlet. Our methodology does exactly this.
We can view news consumption patterns as an information system, where the outlets
are the seeds and the network describes their audiences. We can then span all the news
they may convey by varying the initial information structure. This allows us to identify
how the breadth and overlaps of the outlets’ audiences determine how the news from
each outlet—whatever that is—can affect voting behavior. Thus, by exploiting such
observables, our approach can offer insights into what determines the power of news

outlets that complements the role of what news they convey.

5For a review of the literature on mass media and elections, see Prat and Stromberg (2013), Gentzkow
et al. (2015), and Anderson et al. (2016).
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Viewed as an information system, news consumption patterns have specific features.
Let S be the set of outlets and let N describe their audiences: Voter ¢ is in the audience
of outlet j if there is a link from j to ¢ in N. For instance, building on data from the
Pew Research Center (2014; 2020), Figure 9(a) depicts a selection of US news outlets
as the seeds and their audiences according to their political ideology (Democrats versus
Republicans). Each link reports the share of voters in the respective ideological group
that receives information from each outlet. These data document a stark asymmetry
in the news consumption patterns between ideological groups.!® This asymmetry is an
observable, persistent feature that is important to understand the role of the channels of
news consumption. Indeed, while all voters in the audience of one outlet must receive the
same news (perfect correlation), this news can differ—and possibly be uncorrelated—from
the news received by other audiences. By Theorem 1, we can study this complex problem
where information flows from outlets to audiences as the simpler problem where we can
ignore the outlets and all voters directly receive information, but share it according to
the S-expansion N°. In this way, N° captures the specific and unavoidable correlations

in the voters’ information caused by this media information system.

We illustrate the effects of such systems on voters’ behavior through a stylized model,
represented in Figure 9(b). Consider an electorate split into two ideological groups. We
view this underlying heterogeneity as resulting from socioeconomic status, not informa-
tion. Suppose there are M voters in one ideological group and m in the other, where
M > m > 0; we will refer to the former as the majority voters and to the latter as the mi-
nority voters. There are three news outlets. The first is a broad outlet whose audience is
the entire electorate, which we denote by ig. The second is a one-sided outlet whose au-
dience is only the majority voters, which we therefore call the majority outlet and denote
by ipr. The third is a one-sided outlet whose audience is only the minority voters, which
we call the minority outlet and denote by 7,,. Note that this outlet classification is based

on audiences, not the kind of information provided—although the two may be related.

The voters face an upcoming referendum on a bill. Its content is known, but its
consequences are uncertain and represented by an equally likely w € {—1,1}. Each
voter i can vote yes, no, or abstain: A; = {y,n,h}. Casting a vote costs ¢ > 0. The
bill passes if, of the cast votes, the ayes exceed the nays. The voters vote expressively.
That is, they derive utility from supporting the bill if they think it is favorable to them
and from opposing it if they think it is not. They turn out to vote if and only if the

16The asymmetry remains even if people share news with others, which we omit in this section. In fact,
the Pew Research Center’s (2014; 2020) reports show that ideologically extreme voters mostly interact

with like-minded people. Figure 9(a) omits links for audiences smaller than 1 percent.
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Figure 9: News Outlets and their Audiences as Information Systems

expected utility from voting for the preferred alternative exceeds that from abstaining.'”
Since robust obedience depends only on payoff differences between actions, it suffices to

specify for voter ¢ and state w
wi(n; 0;,w) — ui(h; 0, w) = —(1 —(w— Gi)Q) —c,

which can be used to calculate w;(y;0;,w) — u;(n;6;,w). The constant 1 is a payoff
normalization and 6; is 7’s known ideological bliss point. The minority voters have 6; =
0 € (0,1], and the majority voters have 6; = —f. Suppose c is sufficiently low that all
voters turn out if they know the state: ¢ < 1—(1—6)2. To focus on the asymmetric news
consumption of majority and minority voters, we assume that each ideological group is
homogeneous. Given this, one can interpret 6 as a measure of ideological polarization.
Indeed, a higher 6 increases voter ¢’s incentive to vote yes when w is favorable to him
and no when w is unfavorable to him. The outlets do not take actions. These elements

define the base game G.
An analyst wants to predict the probability that the bill passes (hereafter, passage

ITWe use expressive voting to keep this illustrative application short and simple. Our focus is on news
consumption patterns and their interaction with voting costs and polarization. Expressive voting based
on ethics, identity, or ideology has been used to explain why people vote despite its cost (Brennan and
Lomasky (1997); Kan and Yang (2001); Glaeser et al. (2005); Hamlin and Jennings (2011); Pons and
Tricaud (2018); Spenkuch (2018)). Similarly to our setup, in Feddersen and Sandroni (2006), ethical
agents vote for their preferred candidate because they feel morally obligated to do their part, even though
they understand each vote individually has no effect on the final outcome. Feddersen (2004) surveys
various challenges encountered in modeling strategic and costly voting. This being said, our framework

can handle more general voting games, which we leave for future research.
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probability) and how it depends on where the voters get their news. In addition, she is
interested in how this dependence is affected by the voting cost and polarization. Not
knowing what exact information the outlets provide, she looks for the range of passage
probabilities. Its lower bound is zero, which occurs if no information is provided. Its
upper bound, denoted by P, captures the extent to which the outlets’ news can affect
the referendum outcome. To find P, let v(a,w) = I{a € Apass} where A € A contains
all action profiles such that the ayes exceed the nays. We then have P = V*(G, N, S)
where S = {ip,ip,im}. It is easy to show that we can focus on outcomes z such that all
majority voters behave the same and all minority voters behave the same. We then refer

collectively to the former as “the majority” and to the latter as “the minority” hereafter.

Several voting scenarios can lead the bill to pass. An obvious one is that the majority
votes yes. However, costly voting creates another scenario where the minority votes yes
while the majority abstains. It is not immediately clear how the probability of these
scenarios depends on what information comes from which outlet and on ¢ and 6. Figure 10
represents P as the circled black line, where panel (a) illustrates its dependence on ¢
fixing # = 3/10 and panel (b) illustrates its dependence on 6 fixing ¢ = 1/5 (see Online
Appendix D.6 for alternative parametrizations). To understand this complex dependence
and the role of each outlet, a useful thought experiment is to examine what would happen
if we shut down some outlets. The corresponding passage probabilities are represented
in Figure 10 for S € {{ig},{ip,in}, {ip,im}}. Comparing these cases reveals some
interesting findings.'®

Finding 1: News consumption patterns do not matter if the voting cost is zero.

As shown in Figure 10(a), if the voting cost is zero, the analyst’s predictions about the
passage probability do not depend on the channels from which the voters get their news.
The probability can only depend on the content of the news. The reason is that, if ¢ = 0,
the majority never abstains, so it will always carry the bill. Thus, whether the majority
receives news from the broad outlet or the majority outlet is irrelevant. Also, since the

minority can never affect whether the bill passes, where it gets its news is also irrelevant.

Finding 2: The minority outlet has more informational power than the majority outlet
if and only if the voting cost is sufficiently high.
That is, news coming from one-sided outlets can raise the passage probability above the

level it could achieve if voters got news only from the broad outlet. Moreover, for the

18To be concise, we only report numerical solutions and some commentary, which rely on Theorem 1
and 2. More details about the corresponding outcomes z appear in Appendix D.6. The analytical
solutions can be computed using Galperti and Perego’s (2018) method, which we already used for the

examples in Section 4.1. They are available upon request.
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Figure 10: Robust Passage Probabilities

minority outlet, this effect is positive and increasing in c if and only if ¢ is large enough;
for the majority outlet, it is hump-shaped in ¢ and eventually vanishes. These properties
determine the shape of the P line in Figure 10(a). To explain the intuition, we proceed
in steps.

First, imagine that we shut down both one-sided outlets: S = {ig}. In such a world,
all voters would get the same news; also, simple steps show that if that news leads
one ideological group to vote yes, the other must vote no. The bill can then pass only
in the scenario in which the majority supports it, rendering the minority irrelevant.
Thus, we essentially have a Bayesian persuasion problem with one receiver: the majority.
Concretely, the broad outlet’s news that maximizes the passage probability either reveals
that the state is w = 1—leading the majority to vote no—or it pools the states and
induces the majority to barely prefer yes to no.

Second, suppose we shut down only the minority outlet: S = {ip,in}. As Figure 10(a)
shows, the maximal passage probability is always higher than with the broad outlet alone.
This can only happen if sometimes the bill passes in the scenario in which the minority
supports it, a vote which hinges on news from the broad outlet. However, how can such
a piece of news induce the minority to vote yes without also inducing the majority to
vote no? The key is that that news can be only partially informative. Thus, although by
itself that news would lead the majority to block the bill, it leaves room for additional
news from the majority outlet to induce the majority to sometimes abstain. This news
combination expands the possible scenarios in which the bill passes and highlights the
role of the majority outlet’s ability to convey information privately to its audience. A

higher ¢ requires the broad outlet’s news to be more informative for the minority to vote
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yes. In turn, this always curbs the scope for the majority outlet’s news to induce its
audience to abstain, thereby lowering the passage probability.

Third, suppose we instead shut down the majority outlet: S = {ig,im}. As Fig-
ure 10(a) shows, the maximal passage probability is higher than with the broad outlet
alone only for sufficiently large ¢ and is then strictly increasing. This again requires that
sometimes the bill pass with the minority’s support while the majority abstains. For this
to happen, suppose that sometimes the news from the broad outlet is uninformative. The
majority then votes no if ¢ is small, preventing any news of the minority outlet from affect-
ing the bill’s passage. But if ¢ is large, the majority abstains after receiving uninformative
news. In this case, there is room for news from the minority outlet to sometimes induce
its narrow audience to carry the bill. A higher ¢ renders it more likely that the broad
outlet’ news fails to mobilize the majority. In turn, this widens the scope for the minority

outlet’s news to induce its audience to vote yes, thereby raising the passage probability.’

Finding 3: The minority outlet has more informational power than the majority outlet
if and only if polarization is sufficiently low.

That is, higher polarization curbs the ability of news from the minority outlet to raise
the passage probability. Moreover, for high polarization, this ability falls below that of
news from the majority outlet, which is hump-shaped in 6. Overall, higher polarization

lowers P, as shown in Figure 10(b).

To gain intuition, we can again examine what would happen if we shut down some
outlets. Recall that a higher 8 strengthens how much the voters like and dislike the bill
in the two states. Under no news all voters abstain if # is sufficiently small and vote no
if 0 is sufficiently large. Thus, higher polarization renders voters easier to mobilize for
low #, but harder to dissuade from voting no for large 6. If S = {im,ip}, both effects
render it less likely that the broad outlet’s news leads the majority to abstain, which
is essential for the minority outlet to have informational power as we saw before. By
contrast, if S = {irm, i}, higher polarization implies that the broad outlet’s news has
to be more informative to induce the minority to vote yes for high 6, but it can be less
informative for low 6. Thus, it widens the scope left for the majority outlet to have

informational power for low #, but curbs it for high 6.

The complex dependence of P on the voting cost and polarization illustrates one last
point of this application. When formal analyses reach unequivocal conclusions about

how voting costs and preference polarization drive elections, such conclusions are likely

9These remarks suggest that the informational power of one-sided outlets weakens if their ability
to convey information privately to their audiences is curbed by spillovers between voters in different

ideological groups. We refer the reader to our discussion in Section 4.1.
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to depend on specific assumptions about what information the voters get, not only where

they get it. Any such conclusion may therefore warrant careful scrutiny.

5 General Spillovers and Random Networks

This section considers information systems in which spillovers are more complex and
less mechanical than under Assumption 1. We analyze general spillovers on a fixed
network, including strategic communication and random networks. It is well-known
that even simple communication games can have rich equilibrium structures. In some
cases, this richness makes it hard or impossible to directly characterize the set of feasible
outcomes. In other cases, the richness of predictions defeats the purpose of allowing for
spillovers in the first place, as we explain shortly. We show how our methodology enables
us to compute bounds for the designer’s payoff. By specifying her payoff function v
instrumentally, we can also use these bounds to obtain robust predictions on the feasible
outcomes, such as the maximal or minimal probability the players will play specific
actions. Thus, our methodology can bypass the complexity of general spillovers while

retaining much of their economic relevance.

5.1 General Spillovers in Direct Information Systems

This section focuses on direct information systems (S = I). Later, we will mention some
issues with general spillovers in indirect information systems.

Consider the following general model of communication on a network N, which sub-
sumes the one of Section 2. For all i € I, let N; = {j € I : (j,i) € N} be the set of i’s
direct sources and ;N = {j € I : (i,7) € N} be the set of i’s direct followers. Let K be
a finite number of communication rounds. In every round, player ¢ sends a message to
player j if and only if j € ;N. For every initial (T, 7;), let M;;(T,7;) be the finite set
of messages 7 can send to j at every round. We assume that the message spaces per se
do not constrain the players’ ability to convey all the information they may get initially.
One way to ensure this is to assume that 7' C M,;(T,n;) for all ¢, j. Let ¢’s initial his-
tories be of the form h = (7,t;), where ¢; is privately observed by . Thus, i’s set of
initial histories is HY = {(7r,t;) : t; € supp7;}.?° For every k > 1, denote 4’s histories
at round k recursively by HF = {(RF7!, (;m,m;)) : B¥' € HF ' ym € ;M,m; € M;},
where ;M = X,y M;(T,71) and M; = X;ex,M;i(T,7r). Let the set of all 4’s histories
be H; = UkKZOHf. Player i’s communication is described by a function &; : H; — A(;M).

20We include 7; in the histories to allow for the possibility that communication behavior depends
on 7wy and to easily keep track of this dependence.
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The profile £ = (&)1, defines a spillover process. We assume that ¢ is common knowl-

edge among the players—for example, it is pinned down by some equilibrium concept.

Every spillover process transforms initial information structures into final information
structures. Indeed, for every w, m; determines a distribution over finitely many profiles
of initial histories h° = (h?)!_,. For every h°, £ induces a distribution over finitely many
profiles of histories h® = (hX)I_,. Interpreting hX as i’s final signal realization from
these compounded distributions, we get that every w induces a distribution over such

signal profiles. Therefore, £ maps every initial 77 into a final 7 = fe y(7;).2!

The next result shows that our baseline approach from Section 3 identifies the worst-
case scenario for the designer across arbitrary forms of spillover on networks. This result
gives our baseline analysis a connotation of robustness to players’ sharing information in

more general ways. For every GG, N, and &, define

‘/f*(Gva I) = SupV(Gv f&N(ﬂ—I))a

where V(G, fe (7)) is the expected payoff under the designer-preferred equilibrium in
BNE(G, fen(mr)). Let V*(G, N, I) be the value of the designer’s problem in the baseline
model with network V.

Proposition 2 (Payoff Bounds for General Spillovers). Fiz G and (N,I). For every
spillover process £, V*(G, N, I) < Vi (G, N, I) < V*(G,2,1).

Intuitively, the second inequality arises because, in a direct information system with
N = @, the designer could always replicate the spillovers induced by & by choosing
77 = fen(mr). The first inequality arises because spillovers are always weaker under &:
Given 7y, some information may not leak between some linked players under &, while it
will leak under our baseline assumption.

The key aspect of Proposition 2 is not the inequalities per se, which are intuitive, but
its practical usefulness. For example, it can be extremely complicated, if not impossible,
to characterize £ and compute Vg*(G, N, I) when players communicate strategically on
the network N. By contrast, computing both payoff bounds involves a relatively standard
linear program.

The lower bound of Proposition 2 is invalid in indirect information systems. To see
this, consider N = {(1,3),(2,3)} and S = {1,2}. For the sake of conciseness, assume
neither seed will ever volutarily convey any information to player 3 in any . Suppose the

designer cares only about 3’s action and wants it to match the state, which is also 3’s goal.

21'We conjecture that relaxing the assumption that ¢ is commonly known does not change our results.
Intuitively, it should be possible to build the uncertainty player ¢ has about how others communicate
into & itself.
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It follows that Vg*(G, N,I) < V*(G,N,I) in this case. More generally, one complication
with general spillovers in indirect information systems is that whether Assumption 2
holds may depend on 7; and &.

Several canonical spillover processes fit in our general model of network communication
(see Appendix D.1 for further details). A vast literature in economics, surveyed by Golub
and Sadler (2017), studies how agents learn about some underlying state from their peers’
actions in social contexts. We can interpret these actions as the messages the agents send
to their neighbors in our model. Unlike most of the social learning literature, Proposi-
tion 2 covers settings where no assumption is made about the agents’ initial information
structure. As another example, suppose that after the designer chooses 7, every player
truthfully reports his belief about the state and everybody’s signal to his neighbors over
multiple rounds. This process provides a foundation for our baseline Assumption 1.

Last but not least, the model presented above covers strategic communication over net-
works. This may follow the rules of cheap talk (Crawford and Sobel (1982); Aumann and
Hart (2003)), verifiable information (Milgrom and Roberts (1986)), or Bayesian persua-
sion (Kamenica and Gentzkow (2011); Gentzkow and Kamenica (2016)). Although im-
portant, strategic communication raises specific issues, which we leave for future research.
One is equilibrium multiplicity and selection. Especially striking is the case of cheap
talk. Every m; can be followed by a babbling equilibrium and therefore no spillovers be-
tween players, which removes the heart of the matter for this paper. In fact, this implies
that the set of feasible outcomes for every (G, N) coincides with Bergemann and Morris’
(2016) BCE set for G.?* A more interesting approach is to select the “worst” equilibrium
in the communication phase and the ensuing final game. Although promising, this max-
min approach raises its own challenges even without spillovers (Bergemann and Morris
(2019); Mathevet et al. (2020)). Communication via verifiable information or Bayesian
persuasion may render nontrivial spillovers unavoidable and therefore some BCE out-
comes infeasible. For these forms of communication, however, characterizing the equilib-
rium that lead to a spillover process £ remains challenging—even focusing on designer-

preferred equilibria. Proposition 2 allows us to bypass these issues, at least as a first pass.

5.2 Information Systems with Random Networks

Another extension of our baseline model is to allow for uncertainty about the network.

The analyst may not know the network and each player may only know the part that

22Some readers may wonder whether it is possible to develop a revelation principle type of argument
to characterize all feasible outcomes under cheap-talk spillovers. Based on some preliminary analysis,

this seems to us a promising approach, although it does not change the point made here.
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directly involves him. To model this, fix the players I and seeds S. Let ¢ be a commonly
known probability distribution over networks with nodes I, whose support is & = supp ¢.
We assume that every player ¢ learns the realization of his information sources N; and
direct followers ;N = {j € I : (i,j) € N}. For convenience, we write v; = (N;,;N) and
interpret v; as a signal that player ¢ receives about the realized N, whose distribution
follows from ¢. We assume that ¢ is independent of w to avoid that v; conveys exogenous
information about w, which—although possible—only distracts from the focus of the
paper.

As in Assumption 1, spillovers occur mechanically: If N has a path from player ¢ to
player j, then j learns all the information 7 initially gets, namely, (¢;,;).%* Since spillovers
are mechanical, albeit random, an equivalent interpretation for this model of information
systems with random networks is that player i always attempts to share information with
every other player j, but succeeds only if link (7, j) exists in the realized N. We extend
Assumption 2 by requiring that, for each network realization, the resulting information

system is connected.

Assumption 3. For all N € ®, (N, S) is connected.

This of course restricts the designer’s uncertainty about N: She knows there is always a
channel to reach every player with information, but not which channel is available. This
restriction is weaker when the number of players and therefore channels is larger.

As in Section 5.1, we focus on characterizing bounds on the value of the designer’s
problem. Because she does not know the realization of IV, she cannot condition her choice
of mg on it. We can then view ¢ and the mechanical spillovers as inducing a specific
spillover process £¥, as defined in Section 5.1, over the fixed network N¥ = UpncoN
(Appendix D.1 explains the construction of £¥ in detail). Given such &%, the value of the

designer’s problem is
VG, e, S) = Vi (G,N?,S) =sup V(G, fee ne(Ts))-
TS

To construct our bounds, we need to define two sets of outcomes. An outcome is now
described by x¥ : Q x & — A(R), where the probability assigned to o can depend on N.
Let X(G, o, 1) be the set of outcomes that satisfy the following property: For every
Ned icl, ay, €xy,and q; € A;

Z <ui(ai,o¢_i,w) - ui(ai,oz_i,w))x@(ai,a_AN, w)(w)@(Nlvy,) >0, (3)

weQ,a_n, waNi,NE‘:I)

23Note that the more each player knows about the network, the better he can predict other players’
behavior, which tightens incentive constraints. Thus, letting the spillovers include the information

about N provides a conservative analysis.
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where ¢(-|vy,) is ’s belief about the realized N conditional on vy, = (v;),en,. Also, let
X(G,p,8) =NneaX(G, N, 5),

where X (G, N, S) is the set of feasible outcomes of the baseline problem (G, N, S). Since

each X (G, N, S) contains any common BNE-outcome of G under the prior p and @ is

finite, X (G, p,S) is nonempty. The set X (G, p, ) contains outcomes for which it is

optimal for every player to follows his recommendation, knowing the recommendations for

his sources in the realized N and his exogenous information about N. The set X (G, ¢, S)

contains outcomes that are feasible for each baseline problem defined by each realized N.

Proposition 3 (Payoff Bounds for Random Networks). Fiz G and network distribu-
tion ¢. We have V(G, 0, S) < V*(G,¢,S) < V(G,p,I), where

V*(G,N%, 1) if S=1,
V(G,¢,5) = sup > wle,w)af (ol N,w)u(w)p(N) if S ¢ 1,
2 €X(G90:5) yegw we,Ned

and

V(G )= sup Y. vlawaf(alN,w)u(w)e(N).
?€X(G.p.]) gexe weQ, Ned

To see the intuition, consider first S = I. The lower bound follows immediately from
Proposition 2. The upper bound follows because condition (3) corresponds to robust
obedience in the fictitious setting where the designer issues her recommendations after
learning N. By contrast, in the original setting, the designer’s m; and therefore the
signals cannot depend on N. Thus, her ability to correlate the players’ behavior with N is
limited to how the network realizations exogenously shape the spillovers and consequently
the players’ final information. Now consider S C I. Since seeding constrains the initial
information structures, V (G, ¢, I) remains a valid upper bound. Regarding the lower
bound, outcomes that are feasible for each realized N must be implemented by some
“common” g that cannot rely on differences between Ns. Such mg then also works when
N is uncertain.?!

To conclude, it is worth emphasizing that Proposition 3 exploits the method and in-
sights of our baseline analysis to provide useful bounds for an otherwise challenging prob-
lem. All bounds are again expressed in terms of recommendation mechanisms (as op-

posed to information structures) and involve solving some linear programs.

6 Concluding Remarks

In this paper, we studied information systems and their effects on strategic interactions.

We defined such a system as a set of seed players, who can get original information

24Tt is easy to construct examples such that V*(G, ¢, S) < V*(G,p,I) when S C I.
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initially, and a network, which determines how such information is then distributed across
players and thus limits information privacy. This flexible framework can be used to
describe the bare bones of the players’ informational environment in various contexts,
from the flow of information in organizations, to voters’ news consumption about political
issues, to the consequences of privacy protection or breaches, to the use of influencers

and viral messages in marketing.

The main pillars of our methodology involve an equivalence between indirect and di-
rect systems and a characterization of feasible outcomes via spillover-robust obedience.
We used this to introduce a notion of more-connected information systems, which iden-
tifies when spillovers are more constraining and seeds are more influential. Although we
develop our methodology for the case of mechanical and deterministic spillovers between
players, it also proves to be useful for cases of random and strategic spillovers, which are
otherwise intractable. Our results can serve both theorists interested in studying how
information flows between players shape their behavior, and empiricists interested in ex-

ploiting observables about the information system to sharpen their estimates.
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Appendix

A Three Technical Remarks

This appendix answers the three questions raised at the end of Section 3. Why are mixed
recommendations necessary in Theorem 27 Is there no loss of generality in focusing
on information structures and so outcomes with finite support? Does our constrained

information design problem admit a solution?

Mixed Recommendations in Theorem 2

To understand the need for mixed recommendations, it is instructive to consider a simple
example. Let G be a matching pennies game with complete information (i.e., |2] = 1).

In the unique Nash equilibrium, each player mixes uniformly over the two actions. First,
suppose the network is empty. In this case, we can describe the players’ behavior as fol-
lows: A designer flips a fair coin for each player and privately recommends to each player
the pure action corresponding to the realization of the coin toss. Such recommendations
are obedient, as they replicate the unique Nash equilibrium. Conversely, suppose the net-
work is complete. The previous recommendation is not spillover-robust obedient. In fact,
with positive probability player 1 is recommended to play Tails after learning that his
opponent will play Heads. Because of information spillovers, the designer’s recommen-
dation are no longer private. Yet, the fact that initial information may spill over should
not compromise the existence of an equilibrium in this game or, equivalently, should not
prevent players to privately randomize just before interacting in the game. This appar-
ent impasse has a simple solution: Allow the designer to recommend each player a mized
action. In other words, the designer hands over one coin to each player for him to use
when choosing his action. Such recommendations are robustly obedient. Similar issues
can arise in more general settings, whenever mixing by some player is essential to sus-

tain an equilibrium outcome.

Finite-support Outcomes x

Our model assumes that information structures are finite and so the induced outcomes
have finite support (Definition 1). However, it is natural to ask whether this assumption
is without loss of generality, since we have to allow for mixed-action recommendations.
That is, given a game G, do the primitives of G imply a finite upper bound on the
support of outcomes such that allowing for a larger support does not allow the designer

to achieve higher payoffs. This is not an issue in standard information design (i.e., if
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N = @), because it is without loss of generality to focus on outcomes x that involve only
pure-action recommendations (Bergemann and Morris (2016)). Given this, the finite base
game sets exogenously the maximal size of z’s support: € R®*4 where A = x,c14;.
By contrast, in our case (i.e., if N # @) there is a priori no exogenous upper bound on
the support size, as ¥ € R where R = x;c;A(4;). In short, we can fill each of the
finitely many slots of x’s support in infinitely many ways using mixed recommendations.
In the following, we use Theorem 2 to show that, without loss of generality, we can
identify a finite, exogenous, upper bound on the outcomes’ support. To show this, it helps
to rewrite the robust-obedience condition (2) as follows: For every i € I, an, € xy,, and
a;,a; € A,
Z <ui(ai, a_;,w) — u;(a;, a,i,w)>04i(ai)x(ai, a_jjw)p(w) > 0. (4)
wENa_ N, ET_N,
This highlights that for each player ¢ robust obedience ultimately involves his primitive
pure actions. To willingly implement any mixed action, ¢ must deem all pure actions in
its support optimal given his information. This information is provided by the realization
of ay,. Each ay, then pins down a subset of optimal actions for 7. Since A; is finite,

there can only be finitely many such subsets.

Lemma 2. Suppose x € X (G, N, I). There exists 2’ € X(G, N, I) such that |x}| < |24
for every i € I and x and x' induce the same joint distribution over A for every w € €:
Z o (a)x (o |w) = Za(a)x(a!w), a€ A

a'ex’ aEx

Proof. See Online Appendix D.5. O

This also implies that it is without loss of generality to focus on information structures
such that |T;| < |24¢] for all i € I.

Existence of a Solution

Building on Lemma 2, we can express formally the problem of choosing an optimal
information structure mg and show that it always has a solution. For every ¢ € S, fix a
For i ¢ S, let T; be singleton. Given this, let
Mg = {75 : Q — A(T)}, where T = x;c;T;. The designer’s problem can be written as

signal space T; that satisfy |T;| = |24,

V*(G,N,I)= sup V(G,N,rs).

wg€llg

By Theorem 2, we have that

V*(G,N,I)= sup Z v, w)z(aw)p(w),

2€X(GNI) G aca

39



where v(a,w) is the designer’s expected payoff in w from the profile «.

We now turn to the existence of solutions. In standard information design, X (G, &, I)
is compact subset of R®**4, so existence follows from standard arguments. By contrast,
X (G, N,I) remains quite complex for N # &. Despite the exogenous bound on the
outcomes’ support, its elements are profiles of mixed actions, which form an uncountable

space. The next result establishes the existence of feasible outcomes.
Lemma 3 (Existence). For every G and N, there exists x € X (G, N,I) such that

Z v(a,w)z(o|w)u(w) = V*(G, N, I).

weN,acx

Proof. See Online Appendix D.5. O]

In some settings with information spillovers (i.e., N # &), the solution to the designer’s
problem may involve only pure-actions recommendations. One simple example of this is
when the base game is actually a collection of single-agent decision problems: u;(a;, a_;; w)
does not depend on a_; for all i € I. Intuitively, in this case we cannot relax condition (4)
by keeping player ¢ uncertain about other players’ behavior whose randomness is inde-
pendent of the state. Thus, mixed-action recommendations are useless. More generally,
we can always search for a candidate solution within the space of outcomes that only rec-
ommend pure actions. The companion paper Galperti and Perego (2018) shows how to

verify that this candidate solves the overall problem using linear-programming duality.

B Main Proofs

To prove Theorem 1, we first introduce and prove Lemmas 4, 6 and 7, and the interme-
diate equivalence result of Lemma 5. Lemma 4 characterizes N°. It shows that in N,
while each player may have new sources relative to N (formally, N; C N7), none of these

new sources is a seed, i.e. N°NS=N;NS.
Lemma 4. Fiz (N,S). For alli, N°NS = N;NS.

Proof of Lemma 4. Fix N and i. First, we show that N; NS C NZ-S N S. To see this,
note that N C N9, by definition of S-expansion. This implies that N; C N7. Hence,
N;NS C NN S. Second, we show that N7NS C N;NS. Note that it is enough to show
that N° NS C N,. Suppose not, N° NS ¢ N;, there is j € N7 NS such that j ¢ N;.
Since j € NP, there exists a path in N° from j to i. That is, a sequence P = (ky, ... ky,)
of distinct k; for 1 < I < m, such that ky = j, k,, = ¢, and (k;, k1) € N¥, for all
Il <m—1. Since j ¢ N;, it must be that (k;, k;11) ¢ N, for at least one [ < m — 1. We
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refer to these I’s as the gaps of P. Let P = (k,,...k,,) be a path from j to i in N with
the property that its number of gaps is smaller or equal than the number of gaps in any
other path P from j to i in N°. Note that P is well-defined since I is finite. Denote [ the
gap in P with the smallest index. By construction, we have that (1) j € S, (2) j € Ny,
(3) (ky kyyr) € NS, (4) j & Ny, and (5) (k;, k;,,) ¢ N. Points (1) and (2) imply that
J € N, NS. By Definition 3, Point (3) implies that N, NS C Ny, . However, j ¢ Niys
by point (4). Thus, Ny, NS € Ny, . Finally, by (5), (k;, k1) ¢ N. We conclude that

N¥ is not the expansion of N, a contradiction. O

Lemma 4 shows that the set of i’s seeded sources is the same in N and N°. Under
any mg, non-seeded players receive singleton signals. This suggests that, from an infor-
mational point of view, the information structures fy(mg) and fys(ms) are equivalent.

The next result formalizes this idea.
Lemma 5. Fiz (N,S). Then for all G, X(G,N,S) = X(G, N9, S).

Proof of Lemma 5. Fix G, i and the information structure (7',7g). Note that
(N°\N)NS = (N°nS)\ (N;nS) = 3. The first equality derives from the dis-
tributive property of set intersection over set difference. The second equality derives
from Lemma 4. This implies that Tys\y, is a singleton. Fix ¢ := (¢1,...,¢), such that
> (w)ms(t|w) > 0. We want to show that Prqy(t|tn;) = Prr,(¢[tys). Namely, condi-
tioning on ¢ys rather than ¢y, does not change the probability assessment over ¢. Thus,
vectors ty, and ¢ NS are identical up to ¢ NS\N; which realizes with probability 1 under
Ts, since Tys\y, is a singleton. Hence Prxy(t|tn;) = Prrg(t|tys). Since i € I and ¢ were
arbitrary, we have that BNE(G, fn(ms)) = BNE(G, fys(ms)). Since mg was arbitrary,
we conclude that X(G, N, S) = X(G, N°,S9). O

The next result shows that N° is the S-expansion of itself, thus proving the uniqueness
of the expansion of a network.

Lemma 6. (i,5) € N° if and only if N° NS C st.

Proof of Lemma 6 Only if. Let (i,j) € N°. Then, N C NJS, hence NSNS C NJS. If.
Suppose N2 NS C NjS. Then, NP NS C NJS N.S. By Lemma 4, N;N.S € N;NS. Thus,
N;N S C N;. By Definition 3, this implies (i,5) € N¥. O

The next result will play an important role in the proof of our main theorem. To prove

this result, we use a technique known as secret sharing.

41



Lemma 7. Fiz (G,N,S) and S C S C I. Leti € S and (i,5) € N°. Then
X(G,N%,8") = X(G,N%, S"U{j}).

Proof of Lemma 7.

(C). This direction is trivial since, by definition, every mg can be written as a 7.

(D). If j € S’ there is nothing to show since, in such case, S’ U {j} = S’. Therefore,
let j ¢ 5. Fix any (T, msrugsy), where T =Ty x ... x T;. Using a secret sharing’s tech-
nique (Shamir (1979)), we will construct a (#g,T) such that BNE(G, fys(msugy)) =
BNE(G, fys(fts’)). Let B(k) :={0,1}* and & := min{x € IN : |T}| < |B(x)|}. For nota-
tional convenience, denote B := B(k). Let P : T; — B be an arbitrary injective function.
It represents a “public key,” that univocally transforms j’s signals into binary numbers.
Denote @ the following logical operator (exclusive or). Bits are added according to the
following rule: 0 ®0=1®1=0and 0®1=100=1. Forall b, € B, b Db = (by ®
bi,...,bs@b)) € B. For notational convenience, denote @ := N JS NS’, the seeded sources
of player j. Recall that, by assumption, j ¢ . We now construct the type space in
(T, #%s:). Let T} := T} for all i ¢ Q and T} := T; x Bx {P} for all i € Q. Note that, by con-
struction, 7' is such that T, = {f;} for all i ¢ S'. That is (T, ms/) seeds only players in S".
Next, we construct 7 from mggjy. Let ¢ := max{i : i € Q}. For each realization t € T'
under mgyy;y, the realization { € T under #g is such that &; = ¢; for i ¢ @, with the same
conditional distribution of mg/ ;. Instead, if i € @, t; = (t;,b;, P). More specifically, if
i € Q\{q}, b; € B is drawn at uniform random from B, independently of (w, t); instead,
if i = q, by == P(t;)® (Bico\(q bi). There are two cases to consider, |Q] =1 and |Q] > 1.

— If |Q| = 1, b, = P(t;) and observing #, reveals ¢;. Thus, player i learns t; if and
only if {q} =Q € N?.

— If |Q| > 1, instead, observing all but one element in (b;);eq carries no information
about t;. Instead, observing the whole sequence (b;);cq fully reveals ¢;. This is
because:

p-1 ( Dicq bi) = P! ( Dic\{q} bi) D bq)

" (@icovig i) © (P(t)) © (Bico\ia) bi)))

- P(tj))

j.

The third equality comes from the fact that b; @ b; = 0 and P(¢t;) & 0 = P(t;).

Thus, player i learns ¢; if and only if Q C N7.

|
Y 9 9

I
~

Therefore, irrespective of whether or not () is a singleton, player ¢ learns ¢; if and only if
Q C NP. However, note that Q C N7 if and only if j € NP. In fact, if Q C N, NJSQS C
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N7 NS =Q C Nf and, by Lemma 6, (j,7) € N° and j € N7. Conversely, if j € Nf,
then N7 C N7, and therefore Q C N. We conclude that under the constructed (T, 7gr)
player i learns ¢; if and only if j € N7, just like under the given (7, mgugs})- Therefore,
any outcome x induced by (7', ms/ug;3) can be also induced by the constructed (T LTS ).
Since (T, wgug;y) Was arbitrary, this shows that X (G, N, S"U{j}) C X(G,N®,5"). O

Proof of Theorem 1. Fix (G, N, S). By Lemma 5, X(G,N,S) = X(G,N*,S). We
are left to show that X(G, N°,S) = X(G,N®,I). If S = I there is nothing to prove, so
let S C I. The following induction argument proves the claim.

Basis Step. Let S; = S. Since (N,S) is connected (by Assumption 2), there are
i,j € I such that i € Sy, 7 ¢ Si, and (i,5) € N. Since N C N°, (i,j) € N°. Let
Sy := S, U{j}. Since S; € S, C I, i € Sy and (i,j) € N°, we can invoke Lemma
7 to show that X (G, N®, S;) = X(G, N®,S,). Finally, it is straightforward to see that
(N, S3) is connected.

Inductive Step. Suppose that X (G, N®,S;) = X (G, N®,S}) for Sy, := S1U{j1,..., 7k}
If Sy, = I there is nothing to prove. Hence, let Sy C I. (N, Sy) is connected. Hence, there
are i,7 € I such that i € Si, j ¢ Sk, and (i,7) € N. Since N € N9, (i,5) € N°. Denote
Ski1 = Sy U{j}. Since Sp11 D Sk, i € Spi1, and (4, §) € N°, we can invoke Lemma 7 to
show that X (G, N®,S,.1) = X(G,N%,S;,) = X(G,N%,S)).

Since I is finite, this procedure stops after k = |I \ S| steps. We conclude that
X(G,NS,S) = X(G, NS, I. O

In what follows, a (behavioral) strategy of player i in (G, (7,T)) is o; : T; — A(A;).
We write o;(a,|t;) instead of o(t;)[a;]. A profile 0 = (0;);e; belongs to BNE(G, ) if for
each i, t; € T;, and a; € A; with o;(a;|t;) > 0,

Z (ui(a,-, a_i,w) — ug(ak, a_i,w)>0(ai, a—ilti, t_))mw(t;, t_ijw)pu(w) >0
a_it_iw
for all a} € A;, where o(a;, a_;|t;,t_;) == HJI':1 o;(a;lt;).
Proof of Theorem 2. Part 1 (=): Suppose (7, 7;) and ¢ € BNE(G, f(n;)) induce z.
Then, for every i and ty, € T,
Z (ui(ai(tNi),a_i(t’N_i),w) - ui(ai,J_i(tEV_i),w)>Prm(w,t’|tNi) >0, a; €A
w,t!

where o_;(tly_,) = (0(t),))j»i- Using 7, we can write this condition as, for every i and

tN»;?
Tr(tn,, (U, )il w) p(w)
Z (u2<01 (tNi)7 0—q (t,N,i)a w)_ui<ai7 0—i (tg\f,i)v w)) - " / / >0,
wv(t/Nj)j#i Zw,’(txfj)j?fi ﬂ-I(tNi’ (tNJ )]#Z’w )lu(w )
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for all a; € A;, or equivalently,
> (wiloiltn), oilth,)sw) = wilas,oi(ty_,),w) )it () )salw)u(w) 2 0,
w,(ty )i
for all a; € A;. Note that, for every ¢ and ¢, by knowing ¢y, player ¢ knows the mixed
action o;(ty;) for all j € N;.

Given this and using the definition of x in (1), the last family of inequalities can be
written as follows: For all ¢ and ay,,

Z <ui(ai,a,i,w) - ui(ai,a,i,w)>x(ai,a,ilw)p(w) >0, a; €A,
WX —N;
Thus, we conclude that if x is feasible, then it is robustly obedient.

Part 2 («<): Suppose x is robustly obedient. Recall that x = {& € R : z(a|w) >
0,w € Q} is finite. Note that x can be thought of as an information structure, by viewing
each a; € x;. Given this, for every i, consider the strategy o; : Ty, — A(A4;) defined by
oi(an;) = o, for all ay, € xy,. Optimality for each i requires that, for every ay;,

Z (ui(ai(aNi),J_i(agv_i),w) - ui(ai,U_i(ozg\,_i)),w)>Prm(w,o/|ozNZ.) >0, a; €A,

wal_y,
where o_;(aly ;) = (0;(cy,))j»- Given our construction of o, this is equivalent to, for
every ay, and a; € A;,

'r<aNi7 O/—Ni ‘w)u(w>

wi(an,, oy, w) — ui(a;, oy, i,w)) >0,
w%\ri < i N, i\ \i N, Zw’,a’iNi z(ay,, O/LNZ.|W/>M<W,)
which holds because x is robustly obedient. O]

Proof of Lemma 1. We begin with two preliminary observations. First, it is easy to
see that by Theorem 1 we only need to show that X (G, N,I) C X(G,N',I) for all G if
and only if (N, ) > (N',I). Second, spillover-robust obedience is equivalent to requiring
that, for every ¢ and ¢; : Ry, — A,

Z (ui(ai,a,i;w) - ui(éi(am),a,i;w))x(ai, a_ijw)p(w) > 0. (5)

weQ,acx

Part 1 («<): Suppose (N,I)> (N',I) and = € X (G, N,I) for some G. Then, by
Theorem 2, z satisfies (5) for all i and 6; € D; = {0; : Ry, — A;}. Let D! = {; :
Ryr — A;}. To prove that x € X(G, N', 1), it suffices to show that the set of available
deviations D] is smaller than D;, for all ¢ € N. To show this, consider any d; € D, and
define 6; : Ry, — A; as Si(ang,aNi\Ni/) = di(any), for all ay, € Ry,. Since N; 2 N for
all 4, 51 is a well-defined function and 31 e D,
Part 2 (=): We prove this with a contrapositive argument. The only relevant case to
consider is that (N, I) % (N',I) and (N, )€ (N',I). This implies that for some i, there

44



exists a k such that k € N/ and k ¢ N;, and for some j (possibly i = j), there exists m
such that m € N; and m ¢ Nj. It follows that there exists a player i; such that iy # k
and there is a direct link from k to i, in N’ but not in N, and there exists a player i,,
such that i,, # m there is a direct link from m to i,, in N but not in N’. Now consider

the following game G. Let Q = {0,1} and p(0) = p(1) = 3. Let A; = {0,1,1} for all

i € N. For all j ¢ {k,m, 1,1y}, let the payoff function u; be such that action a; = %

is strictly dominant. For j € {k,m, iy, in }, the payoff function is u;(a,w) = —(a; — w)>.

Consider the following two cases.

Case 1: Suppose that all players in {k,m, iy, i, } are distinct. Consider x such that

player k always matches the state, while all other players choose a = % Thus, x €

X (G, N,I), but clearly does not belong to X(G, N’,I). This is because in N’ player iy
has to choose a;, = % after learning a; = w, which renders a;, = % strictly suboptimal.
Thus, x violates robust obedience for (G, N’,I). Now consider 2’ such that player m
always matches the state, while all the other players choose a = % This 2’ belongs to
X(G,N',I), but clearly does not belong to X(G, N, I). This is because in N player i,
has to choose a = % after learning a,, = w, which renders a = % strictly suboptimal and
so x’' violates obedience. The same arguments work for the following four alternative
configurations of the network that satisfy the aforementioned properties: (1) m = i, and
k% im; (2) m # k and iy = ip,; (3) k =i, and m = iy; (4) i, = k and m # .

Case 2: Suppose that m = k and i # i,,. Consider x such that m and i,, always
match the state, while all other players choose a = % This x belongs to X (G, N, I),
but clearly does not belong to X (G, N’, ). This is because in N’ player i has to choose
a;, = % after learning a, = w, which renders a;, = % strictly suboptimal. Thus, x violates
obedience for (G, N’,I). Alternatively, consider 2’ such that player m and i, always
match the state, while all the other players choose a = % This =’ belongs to X (G, N, ),
but clearly does not belong to X (G, N, I). This is because in N player i,, has to choose

1

a;,, = 3 after learning that a,, = w, which renders a;, = % strictly suboptimal. Thus, 2’

violates obedience for (G, N, I). O

Proof of Proposition 1. Part 1 (=): Suppose N° C NS for all i. Consider i,j € I
that satisfy N,nS C Nj and so 1 € Njg by Definition 3. It follows that i € NJS. If
i € Nj, then N;NS C N, holds automatically. If ¢ ¢ N;, we must have added links to N
according to Definition 3 that result in ¢ € N JS. For this to be the case, there must exist
some sequence {jj }1-, which satisfies jo = i, j,, = j, and N;, NS C N; This implies
N,NnS CN;.

Part 2 («<): Now suppose that N;nS C Nj implies N; NS C N; for all ¢,7 € I. We
need to show that ¢ € NJS implies 7 € NJS. Fix any ¢ and j that satisfy ¢ € NJS. Ifie Nj,

k+1°
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then we automatically have N:nS C Nj and so N; NS € N; by assumption. Thus, if
i ¢ N, (which is the only relevant case), we must add (7, j) to N according to Definition 3,
implying ¢ € st. Next, suppose that i € Nf \ Nj. By Definition 3, there must exist a

sequence {j; }1, which satisfies jo = i, j,, = j, and Njk NS CN; Therefore, it must

Jk+1"
be that N; NS C Nj and, by assumption, N; NS C N;. If again ¢ ¢ Nj, it follows that
(i,7) € NS, which implies i € NJS. ]

Proof of Proposition 2. We begin by proving the upper bound, i.e., VI (G, N,I) <
V*(G,2,1). Fix £ For every my, fen(my) is itself an information structure, possibly
seeding all players in I. It follows that,
Ve (G N, T) = sup VG, few(mr)) < sup V(G 7)) = VG, 2, 1),
T T

where the inequality follows from the fact that the final 77 = f¢ y(7y) is just one among
all possible information structures leading to a Bayesian game among the players.

Next, we prove the lower bound, i.e., V*(G, N, I) < VZ(G, N, I). Fix 7 and consider
the information structure (7, fx(7;)). It has the property that, for every player i and

signal t € T', Bayesian posteriors satisfy,

Pryy (W, tltn,) = Pryy @ (w, t]t);

that is, there is nothing that player ¢ can learn from his sources that is not already

contained in his private signal ;. Therefore, for every spillover process &, we have

PrfE,N(fN(WI))(w’ t|hl) = Prfg,N(fN(ﬂI))(w7t|h(z‘)) - PrfN(ﬂI)(w>t|ti)‘

for all players 7, histories h; and hY. That is, additional communication according to &

adds nothing to what players already know. Therefore, for all 7y,

o c BNE(G, fN(ﬂ'])) — o € BNE(G, ff,N(fN(ﬂ-I)))'

Therefore,
(UBNE(G, fx(m1)) €[ JBNE(G, few(fn(m1)) € | JBNE(G, fen(m)
from which it follows that V*(G, N, I) <V (G, N, I). O

Proof of Proposition 3.

Case 1: Direct Provision (S = I). Theorem 2 immediately implies the inequality

V*(G,N¥,I) < V*(G,,I) . The other inequality V*(G,N¥®,I) < V(G,p,I) follows

from showing that every 7; and o € BNE(G, fee ne (7)) leads to an outcome ¥ that must

satisfy condition (3) and therefore belongs to X (G, ¢, I). First, given such 7; and o, let
2 (ar, .. orlw, N) = m(tlw) [[{oi(vi,tn,) = i}, (@, N,w) € Rx & x Q,

teT el
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where ty, = (tj,V;)jen;. Let @ = fee no(m). Since o is a BNE, for all N € ®, i € I,
fNi, and a; € Ai,

> wiloi(vi i), (05(vy, ) ji @) Prre u(w, tEw, ) @(Nva,)
weQ,Ned,teT

= Z ui(a;(o;(v;, ??Nj))j;éz’» w)Prre (W, tltn, ) (N|vw,),
wEQ,NED LT
which is equivalent to

Z ui(O‘7w) HH{UJ'(VﬁiNj) = O‘j}Prﬂ“’,#(w7 t|tNi)¢(N’yNi)

weQ,Ned teT o ; JjeI
> Z ui(aha—iaw)HH{O—](V]”tANj) = O‘j}Prﬂ"P,M(wvt’tNi)Sb(N’VNi)?
weQ,Ned teT,a_; jel

which is equivalent (once we multiply both sides by the total probability of ty,) to
> i, w) [ [ Mo (v, tn,) = 0 Prae u(w, tn, (ty,)j2) (N vw,)

weQNedteT,a_; J€eI
> Y wilanan,w) [[Ho(wty,) = a}Proe u(w, iy (t,) 22 (N [ow,),
WEQ,Ned teT,a_; jel

which is equivalent (once we explicitly write Prqe ,(+)) to

Z ui(a7 w) {Z H]I{Uj(yj’ tANj) - O‘j}ﬂ-f(tNi’ t—Ni|w>M(w)} @(N|VN1)

WEQ,NED,ar_; teT jel
> Z ui(a’iv&*ivc‘o {ZHH{UJ<VJ7£Nj) = aj}ﬂl(tNHt*Ni w)ﬂ(w)} @(N’VNi>7
weQ,Ned,a_; teT jel

By knowing N; and fNi, player ¢ also knows v; and tAN]. for all j € N; and so also o; =
0;(vj,ty,;). That is, conditioning on ¢y, implies that oy, is fixed. Using the definition of
x¥, the last inequality requires that for all N € &, 7 € I, ay, € xﬁi, and a; € A;,
Z (ui(ai, a_i,w) — ui(a;, oz_i,w)>x¢’(ai, a_i|N,w)p(w)p(N|vy,) > 0.

weQ,a_Nﬁx“_’Ni,Ne@
Case 2: Indirect Provision (S C I). The inequality V*(G, ¢, S) < V(G,,I) follows
from observing that every outcome z¥ the designer can induce with some 7g followed
by o0 € BNE(G, fee no(ms)) is also feasible when she can choose a 7, since S C I.
Therefore, z¥ € X (G, ¢, I) and, hence, the designer does weakly better when maximizing
over X (G, p, I) relative to the original problem.

Now consider the inequality V (G, ¢, I) < V*(G, ¢, S). Let 2¥ € X(G, ¢, S) achieve
V(G,p,I).% Tt suffices to argue that there exists mg and o € BNE(G, fee nv(5)) such
that (7g, o) induces z%, that is,

fp(al, s >a1|w7N) - ZWS(tvw) H]I{O_i(yiafNi) = ai}v (OK,N,(U) € Rx®x Qa

teT el

250ne can show the existence of a solution ¥ using an argument similar to the proof of Lemma 3.
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where ty, = (tj,7;)jen;. Since 2¥ € X (G, N, S) for all N € ®, ¢ can depend at most
on the network aspects that are common to all N € &, namely, the set of connections in
NyeaN. Since Nyee N is non-random, x¥ statistically depends only on w, i.e., 2% : {2 —
A(R).

By Theorem 1 and Assumption 3, this implies that z¥ € X (G, N°,I) for all N € ®.

By Theorem 2, there exists a pair (x;,0™") for every N € & such that o™° €
BNE(G, fys(z;)) and the pair induces z#. Namely, 7, = z¢ and o™ is obedient given
(G, fys(m;)) for all N € ®. But then there also exists a common 7’ € IIg that conveys
as much information to every player as does «; for every N € & (by Theorem 1 and As-
sumption 3) and a profile 0¥ € BNE(G, fy(7')) such that, for every N € ®,

¥ (aq, ..., arfw) = Zﬁl(ﬂw) HH{Uz‘N(tNi) =w;}, (a,w)€ R xQ.

teT i€l

Given this, we can let ¢’ be defined, for every i € I and N € ®, by
U;(ViagNi) = va<tN¢>7 teT.

By construction, ¢’ is measurable with respect to the information each player ¢ can receive
from 7’ for each realization of N. Also, for each N and ¢, the realization of (v;,ty;)
provides player i weakly less information than (N, ty,). Therefore, if oV is a best reply
for every N in (G, fn(7')), so is ¢’ in (G, fee no(7')). That is, 0 € BNE(G, fee neo(7')).
m

C Analysis of Examples 4 and 5

We characterize the feasible sets in Figures 5 and calculate the solutions to the designer’s
problem for the networks N € {@,{(1,2)},{(2,1)},{(1,2),(2,1)}}.

C.1 Empty network

It is without loss of generality to consider mechanisms that recommend pure actions.
Since p(g) = p(b) = 3, the obedience constraints can be written as follows: Given

recommendation y;,

(vi +€)x(yi, y—ilg) + vix(yi, n—ilg) + (¢ — 1)a(yi, y—i|b) — x(yi, n_4]b) > 0,

and given recommendation n;,

—(%' + €)$(ni7y—i|g) - %l‘(ni,”—ﬂg) - (5 - 1)x(ni,y_i|b) + I(nia”—i|b) > 0.
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In Figure 5, we represent the total probability that bank ¢ chooses y;, namely, y; =
> wa, T(Yir aiw)p(w). It is notationally convenient to denote z(y;|w) = z(y1,y2|w) +

x(y;, n_;|w). Non-negativity of probabilities requires that, for all w,

max{0, z(y1|w) + z(y2|w) — 1} < z(y1, yolw) < minfa(y:w), z(yz|w)}. (6)

Using this, we can rewrite the obedience conditions as

z(yilg) + 2 (yilb) < (vi + V2 (yilg) + e[z (y1, y2lg) + (Y1, y2/b)],

z(yilg) + z(y:]b) + e(x(y—ilg) + z(y—|b)) <(vi + Dz (vilg) + lz(y1, y2l9) + (1, y2|b)] + 1 — 7.

Since we assume that € is small, || &~ 0, the second constraint holds whenever the first
holds. To obtain the intercepts on the horizontal axis, set xo = 0, which implies that
z(y2lw) = 0 and so z(yy, y2lw) = 0 for all w. In this case, the remaining constraint for
bank 1 is
z(1lg) + 2 (p|b) < (1 +Dz(yilg)-
Thus, maximizing x; subject to this constraint involves setting z(y;|g) = 1 and z(y;|b) =
= 717“ A similar argument delivers the intercept on the vertical
y2+1

axis equal to (0, x2) where xo = 2=,

1, which delivers x;

Another extreme point of the feasible set can be found by maximizing the designer’s
objective, which corresponds to
1
X1+ X2 = E[x(yﬂg) + 2 (y1]b) + (y2|g) + (y2[b)].
Since |e| & 0, the solution involves z(y1|g) = z(y2|g) = 1, which implies x(y1, y2|g) = 1.

Thus, the constraints simplify to
(1)) <1 +e+ex(yr,y2lb) and  z(y2|b) < vo + & + ex(yr, y2|b).

We have to consider two cases, depending on the sign of €. If ¢ > 0, then z(yi, y2|b) =
min{z(y;|b), x(y2|b)} = z(y2|b), where the last equality follows from -, < 7, and the last
two constraints. Therefore, we conclude that
+ e 5
w(plt) = P2 and (b)) = 2+ (3 +e),
1—¢ 1—¢

In the (1, x2) space, this leads to the extreme point

( * *): 1+71+‘€ €<72+€) 72—’_1

X1 Xz 2 21—¢)'2(1—¢) /)

If instead € < 0, it is optimal to set z(yy, y2|b) = 0, which implies that z(y;|b) = v; + ¢

for all 4. In the (x1, x2) space, this leads to the extreme point
5 <1+71+5 1+72+a>

(X1, x3) = 5 5
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Now we need to argue that the feasible set is the convex combination of the four points
consisting of the origin, the intercepts on the axes, and (x7, x3). This is the case if these
four are the only extreme points of the feasible set. Suppose there exists another extreme
point with x2 € (0,x3). Then, x2 = Bx5 + (1 — 8)0 = Bx; for some 5 € (0,1). The
corresponding largest possible y; must satisfy

1
X1 < 5((% +1) +ep[l + xxz(ylayQ‘b)D’
where x,,(y1, y2|b) is the value of z(yy,y2|b) associated to x. Since the right-hand side

describes all convex combinations across 5 € (0,1) between (x7, x3) and the intercept on
the horizontal axis—where obedience binds—it is not possible to have an extreme point
to the right of this line. A similar argument shows that there is no other extreme point
with x1 € (0, x3).

C.2 Network N ={(1,2)}

We start by restricting attention to mechanisms that recommend only pure actions.
We relegate to Online Appendix D.4 the proof that shows that this is without loss of

generality. The obedience constraints for bank 1 involve only

z(y1lg) + 2(p1]b) < (1 + Dx(yilg) + el (yr, v2l9) + 2(y1, ya|b)],

just as before. For bank 2, instead, we have:

(72 + &)z (y2, y1lg) + (¢ = Dz (y2, y1b)

V2 (Y2, m1]g) — (2, m1|)

—(72 + €)x(nz, ylg) — (€ — 1) (na, y1[b)

—Y2(ng, n1lg) + x(ng, ny|b) >

Using the redefined variables z(y;|w) as before, these constraints become:

0,
0,
0,
0.

(v2 + ) (y2, y1lg) + (€ = Da(yz, y2[b) =

V2l2(y2l9) — (Y2, y1l9)] — [2(y2]b) — 2 (y2, 1110)] =

—(2 + )lx(ylg) — 2(y1, 12l9)] — (€ = D]x(w]b) — 2(y1, y2|0)] =

=2l + 2(y1, 12l9) — 2(y1lg) — 2(y2lg)] + [1 + 2(y1, 42|0) — 2(y2[b) — 2 (y2[b)] =
First, let’s argue that the intercepts on the axes are the same as before (Clearly, for
these extreme points mixed recommendations are irrelevant). Consider bank 2. Using

z(y1|w) = 2(y1, y2|w) = 0 for all w, we obtain the remaining constraints

Yox(y2]g) — x(y2|b) > 0 and  — o[l — x(y2|g)] + [1 — 2(y2|b)] > 0

Clearly, z(y2|lg) = 1 and x(yz|b) = 7, satisfy both constraints. Now consider bank 1.
Clearly, z(y1|g) = 1, z(y1|b) = 71, and z(y1, y2|w) = 0 for all w satisfy the obedience con-
straints for bank 1 as before. The non-trivial obedience constraints for bank 2 evaluated
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at x(ye|w) = 0 for all w become
(1—e)yy>7v+e and 11—~ >0.

The latter constraint always holds; the former always holds when € < 0 and when € > 0
provided that € is small enough (which we assume).
To find the extreme point (x7,x5), let’s ignore the obedience constraint of bank 2

following recommendation ns for now. The remaining constraints can be written as

w(y2, m|b) < EEa(ya,mlg),
2(y219) + 2(galb) < (2 + Da(y2l9) — 122 (y2, 11l9) + 2(y2, y2[b).
It is again optimal to set z(y1]g) = z(y2|9) = x(v1,y2]l9) = 1. Therefore, the second
constraint becomes z(y2|b) < x(y2,41/b). Since the opposite inequality must also hold
by (6), we conclude that z(y2|b) = x(y2,41/b). This implies that

Yo + €
1—¢’

r(y1|b) = 71 + e +ex(1p/b) and x(ya|b) <

Since € < 1, we always want to maximize x(y»|b), which leads to

Yo + €
1—¢’

+e
2(plh) = T and a(plp) =3 +e+e

Thus, we have

( * *): 1+71+5 5(72"’_8) 72"’_1
X1 Xz 2 2(1—¢)'2(1—¢) /)
Let’s now check the remaining constraints for bank 2:

0 < —(72+8)x(ylg) — x(y1, y2l9)] — (e = D[2(11]b) — 2(y1, y2[D)]
= (1 = e)[z(y1]b) — z(y1, y2[b)],

which holds by definition since ¢ < 1;

0 < =%l +2z(y1,4209) — 2(y1lg) — 2(ya|g)] + [1 + (Y1, 42]0) — 2(y1]b) — 2(y2(b)]
=1—z(yb),

which again holds by definition. Denote the outcome associated to (x7, x3) by z*.
Suppose z* is also the solution of the designer’s problem if we allow for mixed-action
recommendations—which we show in Online Appendix D.4. Using the argument for
the case of N = @, we can conclude that the four points consisting of the origin, the
intercepts on the axes, and (x7, x3) are the only extreme points of the whole feasible set,

which is therefore defined as all convex combinations of those points.

o1



C.3 Network N ={(2,1)}

A similar argument to the previous case applies with the following differences. First,
we have to swap the player indexes. When calculating (x},x3), the main change is
when we conlcude that x(y1]b) < x(y1,y2|b). Since we also have to satisfy z(yy, y2|b) <
min{z(y1|b), x(y2|b)} = x(y2|b), it follows that now z(y1|b) = x(y2|b). Therefore, we have

z(y2|b) = 72 + € + ex(yab),

which implies
Y2t E
z(y1[b) = x(y2[b) = &

e o [ 2tl e+l
(X1 x2) = <2(1 ) 201 —5)) ‘

Thus, we have

The rest of the analysis is the same.

C.4 Network N ={(1,2),(2,1)}

Again, a similar argument to the previous two cases applies with the following differences.

Now the obedience constraints after recommendation y; can be written as

(Y2, 1|b) < %m(yz,yl\g)>

z(lg) +x(wlb) < (n+Dz(vilg) — ne(ye, vilg) + x(ye, v1]b),
w(y2, b)) < EEa(ys,ilg),

z(y2lg) + x(y210) < (2 + Da(y2lg) — 122 (y2, y1l9) + (Y2, y11b).

By the same argument as in the previous case, the second constraint and condition (6)
again imply that z(y;|b) = z(y2|b) = x(y1, y2|b). The first constraint is redundant given
the third constraint. Moreover, if the last two constraints hold, then their 50-50 combi-
nation holds, which corresponds to the obedience constraint of bank 2 for the network
N = {(2,1)}. This implies that the cases of network N = {(1,2),(2,1)} and N = {(2,1)}

are the same. The rest of the analysis is as before.

C.5 Investment Game with Strategic Complements

For completeness, we illustrate how the set of feasible outcomes change when € > 0, that
is the investment game features strategic complements. Figure 11 is the analog of Figure
5 that is presented in the main text. Due to strategic complementarities, the maximal
probability that 7 can be induced to invest rises as the probability that ¢ invests rises.
The spillovers from ¢ to j shrink the feasible set because j is better informed (as before)

and because knowing part of j’s information allows i to better predict when j invests.
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This is why the feasible set collapses to the main diagonal as we add links. As in the
case of strategic substitutes, link (1,2) constrains the designer less than (2, 1) in terms of
feasible outcomes. However, any non-empty network leads to the same optimal outcome.
This is represented by the red dot on the main diagonal, which can be interpreted as

public information.

Pr(ag =y)

1+m
2

Figure 11: Investment-Game Feasible Outcomes
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D Supplemental Appendix (For Online Publication
Only)

D.1 Examples of General Spillovers

Truthful Belief Announcement. Suppose at each round of communication after the
designer chooses (T, ) every player truthfully reports to all his neighbors his current,
Bayesian, posterior over €2 x T, namely, about the state and all players’ initial signal
realizations. We include the signal realizations in the reports because learning about
others’ information matters for predicting their actions in the final game. Assume that
the number of communication rounds K is at least as large as the shortest path between
the two most distant players in NV (i.e., its diameter).

This communication process fits into the general model outlined above. Since T is
finite, at every round each player can have at most finitely many different posteriors.
In the first round, each i reports a degenerate posterior about his private signal ¢; to
his direct followers in ;N. In the next round, all i’s direct followers report a degenerate
posterior about t; to their direct followers. Continuing this way, all players for which @
is an information source in N will hear a degenerate report of ¢; within a number of
rounds that cannot exceed the diameter of N. After these rounds, all players’ posteriors
will be degenerate about their sources’ signals and will stop evolving. Thus, this process
of truthful belief announcement can be a foundation for our baseline Assumption 1, as

confirmed by the next lemma.

Lemma 8. Fiz (T,7;) and a signal realization t. For every i and hX € H; consistent
with (t,77), Pra,(w,t|hE) = Pry, (w,t|ty,) for all (w,1) € Qx T.

Proof. Define N = {i} and N' = U;cyn-1Nj for n =1,...,I. Note that N} = N;. Fix
a signal realization f and the corresponding unique h*(¥) = h. For every player 1,
&MY (w,t) = Pry, (w, ;) = Pro (w, ttno), (w,t) € QxT.

Note that
> Pro, (w, tfE) =

it 0 otherwise.
Fix n > 1. Given A7, suppose that for every player j,
&) (w,8) = Proy (w, i), (w,t) €Q X T,
J

Note that ~
1 lf tN'(Lfl - tN'(zfl
J J

Z Prﬂ-I (w, t’%NJn—l) -

Wit 0  otherwise.
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Therefore,
Ei(hi)(w,t) = Pro (W, tltyn), (w,t) € QX T.
Since this is true for every i, by induction we have that
(MY (w,t) = Pro (w, tEns) = Proy (w, tfEn,),  (wit) € Qx T,
thus concluding the proof. O

Observational Social Learning. A vast literature in economics—recently surveyed
by Golub and Sadler (2017)—studies how agents learn about some underlying state
of the world by observing their peers’ actions in social contexts. For example, they
may learn about the importance of some policy issue from their friends’ decision to join
protests about it. This social-learning process can fit into our general communication
model. The agents belong to a network NN of social relations. Each agent can initially
receive some signal about the state (e.g., a newspaper article about the policy issue)
and then chooses an action (e.g., to protest or not), which is observed by his neighbors
in N. We can interpret this action as the message the agent sends to his neighbors in
our model—provided that each agent’s action-message space is sufficiently rich. Social
learning may occur over multiple rounds. Some agents may act simultaneously, others
sequentially. Also, they can have any degree of strategic sophistication in this phase. In
the example, they may or may not take into account how their actions convey information
that influences their neighbors’ vote in an upcoming referendum on the policy issue (the
base game). Either way, under appropriate richness assumptions, observational social
learning is covered by Proposition 2. To see its potential usefulness, recall that the social-
learning literature often assumes that the agents’ initial information structure takes a
very specific and simple form (e.g., independently and identically distributed signals
across agents). By contrast, we impose no restrictions on the information structures.
The cost of this richness in information and social-learning processes is that it may be
hard to characterize £ and VE*(G, N, I). Proposition 2 helps us bypass these intricacies

and provide robust predictions.

Random Networks as a Form of General Spillovers. Section 5.2 claimed that we
can think of random networks distributed according to ¢ as a spillover process £¥ over
the fixed network N¥ = UneeN. Such £¥ is constructed as follows. Let the number of
communication rounds K be at least as large as the diameter of N¥. For each i € I, the
strategy &7 depends on the realization of v; = (N;,; N) according to ¢ as a randomization
device. Given n;, at each round of the communication phase, player ¢ truthfully reports
his current Bayesian posterior about Q x T to every j € ;N—as in the truthful-belief-
announcement process described above—and a constant, history-independent, message
to every j € ;N?\ ;N. Such a &% induces a process that converges in a finite number of

rounds, bounded above by the diameter of N¥.
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D.2 Disconnected Information Systems

Our analysis extends to settings that violate Assumption 2, i.e., to information systems
that are not connected. Formally, let I = {i € I : N;NS # @} and suppose I\ I # @. For
i¢ I, N;NS = @ and so |T;| = 1 for every initial and final information structure. Under
the assumption that the chosen mg is common knowledge to all players, the question is

how to characterize the feasible outcomes.

The equivalence result in Theorem 1 goes through almost unchanged. The definition
of S-expansion is adapted by requiring that the link (7, ) be added to N if and only if
N;NS # @ and N; NS C N;. The same argument behind Theorem 1 then implies that
X(G,N,S) = X(G,N5,]) for all G.

With regard to the characterization of Theorem 2, it is clear that robust obedience
is necessary for an outcome to be feasible for (G, N,S). However, sufficiency has to
take into account that with isolated players feasible outcomes have additional statistical
properties: If i ¢ I , then «; cannot depend on the state nor on the action of any other

player. Indeed, we can write condition (1) as

w(ar,. . orlw) = | [[Hoit) = ai} | Y ws(tlw) [ [Hoi(ty,) = ai}.

i¢l teT iel
There are two ways to proceed. One is to combine robust obedience as in Definition 4
with some constraint on x that captures these statistical properties; the other is to modify
the notion of feasible outcomes and obedience, which may offer additional insights.
For the first way to be useful, the additional constraint on outcomes should be linear,

so that together with obedience we continue to have a linear problem. One example of

such a constraint is as follows: For any o_;, ;E€ET_p,
> D (aila) - az>>2x(a’_p ajlw)p(w) = 0.
(€A
Lt
ajET;

Clearly, this holds if and only if, for every i ¢ I and a;,a} € a;, we have a;(a;) = o)(a;)
for all a; € A;. But this means that = “recommends” to every isolated player the same
action independently of the state and the recommendations to others.

For the second approach, we can describe outcomes as a profile of mixed actions for the
isolated players and a recommendation mechanism restricted to the non-isolated players.
That is, a feasible outcome for (G, N, S) is a pair (a_;,x;), where x; satisfies

ri(ojlw) = Zﬂ's t|w) I_I]I{aZ tn,) = i}

teT ZEI
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for some g and («_;,0;) € BNE(G, fn(mg)). We can then say that («_;, z;) is spillover-
robust obedient for (G, N) if for all i € I, ay, € xy,, and a; € A;,
Z (ui(aia Op\ (i} O fs w) — u(a;, Qp\ (i) Y] W)>xf(04ia 051\@}“’”)“(“’) >0, (7)

weN
*—N; €T-N;

and for all i ¢ I and a; € A;,

Z (Ui(@i,af,&_f\{i};(.«d) — Ui(ai,Oéf,a_f\{i};W)>.’L'f(OZf|W)[L(OJ) > 0.
weN

ajemj

In words, each non-isolated player finds it optimal to follow the recommendations from z;,
conditional on knowing his sources’ recommendations (by spillovers) and the isolated
players’ behavior (by correct equilibrium conjectures) and on any inference about the
other non-isolated players’ behavior and the state (through z;). Each isolated player
finds it optimal to implement his mixed action, conditional on knowing the other isolated
players’ behavior (by correct equilibrium conjectures) and the joint distribution of actions
and states induced by z;. This formulation of obedience shows that now feasibility
involves a fixed-point condition between z; and the isolated players’ behavior.

This second approach also helps to extend the comparative statics results of Section 4.1.
Fix [ and consider the information systems (N,S) and (N’,S") that lead to the same
set of non-isolated players I. With regard to Lemma 1, given a_; equation (7) implies
that if (IV,S) is less connected than (N',S’), then the set of feasible outcomes among
the players in I under (N,S) contains that under (N’,S’) for every G. Thus, overall
X(G,N',S") € X(G,N,S). The converse also holds (by the same argument as the

baseline case) if we require the ranking of feasible sets to hold for all G.

Y

Figure 12: Influence and Disconnected Information Systems

Similarly, we can extend the analysis of Section 4.1.2 to settings where (N, S) is not
connected. Fix N, S, and S”. Define I' = {i e I : NyNS' # g}t and I" = {i € I :
N;NS" # &} and assume that either I’ C I or I” C I. There are two cases worth
considering. Suppose that I’ = I”. Then, S’ is more influential than S” if and only if
(N, S")> (N, S"). This is a direct consequence of what we said in the previous paragraph
and can be seen as an extension of Corollary 1. Alternatively, suppose that N¥ = N5,

Then, S’ is more influential than S” if I’ D I”. This latter case cannot arise under

57



Assumption 2 (which implies I’ = [” = I) and it is therefore conceptually distinct. We
provide an example of this in Figure 12. In such example, let S" = {1,2} and S” = {1, 3}.
Note that I’ = I and I” = S”. Thus, I’ D I". Moreover, N5 = N5" = N. Therefore,
we have X(G,N,S") = X(G,N¥,8") = X(G,N%",I) D X(G,N,S") for any G. We
conclude that S’ is more influential than S”.

D.3 More-connected Systems and Information Aggregation

We briefly explain the relation between more-connected information systems and their
ability to aggregate information. For every i € I, let A™ (2 x A;) be the set of distribu-
tions such that

Pr(w,a;) =Y C(ailtm(t toijw)p(w), (w,a;) € Qx A

teT
for some ¢ : T; — A(A;). In the spirit of Blackwell (1951), we say that 7; is more
informative than 7} for player i if A™(Q x A;) € A™(Q x A;). Moreover, we say that
(N, I) aggregates information better than (N’, I) if, for all 7;, fx(7) is more informative

than fx:(m;) for every player. We have the following characterization.
Lemma 9. (N, I) aggregates information better than (N', I) if and only if (N, I)>(N',I).

Proof. Part 1 (<): Suppose (N,I)> (N’,I) and so N; O N/, for every i. We want
to show that, for every m;, A/v(T)(Q x A;) € AWNED(Q x A;) for all 4. Fix a payer i
and (77, T). Let (T, fn(77)) and (T", fa-(77)) be the induced information structure for
N and N’. Fix y € AVT(Q x A;). We will show that y € ANTD(Q x A4;). Since
y € AIv(Q x Ay), there exists v/ : T — A(A;) (where T/ = X jen:Ty) such that

y(w,a;) = Z’V/(ai“N{)WI(ﬂw)M(W)v (w,a;) € Q2 x A

Now define 7 : Ty — A(4;) (where T; = X jen,Tj) from +' by letting

Y(ailtns, tnane) =¥ (ailtnr)
for all £x;\n7. That is, 7 depends only on the components in N; that also belong to Nj and
in the same way that 7' depends on them. This is well defined because N; 2 N]. Clearly,
7 leads to the distribution 3 induced by +/, which therefore belongs to AN (™) (Q x A;).
Part 2 (=): We prove this by contrapositive. The only relevant case to consider is
that (N,I) . (N',I) and (N,I)4 (N’,I). This implies that for some i, there exists a k
such that k € N/ and k ¢ N;, and for some j (possibly i = j), there exists m such that
m € N; and m ¢ Nj. It follows that there exists a player i such that i # k and there
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is a direct link from k to i; in N’ but not in N, and there exists a player i,, such that
im # m there is a direct link from m to i,, in N but not in N'.

First, take an information structure m¢) such that k gets full information and all other
players always get fully uninformative signals. Then, under fy/(m1y) player i, gets full
information, while under fy(m(1y) he still gets no information. Therefore, (N, I) does not
aggregate more information than (N’,I). Now, take an information structure 7o such
that m gets full information and all other players always get fully uninformative signals.
Then, under fy (o) player i,, gets full information, while under fys(m(2;) he still gets
no information. Therefore, (N’, I') does not aggregate information better than (N, I). O

D.4 Pure-Strategy Recommendations in Example 4

In Section C.2, we restricted attention to pure-action recommendations. We now show
that this is without loss of generality by showing that z* solves the designer’s problem
even if we allow for mixed recommendations. The argument follows the duality approach
of Galperti and Perego (2018). The first step is to construct a solution to the dual of the
design problem restricted to pure-recommendation mechanisms and show that the value
of this dual is the same as the value of the primal under z*. Given this, note that for
the unrestricted problem that allows for mixed recommendations, the value of the primal
must be weakly larger than under x* and the value of the dual must be weakly smaller
than under the solution of the restricted-problem dual. Since by weak duality the value
of the primal has to be smaller than the value of the dual in the unrestricted problem, it

follows that x* also solves the unrestricted problem by strong duality.

Regarding the first step, the dual of the problem restricted to pure-recommendation

mechanisms involves choosing p € R%,26 \; € R4*41 and \y € R42*4 50 as to minimize

> nw)p(w),

weN
subject to A\j(a}|a;) > 0 for all aj,a) € Ay, Aa(ahla) > 0 for all ay € Ay and a € A, and
for all (a,w) € A x Q,

plw) > w(ar,a,w, A\, A\2)
= Ha; =y} +{ay =y} + <u1(a1, ag,w) — uq(al, ag,w)))\l(aﬂal)

+(u1(a1, ag,w) — Ul((lh al27 W)>)\2(a/2|a)-

#6The dual variable p(w) corresponds to the constraint Y, 4 #(alw) =1 for all w.
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When w = b, we have

(2~ [1— el hi(milyr) = [1— ePalnalys, ya) i (a1, a2) = (1, 40)
L — Ai(n1]yr) + [1 — €] Xa(ye|y1, n2) if (a1, a2) = (y1,n2)
w(ay, ag, b, \) =
1+ [1 = elM(yilni) — Aa(nz|ni, y2) if (a1, a2) = (n1,2)
(A1 (y1|na) + Ae(y2|na, ne) if (a1, a2) = (n1,n2).

Similarly, when w = g, we have

(2 + [+ el (mafyn) + e + Po(nalyn, ys) i (ar, as) = (91, 40)
L+ A (nalyr) — [v2 + €] A2 (y2|y1, ne2) if (a1, a2) = (y1,n2)
w(ay, ag, g, \) = _
1 — [y +e]A(ya|n) + v2 X2 (ne2|na, y2) if (a1,a2) = (n1,y2)
\—71)\1(3/1’”1) - ’)/2)\2(3/2’711,”2) if (a17a2) = (7117”2)-

In Galperti and Perego (2018), we show how to derive the solution of the dual (and
primal) following a few simple steps. Here, we only conjecture a solution and apply

duality. Let

1+e
M(nalyr) =1, Xa(nalyr, 1) = 1_2 and  Ag(na|ny, ye) = 1;

for the other cases, set both A\; and Ay equal to zero. Since |¢| ~ 0 and v < 1 < 1, we
have that p(b) = 0 and

p(g9) = 2+ 71 +elh(nfyr) + [ + €] Aa(nalyr, va).

It follows that the value of the dual is
1 1 %+5+72+6{1+5

- “p(b) =1
5P(9) + 5p(b) =14+ — 5 |72

where the latter is the value of the restricted primal under z*.

} = X1 + X3,

D.5 Omitted Proofs

Proof of Lemma 2
Step 1. Consider any finite-support (7', 777) and let o be the designer-preferred equilibrium
of (G, fx(mr)). For every i, every ty, determines a non-empty subset of optimal actions:
Ai(tn,) = arg max Erro (Uz’(az‘, a_jw) | 75]\@-)-
a; €A

Since A; is finite, every (m,0) can determine at most finitely many subsets A;(ty,) for
signals for player 7. Therefore, every

every player i. This requires no more than |24
(7r,0) can determine at most finitely many profiles of optimal-action sets of the form
A(t) = x;A;(tn,). We conclude that if we are interested in only such profiles, it is enough

to consider information structures that satisfy |T;| = |24¢| for every i.
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Step 2. We now need to transition from profiles of optimal-action sets to distributions
over pure-action profiles, which is what ultimately matters for the designer. To this end,
we use Theorem 2. Recall that each recommendation profile a can be interpreted, first of
all, as a signal realization from the information structure x. Step 1 shows that, if we are
interested only in spanning the profiles of optimal-action sets, it is enough to consider xs
with finite support. But this may not be enough for the entire set of feasible outcomes

intended as joint distributions between actions and states that satisfy obedience.

Suppose that x is a feasible outcome, hence satisfies obedience. That is, for every i,

ay, € xy,, and a;, a; € A;,

Z <Z <Ui<ai,a—i,(ﬂ> — ui(a;,a_i,w))ozNi(aNi)oz_Ni(a_Ni))x(aN“a_Ni

w,a—N; a—;

w)p(w) >0,

where ay, (an,) = (o(a;))jen, and a_y,(a—n,) = (o(a;))jen,. We want to construct an
alternative x’ that is also feasible and induces the same joint distribution between pure-
action profiles and states as does z.

From step 1, we know that we can identify finitely many profiles of sets A*(a) =
XieNA¥(an;), where we treat each o as a signal realization from x. Let A® be the finite

collection of such profiles determined by x. In particular, we know that [A”| < T,y [2%

independently of z. For every w, construct 2’ as follows. For every A* € A”, define

o (a) = Z ala) z(alw) ac A

acA® ZO/GAI x(a’|w) ’

This is the average mixed-action profile in state w, conditional on « belonging to A”.

Given this, for every a”“ so identified, let
2 (a2 |w) = Z r(o|w), we Q.
aEA”

It is immediate to see that x and 2’ induce the same joint distribution over pure-action

profiles for every state: For every a and w,

Z o (a)x (o |w) = Z o (@) (o |w)

o'ex’ Azc AT
- Y T a@a") S Gl
AreAr LacA® Lwess T |w) GEA®

= Z Z a(a)m(a|w)] = Za(a)x(a|w).

Are AT | ae A" aEx

Let’s now consider obedience. If we can show that 2’ also satisfies obedience, we are
. . Az
done. Fix any player 7, any o)y, € @y, and a;,a; € A;. Note that oy must equal ajy

for some some A” and w. Let A"(c/y.) contain all the profiles A” that are compatible

61



. . . Az )
with ofy,, i.e., that satisfy ay “ = ofy. Letting Aui(a;, aj;a_s,w) = uia;,a_;,w) —

u;(al, a_;,w), we have

ST 3D Al s wlal (ax)ay(a ) /(0 y ()

w,aLNi [
= Y I Awlan e @) “an)at (e x) (ol o w)n()
w,AIGAI(O/Ni) a—;
TN,
SIID IR D DLV ORI TR S O e L w7
wAzeAz( ) a_; CMEAI OCIEAZ rajw
X Z OéN, )lu(w)
a€EA”

— Z Z ZAul a;,ag; a_g,w)an, (ay, )y, (a_y, )z (ay,,

w,ATe AZ( ’)aeAz a_;

) ¢ 1)

= Z Z Z Aui(ai7 CL;-; A—i, w>aNi (a’Ni)a*Ni (a*Ni)x(aNm

Areds(aly ) aeAr | w.a;

Ji(w)

Now, recall that for every a € A*, we have that the set of optimal actions for player ¢
conditional on ay, is the same. Since z satisfies obedience for player ¢, his «; assigns
positive probability only to actions that are optimal conditional on ay,. Therefore, the
entire sum must be non-negative. This shows that 2 satisfies obedience for player i and

every o’y € Tly,. By the same argument, 2" satisfies obedience for all players. O

Proof of Lemma 3 Since V*(G,N,I) = sup,cxcn.1) Dowq V(@ w)z(aw)u(w) , for
every n > 1 there exists 2" that satisfies

V*(G,N,I)> Zv(a,w)x"(a]w)u(w) >V*(G,N,I)— %

Moreover, by Lemma 2 we can choose =" so as to satisfy |x;| < | . Let
K; = | » C A(A;) such
that |A'| = K for all i, which define a grid in x;c;A(A;) over which we can restrict the

construction of 2" itself. (Note that the support of 2z may not use the entire grid, but

it is without loss to allow for these extra elements that receive zero probability). Thus,
for every i and k; = 1,..., K, there is a sequence a/"" € A(A;) where o € A" is an
element of the grid of player ¢ with (fixed) K; elements to construct 2. Also, for each w
and every (ki,...,kr) where k; = 1,..., K; for every i, we have a sequence of elements

(@™, "™ w) € [0,1]. Since all these sequences belong to a compact space, each
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has a converging subsequence. Moreover, since we have finitely many sequences because
each K is fixed and finite, there exists an overall subsequence of indexes n such that the

following holds:
lim o =& e A(4), ki=1,... Ky iel;

fimvoo "
lim 2™, ... " Mw) = (@0, .. a8 w), k=1,... K;,we .
n—r0o0
Since " € X(G, N, I) for all n by assumption, it is easy to see that # € X(G, N, I) by
continuity of the linear constraints that define X (G, N, I). Finally, we have that
« > ~NA(A _ i fif R
VIGND 2 Y oa@)iue) = Jim 3 v w0 Twul)

W, w,a™

n—00 n

> lim (V*(G, N,I)— 1) = V*(G, N, I).

Therefore, Y . v(&,w)z(&|w)u(w) = V*(G, N, I), which proves the result. O

w,&

D.6 News Consumption and Elections: Analysis

This section explains the outcomes x that lead to the passage probabilities in Figure 10.(a)

for the four sets of seeds. At the end, it also presents other parametrizations of Figure 10.

Broad Outlet Alone

Suppose we shut down both one-sided outlets: S = {ig}. Let zp be the outcome
that maximizes the passage probability. To understand xp, it suffices to examine its
support. We numerically calculate zz and report its support, which does not change in
the feasible space of paramteters ¢ and 6, in Table 2. The profile (ay;, a,,) indicates that
xp recommends ay; € {y,n,h} to all majority voters and a,, € {y,n,h} to all minority
voters. The structure of xp is equivalent to a standard Bayesian-persuasion problem
with one receiver: the majority voters. If the state is favorable to them (w = —1), xp
always recommends them to vote y; if the state is unfavorable to them (w = 1), with
some probability xp recommends them to vote n—thus revealing the state—and with
the remaining probability it recommends them to vote y. These probabilities are such
that recommendation y renders the majority voters indifferent between y and h. Since
such recommendations are public, the information they convey must induce the minority

voters to choose opposite actions to those of the majority voters.?”

2TThe cases with only the majority or only the minority outlet have similar solutions—except that in
the latter case, for the minority to carry the bill, the majority must abstain under no news and so ¢

must be large enough.
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m voters m voters

y h n y h n

y| 0 0 . y| 0 0 .
M voters p | 0 0 0 M voters p | 0 0 0
n| 0 0 0 ni e 0 0

w=-—1 w=1

Table 2: Support of Optimal zg.

Broad Outlet and Majority Outlet

Suppose we shut down only the minority outlet: S = {ip,in}. Let xpy be the outcome
that maximizes the passage probability. Similarly to before, Table 3 represents the nu-
merically calculated support of zg,, which again does not change across feasible (c, 6).
To see how xp)s leads to a higher passage probability than under zpg, note that xgy,
sometimes induces the minority to vote y and the majority to choose h. This is perhaps
surprising, as the majority always knows the minority’s information, which comes from
ip. The key is that the recommendation y to the minority is only partially informative.
We can interpret how x5, is determined by news coming from the two outlets as follows.
The news from broad outlet induces the minority to vote y or n. In addition, when they
vote n, the news from the majority outlet induces its audience to vote y; when the mi-
nority votes vy, instead, the news from the majority outlet induces its audience to some-
times vote n and sometimes abstain. This illustrates the effect of the majority outlet’s

ability to convey news privately to its audience.

m voters m voters
y h n y h n
y| 0 0 . y| 0 0 .
M voters | o 0 0 M voters || o 0 0
n| 0 0 0 ni e 0 0
w=-1 w=1

Table 3: Support of Optimal zg,,.

Broad Outlet and Minority Outlet

Suppose we shut down only the majority outlet: S = {ig,im}. Let xp,, be the outcome

that maximizes the passage probability. Similarly to before, Table 4 and 5 represent the
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numerically calculated support of xp,,, which now changes across feasible (¢, ). When
¢ (respectively, 0) is sufficiently low (high) zg,, = z. This is because the majority
votes n under the prior and it is informationally too costly to induce it to abstain. By
contrast, when c¢ (respectively, #) is sufficiently high (low), zg,, differs from x5.?® To
understand how x g,, leads to a higher passage probability than under xpz, note that with
some probability zg,, induces the minority to vote y while the majority abstains (h).
We can interpret how the outlets’ news induce this as follows. If ¢ is high, the majority
abstains under no news. Exploiting this, now the broad outlet conveys news that either
induces the majority to vote y or to abstain. If the latter happens, the news from the
minority outlet either reveals that the state is w = —1—leading the minority to vote n—

or induces the minority to vote y.

m voters m voters
y h n Y h n
y| O 0 . y| 0 0 .
M voters p | 0 0 0 M voters p | 0 0 0
n| 0 0 0 ni e 0 0
w=-1 w=1

Table 4: Support of Optimal x g, for Low ¢ (High 6).

m voters m voters
Y h n y h n
y| 0 . . y| 0 . 0
M voters p | o 0 . M voters 1, | o 0 0
n| 0 0 0 n| 0 0 0
w=-1 w=1

Table 5: Support of Optimal g, for High ¢ (Low 0).

28In this case, x,, sometimes induces the majority to vote y, which renders the minority irrelevant.
Since, unlike the majority, the minority also receives news from the minority outlet, such news can
induce the minority to choose different actions while the majority votes y. This gives rise to multiple

solutions, of which we report one kind.
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All Outlets

Finally, suppose we keep all outlets: S = {iB,in,im}. Let zpym, be the outcome that
maximizes the passage probability. Similarly to before, Table 6 and 7 represent the
numerically calculated support of zgps,, which again changes across feasible (¢, ). As
under x gy and xp,,, under x gy, sometimes the majority passes the bill, and sometimes
the minority passes the bill while the majority abstains. In contrast to the previous
cases, however, g, sometimes induces unanimous support for the bill in state w = 1.
This hinges on news that each one-sided outlet conveys privately to its audience. When
c is low (respectively, 6 is high), under z gy, the only scenario when the bill does not
pass involves the majority’s opposition and the minority’s support. When ¢ is high
(respectively, 6 is high), the only scenario where the bill does not pass involves the
majority’s abstention and the minority’s opposition. This regime change explains the
kink in Figure 10. Overall, these points illustrate the effect of both one-sided outlets’

conveying news privately to their audiences.

m voters m voters
y h n y h n
y| 0 0 ° Y| e 0 0
M voters | | o 0 0 M voters K| o | 0 0
n| 0 0 0 nie| 0 0
w=-1 w=1

Table 6: Support of Optimal gy, for Low ¢ (High 6).

m voters m voters
y h n y h n
y| 0| 0| e y| e| 0] O
M voters | o 0 . M voters | o 0 0
n| 0 0 0 n| 0] 0 0
w=-—1 w=1

Table 7: Support of Optimal x gy, for High ¢ (Low 6).
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Alternative Parametrizations and Passage Probabilities

Figure 13 represents the passage probabilities for the four sets of seeds as in Figure 10,
but for different choices of 6 in panel (a) and ¢ in panel (b). Figure 13 exhibits the same

qualitative properties discussed in relation to Figure 10.
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Figure 13: Robust Passage Probability (Alternative Parametrizations)
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