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Abstract

The purpose of this paper is to bridge two strands of the literature, one pertaining to
the objective or physical measure used to model an underlying asset and the other
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pertaining to the risk-neutral measure used to price derivatives. We propose a generic
procedure using simultaneously the fundamental price, S,, and a set of option contracts
[(6});= 1 .m] where m > 1 and o7, is the Black-Scholes implied volatility. We use Heston’s
(1993. Review of Financial Studies 6, 327-343) model as an example, and appraise
univariate and multivariate estimation of the model in terms of pricing and hedging
performance. Our results, based on the S&P 500 index contract, show dominance of
univariate approach, which relies solely on options data. A by-product of this finding is
that we uncover a remarkably simple volatility extraction filter based on a polynomial
lag structure of implied volatilities. The bivariate approach, involving both the funda-
mental security and an option contract, appears useful when the information from the
cash market reflected in the conditional kurtosis provides support to price long
term.

1. Introduction

According to modern asset pricing theory, the value of any asset can be
computed as the expectation under the risk-neutral measure of the future cash
flows discounted by the pricing kernel. The valuation of any contingent claim,
like a European-style option contract, consists of specifying the pricing kernel
and determining the appropriate risk-neutral measure transformation. These
operations involve several critical steps. First, it should be noted that there is no
completely ‘model-free’ way to proceed.' In particular, the characterization of
the risk-neutral measure is intimately related to the price of market risk which in
turn is determined by the model one adopts to describe the behavior of the
fundamental asset underlying the option contract. This step is also inextricably
linked to the estimation of parameters which select the data generating process
among the class of models considered. There are different sources of data one
could use for the purpose of estimating or calibrating parameters and there is
certainly an abundant choice as there are many option contracts actively traded
and long time series of the fundamental typically available. To further compli-
cate matters it should be noted that many models describing the behavior of the
fundamental process feature latent factors such as stochastic volatility. There-
fore one faces also the task of using observations to not only estimate para-
meters but also to filter or extract the unobservable factors.

! Even the so-called nonparametric approaches (see for instance Ait-Sahalia and Lo, 1998; Broadie
et al., 2000) either implicitly restrict the class of models by imposing regularity conditions to guarantee
valid statistical inference or assume an explicit class of models (see for instance Rubinstein, 1994).
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In recent years we have made considerable progress on various aspects of this
research program. We know more about estimating diffusions particularly those
involving stochastic volatility or other latent factors.”? Parallel to this we
witnessed the emergence of several studies suggesting schemes to extract risk-
neutral measures from option prices (see inter alia references in footnote 2).
Considerable effort was also devoted to filters for extracting the latent factors
like volatility. These filters either involve options data or underlying funda-
mentals (but not both jointly).

The purpose of this paper is to bridge two strands of the literature, one
pertaining to the objective or physical measure used to model the underlying
asset and the other to the risk-neutral measure used to price derivatives. In fact,
we start first with estimating both measures jointly. This poses several challenges
as building a bridge between the objective and risk-neutral world prompts us to
think about many new issues which need to be addressed. In addition, it also
opens up new possibilities for comparing the information in the underlying
fundamental and options data, a theme which has been the subject of many
previous studies. Numerous papers have confronted empirical evidence ob-
tained from derivative security markets with results from the underlying and
vice versa. In particular, issues related to the informational content of option
prices have been examined extensively in the literature (see for instance
Christensen and Prabhala (1998) for the most recent example). Our attempt to
model the price behavior of fundamental and derivative securities jointly is
motivated by the very same issues hitherto raised in the literature. Namely, we
want to learn more about the informational content of option prices. We also
want to know how we can improve the statistical precision of diffusion para-
meters by incorporating options.

Our goal is to investigate these questions in a unifying framework. While we
use the Heston (1993) model as specific example, it should be stressed at the
outset that our analysis is not limited to any particular model. The choice of
Heston’s model is motivated by two important factors. First, it has closed-form
option pricing formula, which represents a considerable computational advant-
age. Second, because Heston’s model features analytic solutions it has received
much attention in the literature (see Bakshi et al., 1997, for references), which
makes our analysis directly comparable with results previously reported.

Financial theory also suggests that, for stochastic volatility models with two
state variables, such as the models of Hull and White (1987), Scott (1987),
Wiggins (1987), Heston (1993), and many others, one should consider the

2Numerous techniques have been proposed for the estimation of continuous time processes
pertaining to the pricing of derivative securities. The literature on the estimation of diffusions with or
without stochastic volatility and/or jumps, is summarized in a number of surveys and textbooks,
including Bates (1996), Campbell et al. (1997), Ghysels et al. (1996), Melino (1994), Renault (1997)
and Tauchen (1997).
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fundamental and its derivative contracts jointly to estimate diffusion parameters
and price options simultaneously. There are indeed appealing theoretical rea-
sons to pursue this approach, as in a stochastic volatility economy options must
be added to create a complete market model (Romano and Touzi, 1997). The
complete market model guarantees the existence and uniqueness of the risk-
neutral probability density used to price the option contracts. If done judicious-
ly, this challenging task should dominate the use of a single source, whether
options or fundamental.

Although no attempts have been made previously to estimate and appraise
stochastic volatility models using the joint distribution of fundamentals and
options, it is clear that much of the evidence in the literature suggests that we
should gain from addressing this issue. For example, a recent paper by Gallant
et al. (1998) adopts a strategy similar to ours, though not involving options.
They consider the bivariate process of the fundamental and the daily high/low
spread, which provides extra information about the course of volatility. In this
paper we propose a generic procedure for estimating and pricing options using
simultaneously the fundamental price, S,, and a set of option contracts
[(6})i=1.m], where m > 1 and o, is the Black-Scholes implied volatility. Please
note that we can, in principle, manage a panel of options, i.e. a time series of
cross-sections. The procedure we propose consists of two steps. First, we fit
a seminonparametric (henceforth SNP) density of [S,, (67,);= 1. ], conditional on
its own past [S,, (61.)i=1.m] for T < t, using market data. Next we simulate the
fundamental price and option prices, and calibrate the parameters of the
diffusion and its associated option pricing model to fit the conditional density of
the market data dynamics. The procedure coined by Gallant and Tauchen
(1996) as Efficient Method of Moments (EMM), has been used primarily to
estimate diffusions using only the fundamental price process S,. We extend
EMM to incorporate option prices and fundamentals simultaneously. The
EMM procedure, which is a simulation-based estimation technique, allows
estimating the model parameters under both objective and risk-neutral prob-
ability measures if we use simultaneously implied volatilities and the underlying
asset data. Indeed, time series of the underlying asset provide parameters under
the objective probability measure while risk-neutral parameters can be retrieved
from options. Since the model we adopt has a closed-form option pricing
formula, we can obtain the volatilities implied by the Black—Scholes formula
from the simulated data and contrast them with their counterparts from the real
data via the EMM framework. This procedure yields parameter estimates under
the risk-neutral measure. Having estimated the risk-neutral and objective
measures separately allows us to appraise the typical risk-neutral representa-
tions used in the literature. In particular, in order to obtain the closed-form
solutions, the standard approach assumes that the linearity of the volatility drift
is preserved. We are able to determine if this assumption is consistent with the
data.
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The task is challenging. Aside from specifying the methodology, we do not
know in advance how well our procedure will work in producing better para-
meter estimates for diffusions. Further, we cannot predict what improvements in
option pricing and hedging can be made. We compare univariate and multivari-
ate models in terms of pricing and hedging performance. The univariate speci-
fications consist of models only using the fundamental asset and models using
only options data. It should be noted, however, that the knowledge of the
estimated model parameters is not sufficient to compute an option price or
a hedge ratio. We have to know the latent spot volatility as well. Previous
studies treated spot volatility as a parameter and estimated it from the cross-
section of options prices taken from the previous trading day. This approach
introduces inconsistencies with the model. A recent extension of the SNP/EMM
methodology introduced in Gallant and Tauchen (1998) allows us to address the
problem. We filter spot volatilities via reprojection. That is, we compute the
expected value of the latent volatility process using an SNP density conditioned
on the observable processes, such as returns, or options data, or both.

Our results demonstrate the dominance of the univariate approach that relies
solely on options. A by-product of this finding is that we uncover a remarkably
simple volatility extraction filter based on a polynomial lag structure of implied
volatilities. The bivariate approach appears useful when the information from
the cash market provides support, through the conditional kurtosis, to price
some long term options.

These findings prompt us to consider alternative volatility filters, such as for
instance the one obtained from the GARCH class of models. We examine the
quality of various filters through the window of the Black-Scholes (henceforth
BS) option pricing model, which allows us to separate the effects of a particular
pricing kernel from the filter’s contribution. Interestingly, we find that the role of
the pricing kernel is marginal compared to that of filtering spot volatility.

The remainder of the paper is organized as follows. Section 2 sets the stage for
the analysis of the joint density function of fundamentals and options. We
discuss first the issues addressed so far in the literature and present the model we
estimate. In Section 2 we also provide a brief review of the EMM estimation and
reprojection method. Section 3 reports the estimation results and examines the
mapping from objective to risk-neutral measures, while Section 4 evaluates the
performance of the estimated models. Section 5 studies the role of different
volatility filters. The last section concludes. Technical material is covered in
several appendices to the paper.

2. Joint estimation of the fundamental and option pricing processes

Numerous papers have confronted empirical evidence obtained from deriva-
tive security markets with results from the underlying and vice versa. In
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particular, issues pertaining to the informational content of option prices have
been examined extensively in the literature (see Bates, 1996; Canina and Figlewski,
1993; Christensen and Prabhala, 1998; Day and Lewis, 1992; Fleming, 1998;
Lamoureux and Lastrapes, 1993, among others). Ait-Sahalia et al. (1997) address
essentially the same issue, comparing state-price densities (SPD) implied by time
series of the S&P 500 index with the SPD implied by a cross-section of S&P 500
index options. They reject the hypothesis that the two state price densities are the
same. As they examine models with volatility specified as a function of the stock
price, one can view their result as a rejection of deterministic volatility models.
Along the same lines, Dumas et al. (1998) examine the out-of-sample pricing and
hedging performance of the same class of volatility models using also S&P 500
options data. Dumas et al. find that ‘simpler is better’, i.e. deterministic volatility
models perform no better than ordinary implied volatility.

Our attempt to model the price behavior of fundamental and derivative
securities jointly is motivated by the very same issues raised in the literature.
Namely, we want to learn more about the informational content of option
prices, as did Canina and Figlewski (1993) and many others. We also want to
know how we can improve the statistical precision of diffusion parameters by
incorporating options data as did Pastorello et al. (1994), who used at-the-
money implied volatilities, replacing latent spot volatility, to estimate the Hull
and White (1987) model.> Moreover, we also want to assess the advantages of
multivariate schemes using financial criteria such as the out-of-sample pricing
and hedging performance of models, like Bakshi et al. (1997), Dumas et al. (1998)
and Jacquier and Jarrow (1998), among others.

We attempt to investigate these questions in a unifying framework. We use the
stochastic volatility (SV) model specified by Heston (1993) for that purpose,
though it should be stressed at the outset that our analysis is not limited to this
particular model. The Heston model will be covered in a first subsection.

The joint modeling of returns and derivative security prices will present new
challenges, which we will discuss in this section. First, we describe the data in
Section 1.2. Since the EMM procedure is widely used and described elsewhere,
notably in Gallant and Tauchen (1998), we will only summarize its major steps
in a third subsection. A fourth subsection deals with reprojection methods, an
extension of EMM to extract latent volatility processes. The empirical results
are discussed in the last two subsections.

2.1. The Heston model

Following Heston (1993), we can write the model as

dS(t)/S(t) = Rdt + / V(O dW(D) (1)

3 Pastorello et al. (1994) did not estimate the joint process as we propose to do in this paper.
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and

AV () = (0% — k*V(6) dt + oy /1 — p2/ V() dWi (D)
+ ayp/ V() AW (), 2

where the model is stated under the risk-neutral probability measure. Eq. (1)
implies that the stock-price process S(t) follows a geometric Brownian motion,
with stochastic variance V(t). Eq. (2) states that V(¢) follows a square-root
mean-reverting process with the long-run mean 0*/k*, speed of adjustment
x* and variation coefficient o). Imposing the restriction oy < 20 guarantees
that V(¢) stays in the open interval (0, co ) almost surely (see, for instance, Cox
et al., 1985). The Brownian motions W§(t) and W3(t) are assumed independent.
Egs. (1) and (2) imply, however, that Corr,(dS(t)/S(t), dV(t)) = p dt. Parameters
with asterisks are those that change when the model is rewritten under the
objective probability measure. Under the change of measure, the risk-free rate
R is substituted by a drift parameter, pg, and all asterisks are removed. This
model yields the following formula for a price of a call at time ¢, with time to
maturity 7 and strike K:

C(ta T, K) = S(I)Hl(ta T, Sa V) - Ke_RrHZ(ta T, Sa V)7 (3)

where the expressions for I1;,j = 1, 2 are provided in Appendix A.

The common practice of estimating diffusions using the underlying asset and
then relying on an option pricing formula has a number of drawbacks. Standard
complete market asset pricing theory determines that one has to change
the measure, from the objective measure to the risk neutral one.* This
transformation is often ad hoc. Although continuous time general equilibrium
preference-based asset pricing models readily deliver the direct connection
from the objective measure to the risk-neutral measure, they often result
in rather complex diffusion models for the underlying asset. The complex
dynamics arise because the equilibrium asset price process is derived endogen-
ously, based on the discounted flow of dividends, using an endogenously
determined risk-neutral rate (see e.g. Broadie et al. 1997, for such a derivation).
It is therefore common to use a simple diffusion for the asset return and
volatility dynamics, and assume that the change of drift, which by Girsanov’s
theorem amounts to changing the measure, maintains the same type of pro-
cesses.

4See Harrison and Kreps (1979) and Harrison and Pliska (1981) for further discussion. Arguments
about completeness of markets are typically imposed to guarantee the existence of a unique
risk-neutral measure.
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To further examine the change of measure, let us consider the Radon-
Nikodym derivative of the objective probability measure with respect to the
risk-neutral one. This derivative can be computed as follows:

1 t
o = exp( - Zf () + ) du
0

- fil(u)dWs(u) - Jtﬂnz(u)de(u)) @)
0 0

where A(t) = (41(t), A,(¢)) is the vector with the market prices of risk, return and
volatility risk, respectively. When we know the parameter values under both
measures we can infer A(t). In particular, by Girsanov’s theorem we have

usS(t) — A1(t)/ V(6)S(t) = RS(1) (5)
and
0 — kV(t) — 2,0y /1 — p>2 V() — A ()ay p/ V() = 0% — k*V(t).  (6)
Therefore,
ps — R
j’l = 7
(t) 70 (7
and
) =—S e, V0 @®)
2 \/m 2 >
where
0 — 0% — (us — R)ayp
o /T )
and
C, =T (10)

Eq. (7) implies that the asset risk premium increases when volatility decreases.
This counterintuitive effect of volatility on the risk premium implies arbitrage
opportunities. In mathematical terms this effect means that the transformation
to the risk neutral measure, described by the Girsanov theorem, may fail.



COLUMBIA BUSINESS SCHOOL 9

However, it is difficult to verify the conditions of the theorem in this particular
case. Rydberg (1997) discusses these issues in more detail.

It is beyond the scope of the current paper to address these deficiencies of the
Heston model, since our main focus is to study the joint estimation of risk
neutral and objective measures. We employ the standard Heston model for that
purpose. In practice, it is unlikely one would have to deal with extremely small
volatility values. While the improvement of the Heston model is beyond the
scope of the present paper, the condition presented in Eq. (7), above, should be
considered by researchers who intend to extend the model for empirical or
theoretical reasons. Finally, since our estimation strategy allows us to compute
the prices of risk from Egs. (7) and (8), we will revisit the issues related to the
measure transformation in Section 2.2, where we discuss the estimation results.

2.2. The data

Like many previous studies, we examine the S&P 500 index and the SPX
European option contract traded on the index. Our analysis requires both
options and returns data. The source of our series is the Chicago Board of
Options Exchange (CBOE). The data consist of daily last sale prices of options
written on the S&P 500 index, as well as the closing price of the index.
Specifically, the dataset contains the date, maturity month, option price, call/put
flag, strike, open interest, volume, and the underlying index. There is a 15-min
difference between the close of the AMEX, NASDAQ, and NYSE stock mar-
kets, where the 500 stocks included in the index are traded, and the Chicago
options market. This difference leads to non-synchronicity biases. Harvey and
Whaley (1991), and Bakshi et al. (1997), among others, suggest various schemes
based on option price quotes or transactions around the 3 PM market close. We
control for the possibility of such biases in our simulation procedure, which is
discussed below and in Appendix C. The sample covers the time period from
November 1985 until October 1994. We set aside the last year of data, Novem-
ber 1993 to October 1994, for the out-of-sample tests, and use the rest for
estimation purpose. Plot (A) of Fig. 1 displays the S&P 500 series, showing the
familiar pattern, including the negative return corresponding to the crash of
October 1987. The dashed vertical line represents the end of the estimation
sample and the beginning of the data used for the purpose of out-of-sample
appraisals of the models.

Various schemes to extract implied volatilities from options have been sugges-
ted in the literature (see for instance Bates, 1996, for a survey). We concentrate
our attention on the at-the-money (henceforth ATM) calls, where we define
at-the-money as S/K €[0.97, 1.03], for instruments with short maturities, as
these are the most liquid instruments. Because of the active trading, the implied
volatilities of these contracts should convey the most precise information.
Moreover, Harvey and Whaley (1991) note that the ATM volatilities are the
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Fig. 1. The univariate series and SNP densities. We estimate the SNP density for the two univariate
types of data: (i) the log-returns on the S&P500; (ii) the log of the BS implied volatilities of the closest
to maturity and the money call options. The data are collected daily, and span the period from
November 1985 to October 1993. The plots to the left are the time series of the data, the plots to the
right are the estimated densities of the series. The solid line is a plot of an SNP fit, the dashed line is

normal density with the same mean and variance.

most sensitive to changes in the spot volatility rate, since an option’s vega is
maximized when moneyness is close to 1. To be more precise, we select the calls
with the shortest maturities and, in addition to being ATM, we require the
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option to have the strike as close to the index level as possible, such that
K* = argming|S/K — 1|.°

In order to make the observed S&P 500 index and the simulated underlying
fundamental data comparable, we adjusted the S&P 500 index for dividends.
We took a constant dividend rate, continuously compounded, of 2% which is
consistent with Broadie et al. (1997) for example. Therefore, we ignore the
lumpiness of the dividend payments, and also conveniently avoid using the
historically observed dividends, which would considerably complicate our simu-
lation design. Moreover, since we are dealing with European index options, this
issue matters little, as we are only interested in the total flow of dividends paid
over the life of the contract. Finally, we used the monthly 3-month T-bill yield
from CITIBASE as a proxy for the short-term interest rate. Since the stochastic
volatility models we consider assume a constant interest rate, we take the
average yield, which is equal to 5.81396%.

Finally, the estimation of SNP density requires the use of stationary and
ergodic data. As noted before we will estimate SV models, using three types of
data: (i) time series data on the S&P 500 index, (ii) BS volatilities implied by the
closest to maturity and at the money calls on the index, and (iii) both data sets
jointly. Therefore, the data entries to the SNP estimation routine are the
log-returns on the index. Likewise, rather than using the implied volatilities,
which are nonnegative, we will work with the log-volatilities. Despite the
transformations, we will refer to these data series as S&P 500 and BS volatilities
for convenience. Plot (C) of Fig. 1 displays the BS implied volatilities. We note
that the highest volatility is, not surprisingly, observed at the time of the crash.
Moreover, it is also important to note the downward trend in volatility begin-
ning around 1991, and the reversal of this trend in the series coming after the
estimation part of our data set. This reversal will make the out-of-sample
exercise particularly interesting.®

2.3. The efficient method of moments estimation procedure

Several methods have been proposed to estimate the parameters of stochastic
volatility models. These methods include the generalized method of moments

5 Apart from the moneyness filter, several other filters were applied to the data. In particular,
observations with a call price missing or equal to zero were dropped. The various filters applied to
the data leave us with 1978 observations, which roughly corresponds to 247 observations per year.

© The more recent years, which are not covered by our sample, especially the summer and fall of
1998, indicate an upward trending volatility. In other words, the volatility process seems to revert to
the mean as assumed in the Heston (1993) model we consider here. It should also be noted that the
options contracts on S&P 500 were of American type during a very short period of our sample, namely
prior to April 1986. Because we select short maturity contracts, for which the exercise premium is very
close to zero, this change should not affect much of our results. Fig. 1 also shows that the American
option part of our sample, prior to April 1986, does not introduce any abnormal patterns.
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(GMM), quasi-maximum likelihood, and various simulation-based procedures,
including Bayesian methods and efficient method of moments (see Ghysels et al.,
1996, for a literature review). In this paper, we use the Efficient Method of
Moments (henceforth EMM) procedure of Gallant and Tauchen (1996), which
has already found many applications in the estimation of both continuous time
and discrete time stochastic volatility models. Examples include Andersen and
Lund (1997), Andersen et al. (1999), Gallant, Hsieh and Tauchen (1997), Gallant
et al. (1999), Gallant and Tauchen (1998), Ghysels and Jasiak (1996), Jiang and
van der Sluis (1998), and Tauchen (1997). So far, most of these applications only
use a single data series, either a short rate process or a stock price (index). There
are exceptions, notably Ghysels and Jasiak (1996), who consider the joint
process of stock returns and trading volume, and Gallant, Hsu and Tauchen
et al. (1999), who as noted before, consider the bivariate process of the funda-
mental asset and the daily high-low spread. EMM can be divided into two main
parts, the estimation of the so-called score generator, which will be discussed
first, and the estimation of the diffusion parameters, which will conclude this
section.

Suppose the process of interest is denoted 1,. In our application, this process
can be univariate, bivariate, or involving a low-dimensional panel data set. If
univariate, the process will include either asset returns or BS implied volatilities.
If bivariate the process will include both returns and implied volatilities. In the
general case a panel data set is considered which includes the fundamental asset
returns series and M option contracts with different moneyness, different
maturities, or both, represented by their BS implied volatilities [(c7);= 1. ]. In
a generic context, we assume that 1, is a vector with L elements. It has
a conditional distribution p(1, | I,, @), where I, is the information set and © rep-
resents the parameters of the stochastic volatility model for 1,. The asymp-
totically efficient method to estimate @ is maximum likelihood (MLE), which
involves maximizing the function

1
T,

HM»-q

ng(lt |1, ©). (11)
Maximizing Eq. (11) is equivalent to solving
= Z —logp |1, @) = (12)

where dlog(p(- | +))/00 is the score function. The above expression is the sample
equivalent of

0
(aglogp(lt |1y, @)> (13)
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Unfortunately, it is very difficult to obtain the likelihood function for stochastic
volatility models. Therefore, it is impossible to compute the score generator
dlog(p(- | *))/06. To overcome this challenge, Gallant and Tauchen suggest
computing instead a SNP density f, (i, | X;, £), where X, is the vector of M lags
of 1, and Z is the vector of parameters of the SNP model. The index k relates to
the dimension of =, and should expand at the appropriate rate as the sample size
grows to accomplish MLE asymptotic efficiency (see Gallant and Long, 1997,
for further discussion). We provide some specific details regarding the SNP
density in Appendix B. Note that EMM can use any score generator which
represents the data well. In this paper, we will use the SNP score generator,
which is also required for the reprojection procedure described later.

As noted above, EMM has two parts. The first part is the estimation of the
auxiliary score generator model. The estimated SNP density provides the input
to the second stage of the EMM estimation procedure. More precisely, the SNP
score function generates a set of moment conditions. In particular, ® can be
estimated through the moment conditions, or score function, similar to Eq. (13),
which in this case will be:

m(O, E) = E<;logfk(tt | X:, E)> = filog fil 1 Xy, B)dPG, X, ©). (14)
Since these moment conditions should have mean zero, they can be used as the
basis for a GMM-type estimation procedure, which yields the desired estimate
for the parameter vector ©. The moment conditions are easier to compute by
simulation instead of computing the integral in Eq. (14) numerically. Hence, we
compute sample moments by simulating N observations of 1, from the SV
model.” With simulated time series of length N for 1,, with candidate parameters
O, the left-hand side of Eq. (12) translates into

~ 1Y 0 ~
(6. 2) = 1 3. ==logf(u(0)| X.(0). ). (15)
t=1 Y~

Then we can formulate the EMM estimator for the parameter vector @, using
the following quadratic minimization criterion:

(16)

\[_I/

O = argmin my(0, EY W rmy(O, &
[}

7Since the SV model is formulated in continuous time we need to discretize the process to
generate simulated paths. We use the explicit order 2.0 weak stochastic differential equation (SDE)
discretization scheme, described in Kloeden and Platen (1995 pp. 486-487), to simulate the processes
defined in Egs. (1) and (2). In Appendix C, we provide further details of the scheme employed to
create discrete observations. The empirical results reported in the next section are based on
simulated samples of size N = 10,000.
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Because of the properties of the SNP model,

W, :%i dlogfi (i, | X,, B)ologfi(i, | X,, &

— —
=1 0= =

&

(17)

Asymptotically, the EMM estimator is consistent and normal and has, under
suitable regularity conditions, the same efficiency as MLE (see Gallant and
Tauchen, 1996; Gallant and Long, 1997, for further discussion).

We will focus primarily on the case where 1, represents a bivariate process of
a stock return and a BS implied volatility. The distribution p(z;, | I,, @) in this
context is implicitly defined by Egs. (1)-(3). Suppose now that the parameter
vector ® can be written as (ug, 0., ©,, 0,), where ug is the rate of return on the
underlying asset under the objective probability measure, ®, contains the
parameters common to the objective and risk-neutral measure, @, represents
the objective probability measure volatility drift parameters, and @, the risk-
neutral ones. In Egs. (1) and (2), these parameter vectors correspond to
O, = (oy, p), O, = (0, x),and O, = (0%, k*). The first step consists of simulating
the underlying processes from Egs. (1) and (2) under the objective probability
measure for a given set of parameters values for (ug, ., ©,). It should be noted
that we simulate the latent volatility process V(t), though it is not part of 7, since
we need to use V(t) to compute the price, S(¢). Using the risk-neutral measure
parameters (0., 0,), where the values of @, remain the same, we compute the
options price according to Eq. (3) and calculate the BS implied volatilities from
these prices. Since we estimate @, and ©, separately, we can test certain
hypotheses about the transformation from objective to risk-neutral measures.

To obtain the BS volatilities, we need to apply the option pricing formula to
the simulated data. This step requires knowing the parameters and choosing
time to maturity and strike features of the contract. Obviously, time to maturity
is not available in the simulated data. To make the simulated option prices
comparable with the observed ones in the actual data, we replicate the maturi-
ties from the observed data. In order to decrease the simulation error, the sample
size of the simulated data (recall N = 10,000) is much larger than the sample of
actual data available. Therefore, we cycle through the sequence of observed
maturities in the actual data set to cover the entire simulated data set. In
particular, for the simulated ith observation, we use the maturity from the
mod(i, T), where T is the sample size of the observed data. If the length of the
simulated sample is N and a multiple of T, say N =IT, then this scheme
amounts to replicating the number of times each maturity appears in the
observed data by L

We apply a similar strategy for the strike features of the contracts. In
particular, we simulate moneyness instead of strikes, because the simulated
sample path of S(¢), or price, can be quite different from the observed one.
Matching the moneyness with the real data implies the existence of strikes not
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always observed in the real data sample. Using this strategy preserves the crucial
properties of options. Since we can rewrite the option pricing formula in terms of
moneyness, the dependence on strike features will be eliminated. We rotate
moneyness from the observed data in exactly the same way as maturities to
simulate BS implied volatilities.

Finally, it should be noted that the simulation approach described in this
section also extends to situations involving only options data, or the more
commonly used univariate setup based on returns series. In neither case is it
possible to estimate the entire parameter vector @, which we wrote as
(us, O, O©,, ©,). With options data, we cannot estimate the drift parameter
us under the objective measure. Hence, with options we can estimate the
parameter vector (0., 0,, 0,).2 When returns series are used we cannot recover
the risk neutral volatility parameters, i.e. @,. Hence, only cases with both
fundamentals and derivatives will involve the full parameter vector
(,U'Sa @ca @aa @n)

2.4. Reprojection

Having obtained the EMM estimates of the model parameters @, we would
like to extract the unobserved spot volatility V(t) in order to price options
according to Eq. (3). Several filters have been proposed in the literature, all
involving the return process exclusively. Harvey et al. (1994) suggest employing
the approximate Kalman filter based on a discrete time SV model. The exact
filter is derived by Jacquier et al. (1994) in the context of a Bayesian analysis of
the same model. Nelson and Foster (1994) demonstrate how diffusion limit
arguments apply to the class of EGARCH models, and provide a justification
for EGARCH models as filters for instantaneous volatility. Some attempts were
made to extend these filters to a multivariate context (see, in particular, Harvey
et al., 1994; Jacquier et al., 1995; and Nelson, 1996). These multivariate exten-
sions exclusively use return series, and cannot accommodate derivative security
market information. We propose a filtering method based on the reprojection
procedure introduced by Gallant and Tauchen (1998). We briefly describe first
the method, intuitively, in a generic context and focus on the specific applica-
tions we will consider.

Suppose we have a vector process consisting of observable and unobservable
time series. For example, observables could be returns, or BS implied volatilities,

8 Note that options data allow us to estimate the volatility parameter vector under both measures,
ie. both @, and ©,. In particular, we proceed along the same lines as in the bivariate case, and
simulate the latent volatility process V() and the fundamental asset, to compute option prices and
obtain implied volatilities. However, since the data is limited to options, and option pricing formulas
omit the objective measure drift parameter, we cannot identify pg. All other parameters can be
identified, since any variation in (@,, @,, 0,) affect option prices.
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while the latent spot volatility would be unobservable. Let us denote the vector
of contemporaneous and lagged observable variables by x,, and the vector of
contemporaneous unobservable variables by y,. The filtering problem is equiva-
lent to computing the following conditional expectation

¥ =EQ.|x,) = J}Gp(% |x,, ©)dy,, (18)

where © is the parameter vector. This expectation involves the conditional
probability density of y, given x;. If we knew the density, we could estimate it by
P 1x,) = p(y: | x;, ©). Unfortunately, for SV models there is no analytical
expression for the conditional density available. Therefore, we need to estimate
this density as p(y, | x;) = fi(J: | X;), where J,, X, are simulated from the SV model
with parameters set equal to @, and where f; is again a SNP density. Gallant and

Long (1997) show that

lim fi (5. 1%) = p(y: | x;, O). (19)
k=
Hence, the SNP density converges asymptotically to the true conditional prob-
ability density (where convergence is in terms of the Sobolev norm specified by
Gallant and Long). Hence, reprojection provides an unbiased estimate of the
latent process, namely spot volatility.

The reprojection filtering method takes a multivariate form under three
scenarios. These scenarios are, (i) only involving a vector of multiple return
series, an approach not considered in this paper but feasible, (ii) only involving
a vector of options, as discussed further below and, (iii) a mixture of the previous
two scenarios. The latter strategy will be our prime focus here. It should be
noted that one can also consider univariate schemes which involve either the
return series or the BS implied volatilities. The former univariate scheme would
be comparable to the filtering methods of Harvey et al. (1994), Jacquier et al.
(1994) and Nelson and Foster (1994). In Section 5, we will discuss such univari-
ate volatility filters based on returns data. Univariate schemes only involving
options have been proposed informally. Often, though not exclusively, such
univariate filters rely on the Black—-Scholes model and involve a cross-section of
options, treating today’s volatility as a parameter. Bakshi et al. (1997), for
instance, employ this methodology and obtain volatility estimates which minim-
ize the pricing error of the daily cross-section of options. The reprojection
approach applied to a vector of options, such as the second reprojection scheme
specified above, is more general since it takes fully advantage of the time series
and cross-section data structure. Even the univariate reprojection method using
solely an ATM option will result in a time series filter of implied volatilities,
which to the best of our knowledge is a filtering scheme for instantaneous
volatility which has not been fully exploited so far (and as we will see in the next
section performs remarkably good).
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In the remainder of this section we will focus exclusively on the applications of
filtering using the reprojection method which contains novel features. The
specific application can readily be extended to any of the aforementioned
generic specifications. There are two novel applications, one of which deals with
a bivariate model of returns and an ATM option, and the other which deals
with a univariate filter based on options only. The reprojection scheme
relies on a one-step ahead forecast, which is an expectation computed from
the distribution of volatility conditional on the contemporaneous and
lagged returns, denoted r,, and lagged implied volatilities: p(V ()| r,, 67— 1, 1,1, ...,
6!y - ©). Hence, x, = (r,, 61— 1, Fi—1, ..., 61— s rimy) and y, = V(t) in
Eq. (18). The computation of the SNP density for V(t) proceeds in several steps.
First, using the estimates @ one simulates the processes specified in (1) and (2),
which produces the series {67_, 7, V,}ﬁvzl, in the case of bivariate data, and
(61, V,}¥ ., in the univariate case.” Let us again denote the vector
(P, 611, Fieqy o, 610, Pepg) (o1 (614, ..., 61_4) in the univariate case)
by X,.

Second, since the SNP density has a Gaussian lead term, we need to transform
the simulated volatility process which only takes positive values. It would be
natural to consider the log-transformation of V,, as was done with the implied
volatilities data (see Section 2.2). However, in this case we need an estimate of
the untransformed spot volatility to substitute into the option pricing formula.
We conclude this section with the description of a piecewise linear approxima-
tion to the log transformation which will allow us to recover spot volatility
without any biases.

Consider a first order Taylor expansion of the logarithm of volatility, which
we denote by L(V(t)). We find the SNP density f,(L(V,)|%,).'° From Jensen’s
inequality, we have that E(C(V(t))) < C(E(V(t))), for any concave function C.
This inequality becomes an equality only if C is linear, hence the use of L(-). As
a result, the SNP density fitted to the simulated data produces a mean of
V., conditional on the observable vector %,, which in turn yields the desired
filtered values. The first order Taylor expansion is an approximation and, in
theory, can be centered anywhere. One obvious starting point is to compute the
Taylor expansion around the mean of simulated V,’s. This approximation may
be quite inaccurate in the tails of the distribution, however. This drawback is
particularly important as the inverse transform may easily result in negative

° To streamline the notation, we use V, for the simulated V(¢). Furthermore, since k grows with the
sample size N we select a simulation size of 10,000 observations.

1% Fitting SNP densities in a reprojection exercise requires a slightly different specification since
the explanatory variables are exogenous to the dependent variable. Hence, we set M equal to 0 (see
Appendix B). The SNP code also requires other slight modifications, so that the lags of dependent
variables would not be included in the conditioning set as in the standard SNP density specification.
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volatilities.! Indeed, experiments showed that the first order Taylor expansion
centered around the mean of simulated ¥, resulted in 32% negative volatilities.
We therefore took the first order Taylor expansion at different points, yielding
a piecewise linear approximation similar to a spline transformation. Further
experiments showed that a linear approximation centered around two points
yielded roughly 3.6% negative volatilities. Centering the approximation around
four points yielded roughly 1.6%. We therefore took a four-point linear spline
and centered the first order Taylor expansions around the 8th, 24th, 50th, 76th,
and 92nd percentiles of the simulated ¥, marginal distribution, with break-
points at the 16th, 32nd, 68th and 84th percentiles. The remaining few negative
values were replaced by a small positive number, namely by 0.0001.

3. Empirical results

The discussion of the empirical results is divided into two subsections. We
cover the two stages of the EMM procedure. The first stage, which pertains to
the SNP density estimation, is covered in a first subsection. The parameter
estimates of Heston’s model are discussed in a second subsection, along with the
computation of the market prices of risk.

3.1. SNP density estimation results

The SNP density estimation results are reported in Panel A of Table 1. We
estimate the SNP density for the three types of data: (i) the log-returns on the
S&P500, (ii) the log of the BS implied volatilities of the closest to maturity and
ATM call options, and (iii) both series jointly. Rather than report the parameter
estimates, we focus instead on the density structures as characterized by the
tuning parameters K., Kx, M, M ,, and M (see Appendix B for further details).
To facilitate the interpretation of the results, Panel B describes the generic
features of SNP densities for different combinations of the tuning parameters. In
addition, Panel A reports the values of the objective function, s,, based on the
density in Eq. (B.1) found in Appendix B, the values of the Akaike information
criterion (AIC), the Hannan and Quinn criterion (HQ), and the Schwarz Bayes
information criterion (BIC). Each line reports the best BIC model within each
class, as outlined in Panel B. The best model selected by BIC, is in boldface.
Comparing Panels A and B of Table 1, we note that all series require models
with K, > 0, indicating non-Gaussian innovations. The fact that M > 0 means

1 This outcome occurs because the linear transformation imposes lower and upper limits on the
range of a volatility, unlike the log-transformation, which can potentially take any value on the real
line.
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Table 1
The SNP density estimation

We estimate the SNP density for the three types of data: (i) the log-returns on the S&P500; (ii) the log
of the BS implied volatilities of the closest to maturity and the money call options; (iii) both series.
Panel A reports the structure of the estimated densities and the values of the objective function
s, based on the density in (B.1), the values of the Akaike information criterion (AIC), the Hannan
and Quinn criterion (HQ) and the Schwarz Bayes information criterion (BIC). Each line report the
best BIC model within each class of density structures. The overall best model selected by BIC is in
boldface. Panel B reports possible densities structures, as described in Gallant and Tauchen (1993).
Panel C reports the reprojection SNP densities for spot volatility estimated with simulated data
from Heston’s model with the data of types (i)-(iii) in the conditioning set.

Panel A Datatype K. Ky M M, My s,(5) AIC HQ BIC
S&P 500 0 0 1 3 0 1.4159 1.4185 1.4211 1.4256
0 0 1 3 8 1.2140 1.2207 1.2275 1.2392
9 0 1 3 8 1.1421 1.1534 1.1649 1.1848
9 1 1 3 8 1.1371 1.1535 1.1703 1.1991
BS vol’s 0 0 1 9 0 1.0836 1.0893 1.0950 1.1050
0 0 1 9 5 0.9510 0.9592 0.9676 0.9821
6 0 1 9 5 0.8183 0.8296 0.8411 0.8610
6 3 1 9 5 0.7889 0.8109 0.8335 0.8723
Joint 0 0 1 4 0 2.4969 2.5077 2.5187 2.5376
0 0 1 4 4 2.1626 2.1856 2.2092 2.2498
4 0 1 4 4 1.9942 2.0214 2.0492 2.0970
Panel B Parameter K, M,, My setting Characterization of [,

K.=0Ky=00M>0,M, =0,Mg =0 iid Gaussian
K.=0,Ky=0M=>0,M, >0,Mr =0 Gaussian VAR
K.>0,Ky=00M>0,M, >0,Mgr =0 non-Gaussian VAR, homogeneous
innovations
K.=0,Ky=00M>0,M, >0,Mg >0 Gaussian ARCH
K.>0,Ky=0M>0,M,>0,Mg >0 non-Gaussian ARCH, homogeneous

innovations
K.>0,Ky>0,M>0,M, >0,Mr >0 general non-linear process, heterogeneous
innovations
Panel C Datatype K, Ky M M, My 5:(8) AIC HQ BIC
S&P 500 0o 0 1 1 0 0.4601 0.4604 — 0.4607 0.4615
4 0 1 1 0 0.4058 0.4065 0.4073 0.4090
4 1 1 1 0 0.3859 0.3871 0.3886 0.3915
BS vol’s 0o o0 1 22 0 —0.8367 —0.8343 —0.8313 —0.8256
1 0 1 22 0 —0.7889 —0.7864 —0.7833 —0.7773
Joint 0o o0 1 7 0 —25.2651 —25.2618 —25.2578 — 25.2498
8 0 1 7 0 —30.5975 —30.5925 —30.5865 — 30.5747
8 6 1 7 0 —30.6031 —30.5775 —30.5464 — 30.4855
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that we also find ARCH effects, even with BS implied volatilities, in the Hermite
polynomial expansions of the SNP densities. We also need autoregressive terms
in the mean, since all expansions have M, > 0. For BS implied volatilities we
need the longest lags in the mean, namely M, is set equal to nine. The mean
equation for BS volatilities is similar to a conditional second moment equation,
which is comparable to the eight lags in the ARCH expansion of the return series
(i.e. Mg = 8 for S&P 500 return series).!?

It is worthwhile to examine the estimated density plots. In addition to the raw
data, Fig. 1 also features plots of the estimated SNP densities for the univariate
cases. Fig. 2 does the same for the bivariate case involving the joint process of
returns and BS implied volatilities. The data section contains a discussion of
Plots (A) and (C) in Fig. 1. These plots display the S&P 500 series and the
corresponding BS implied volatilities. Plots (B) and (D) show the corresponding
SNP densities, with a standard normal probability density function (p.d.f)
superimposed with a dashed line. The estimated densities show the familiar
peaked, leptokurtic, and weakly skewed patterns. Plot (A) in Fig. 2 reports the
joint density, Plot (B) gives the contour plot. The marginal densities appear in
Plots (C) and (D). The contour plot suggests the presence of slight negative
correlation between returns and volatility, which supports the presence of
a leverage effect. Hence, in the estimation we imposed the restriction that p < 0.

3.2. SV model parameter estimates

We turn now to parameter estimates of Heston’s SV model. Table 2 reports
the estimation results. Traditionally, this model is estimated using only returns,
so we report this configuration as a benchmark. Then we proceed to the
estimation results relying exclusively on options, in the spirit of Pastorello et al.
(1994). Next, we consider the structural parameters obtained from matching the
moments dictated by the bivariate SNP score. The first observation is that
Heston’s SV model is rejected in every case, regardless of the data configuration.
The standard Normal distribution is used to evaluate the z-statistics, which is an
approximation to asymptotically y? distributed test statistics, using GMM-type
overidentifying restrictions (see Gallant and Tauchen, 1997, for further dis-
cussion).'?® All the z-statistics reported in Table 2 are large. The rejections vary
dramatically across the rows in Table 2, depending on which data is used. In

12 An alternative SNP density specification involving an AR-GARCH lead term has been
suggested by Andersen et al. (1999). This alternative specification would be appropriate for discrete-
time analogs to the continuous time diffusions, and potentially represents statistical efficiency gains.
While these arguments clearly apply to univariate return series, it is not clear that they apply to BS
volatilities and the bivariate models. We therefore use the original specification suggested by Gallant
and Tauchen (1989).

13 Pastorello et al. (1994) did not estimate the joint process as we propose to do in this paper.
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Fig. 2. The Bivariate SNP density. We estimate the joint SNP density for the following series: (i) the
log-returns on the S&P500; (ii) the log of the BS implied volatilities of the closest to maturity and the
money call options. The data are daily, and span the period from November 1985 to October 1993.
Plot (A) shows the perspective plot of the estimated bivariate density; plot (B) is the contour plot at
quantiles 10%, 25%, 50%, 75%, 90%, and 95%:; plots (C) and (D) are the marginal densities of (i)
and (ii) correspondingly, for which the solid line shows the plot of an SNP fit, and the dashed line
shows the normal density with the same mean and variance.

particular, the returns data provide the weakest evidence against the model.
However, the precision of the estimates is very poor. For example, the standard
error for x is 0.29. This result is consistent with previous findings (see, for
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example, Gallant et al., 1997). It is worth noting here that the estimated
parameters are annualized, as is typically done in option pricing models. Hence
the reported values are quite different from their GARCH counterparts,
for instance, which are typically characterized on a daily basis. It is easy to
provide the link between them, however, since the SV model allows for
temporal aggregation. For example, the value of x =~ 0.93 corresponds to
0.93/252 ~ 0.004 on a daily scale, or roughly 0.996 as the corresponding persist-
ence parameter in a GARCH(1,1) model.

Our major interest goes beyond appraising the model exclusively on the
grounds of its statistical properties. Its pricing and hedging features, discussed in
the next section, are the primary interest.

There are four parameters which overlap between the first row of Table 2,
which pertains to parameter estimates obtain from returns data, and the second
row, which reports the results obtained using BS implied volatilities. Recall from
the discussion in Section 2.3 that, with options data, we can estimate the
parameter vector (@,, @,, ©,) but not the drift ug under the objective measure.
Therefore, the parameter vector (@,, @,)is common to the first and second rows
of Table 2. For all the parameters common to both data sets, we obtain roughly
the same point estimates, yet the precision of the estimates are dramatically
improved with the second data set. In theory, one would expect that options
data should yield more precise diffusion parameter estimates, as almost all
estimated parameters are related to the volatility process specified in Eq. (2).
Therefore, looking at the process through the observed implied volatilities
should give us more precision, an observation also made by Pastorello et al.
(1994).1* Nevertheless, the standard errors we find and report in Table 2 are
extremely small. Pastorello et al. (1994) report a ratio of roughly 4 to 1 for the
standard errors obtained from returns and options data. In Table 2, we find
standard errors up to 10,000 times smaller, as in the case of x. Further investiga-
tion has revealed to us that one should be very careful with the computation of
standard errors. We have discovered that our results are affected by the numer-
ical instabilities in the computation of standard errors, which are computed via
the Jacobian equation (8/00")m(@, Z).1° As there are no analytic expressions for
the Jacobian, the derivatives are evaluated numerically. In the EMM code, as
with any numerical gradient code, one can change the size of the lower bound on
the differencing interval, which is denoted as h. Under normal circumstances, the
choice of h should not substantially affect the resulting the standard error
computations. We computed standard errors using different values of h. The

14 Pastorello et al. (1994) consider the model of Hull and White (1987), and conduct a Monte
Carlo study showing the dramatic improvement of parameter estimates when options data are used.

15 We are grateful to the Referee and to George Tauchen, who helped us to find the source of the
computational pitfalls.
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default value for h in the EMM code is 10”7, which yields the standard errors
appearing in Table 2. We considered values for h of 1075 i =4, 5, 6, 7, and 8.
We found that deviations from the default value of h yielded in some cases
smaller standard errors. For example, for 0 we obtained standard errors ranging
from 0.00003550 (h = 10~ ®) to 0.00017247 reported as in Table 2. In other cases,
we obtained substantially larger standard errors, such as the k values ranging
from 0.00003542, reported in Table 2 to 0.01496481 (h = 10~ ). Interestingly,
the same sensitivity analysis of the numerical computations applied to the first
row of Table 2, showed that the standard error computations were invariant to
the choice of h when returns data are used. The instability of the computations
can therefore only be explained by the considerably more complicated functions
involved in computing (8/00")ym(®, Z) when options data, and hence an options
formula, are used. At this point it is difficult to say which of the errors are correct
when options data are used. This subject clearly requires a more thorough
investigation. As we are sailing in unchartered waters, this subject surely will
require further future research. Finally, to conclude the discussion of the para-
meter estimates with options data, note the large size of the z-statistic, 247.447,
which indicates serious inconsistencies between the model and the data. Specifi-
cally, the z-statistic indicates that our model does not explain the information
extracted from the options prices.

The model estimated with the joint data set of returns and options is also
reported in Table 2. Here, we can fit both the objective and risk-neutral density
parameters and make direct comparisons with the previous two univariate
models. The bivariate model shows an improvement in fit when compared to the
options-based approach, the z-statistic is greatly reduced, although the model is
still strongly rejected. The precision of the estimates is the best of the different
configurations, while the point estimates roughly remain the same.'® The
observation regarding the stability of point estimates is important as the
bivariate estimation approach is affected by the non-synchronicity in options
and returns data. This result confirms the observation made in Appendix C, that
matching moments instead of sample paths appears to render any spurious
non-synchronicity effects insignificant.

Since we are interested in which type of data we should use to price and hedge
options, we can conclude from Table 2 that the returns series should not be used
alone as we can with the univariate data sets, not directly infer the parameters
under the risk-neutral probability measure, unless auxiliary assumptions are
made. The two competing data sets which allow us to identify directly the
necessary parameters are the BS implied volatilities and the joint returns and
implied volatilities series. We will therefore focus exclusively on these two

16 We have to again express caution, as the observation regarding the numerical complexities of
computing standard errors when options data are used also applies to the bivariate setup.
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alternatives in order to appraise how options are priced, and how well they
perform for the purpose of hedging.

As noted in Section 1.1, the complete parameter vector @ allows us to
compute the prices of risk. The estimated parameters also allow us to estimate
the volatility V(¢) via the reprojection procedure. In the next section we will give
the details of the actual implementation. Therefore, we can compute the sample
paths for prices of risk appearing in Egs. (7) and (8). These parameters
are reported in Fig. 3, which has three panels. Plot (A) shows the values of
A1(t) computed with the reprojected volatilities, while Plot (B) does the same for
A, (t). Plot (C) reproduces the sample path of the actual reprojected volatilities
V(). The first two plots display the time series processes, which represent
the risk adjustments to the Brownian motions Wg and Wy.. Realizing that
dWy(t) = dWi(t) — 2, (t)dt, it is clear that the risk-adjusted densities may differ
substantially from the objective Brownian motions. Hence, as it is not possible
to directly simulate processes under the risk neutral measure, one has to be
careful when simulating fundamental processes.

4. Assessing pricing and hedging performance

While statistical criteria for model selection are important, financial criteria
such as the out-of-sample pricing and hedging performance, form the basis of
our model selection process. Therefore, we investigate the performance of
the alternative model specifications obtained from the previous section. In order
to assess the magnitude of the forecast errors, we use the Black-Scholes
valuation model as a benchmark. All evaluations reported in this section
are obtained using the post-estimation portion of our data set. The estima-
tion sample used in the preceding section covered November 1985 to October
1993, whereas the sample used to appraise the models runs from November 1993
to October 1994.)7 Since we use out-of-sample data, our results will not be
contaminated by in-sample data mining. In our discussion of Plot (B) of Fig. 1,
which displays the BS implied volatilities, we noted that a downward trend in
volatilities, which began around 1991, reversed in the post-estimation part of
our data set. This reversal will make the out-of-sample exercise particularly
interesting.

A first subsection is devoted to the pricing of options. A second subsection
looks at hedging, and we devote a separate subsection to a simple volatility filter
for option pricing which emerges from our analysis. The examination of this

17 One could call this genuine out-of-sample approach, as in Dumas et al. (1998) or Jacquier and
Jarrow (1998), unlike the pricing and hedging performance evaluations which rely on in-sample
one-step ahead forecasts.
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Fig. 3. The Market price of risk. The estimation of the Stochastic Volatility model based on
bivariate data allows us to compute the market price of risk, A(t). We plot these prices for the entire
estimation sample of daily data which span the period from November 1985 to October 1993. Panel
(A) reports 4, (1), the market price of the asset risk, see Eq. (7). Panel (B) reports 1,(¢), the market price
of the volatility risk, see Eq. (8). Panel (C) is the time series of the reprojected volatility, V(t), which
was used to compute 4 (¢) and A,(t).

filter is important given that all model configurations yield roughly the same
parameter estimates (recall the results in Table 2). Hence, whenever the same
option pricing formula is used, the differences in hedging and pricing are mostly
due to filtering.
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4.1. Pricing reliability

The model parameter estimates, the reprojection filters, and Heston’s Euro-
pean call pricing formula yield the ingredients needed to price any SPX contract
with a particular time to maturity, strike, and cash price for the underlying
index. Equipped with these tools, we can compare the call prices predicted by
the models with observed prices. In our appraisal, we do not consider in-the-
money calls with moneyness greater than 1.03, as there is a very thin market for
such options. Furthermore, we separate the calls into twelve groups, according
to moneyness and time to maturity. Since the number of contracts varies
through time, we assume that each group contains n, options at time t.

Two measures of pricing errors are considered. The first is an absolute
measure, denoted DE, and has a dollar value scale. The second is a relative
measure, denoted DP, and reflects percentage deviations. The two measures are
defined as follows:

1 T n
Dg — (C?bserved _ Cimudel 2
R z§1 i;1 ' ' (20)

and
T n observed model\ 2
D?:\/l 3 (C“ — G > .
ZtT: S S ?tbserved (21)

The results are divided in four different categories of moneyness. These are:
deep out-of-the-money (OTM) with S/K less than 094, OTM with
0.94 < §/K < 0.97, slightly OTM with 0.97 < S/K <1 and slightly in-the-
money with 1 < §/K < 1.03. The last two categories are usually viewed as
at-the-money options. Three maturity horizons are considered for the money-
ness categories, including short (less than 60 days), medium (between 60 and 180
days) and long (more than 180 days). The respective sample sizes for each of the
twelve out-of-sample cells are reported in Table 3. For deep OTM options, we
have between 313 and 448 contracts to use for computing pricing errors, and
slightly fewer for computing hedging errors.'® For the remaining three money-
ness categories, there is a pronounced downward trend in the number of
contracts as time-to-maturity increases. The maximum number of observations
is 1377, and the smallest is 90. Table 4 contains the pricing errors, D} and D?,
computed for three different model specifications. The first specification, ‘BS’,
prices options with the Black-Scholes model and a volatility estimate based on

18 The computation of hedging errors, which require contracts with trading activity on two
consecutive days, will be discussed in the next subsection.
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Table 3
Options groups used for evaluatiing model performance

To assess pricing and hedging performance of alternative model specifications, we separate the call
options into twelve groups, sorted by moneyness and time to maturity. Moneyness is computed as
the ratio of the current S&P 500 index level and the contract’s strike price. The table reports the
number of observations in each group. The total number of observations is reported in the headers.

Moneyness Pricing sample (n = 7424) Hedging sample (n = 7132)

Days to expiration Days to expiration

< 60 60-180 > 180 < 60 60-180 > 180
< 094 337 448 313 299 437 279
0.94-0.97 1080 828 168 1037 818 159
0.97-1.00 1377 938 195 1324 930 187
1.00-1.03 1038 612 90 975 604 83

the previous day ATM option contract (see for instance Bates, 1996, for further
discussion on this approach).

The aim of the present exercise is to compare the pricing performance of
different models, giving each an equal chance to succeed. Since the implementa-
tion of BS is ad hoc, we make every attempt to implement SV in a consistent
way, although this task is very difficult. The discussion in Bates (1996) allows us
to view the ATM implied volatility as a way to introduce some consistency into
the BS implementation. Furthermore, if we price a deep OTM contract based on
its volatility implied from the previous day, we will obtain a smaller pricing
error. However, this practice does not give an equal chance to results based on
an SV formula, which could have been estimated based on OTM contracts as
well. Since the focus of the present study is information extraction from ATM
options and asset returns, we believe that the proposed scheme allows for
a balanced approach to the task.

Next is the specification, denoted ‘Vol’, calculated using Heston’s call price
model estimated with a univariate options data set and a univariate reprojection
filter. The specification denoted ‘Joint” corresponds to the bivariate model.
Besides the absolute and relative pricing errors for each of the twelve money-
ness/maturity groups, Table 4 also reports whether there are any statistically
significant differences between the pricing errors computed from these three
specifications. We observe that, in general, pricing errors can be large, with
absolute dollar values ranging from 5.23 to 0.42. Not surprisingly, large errors
occur for longer maturities. The relative errors range from 20.71 to 0.14, with the
same pattern.

For our purpose, a comparison across different model specifications is more
important. As noted before, to appraise the differences we compute formal tests
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based on the following set of moment conditions, namely:

T -1T n
<Z nt> ((C(i)tbserved _ C;rtol.model)/(C:_)tbserved))Z —m

T -1 T n
<Z nt) Z ((C(i)tbserved _ C%tomt.model)/(c;)tbserved))Z —m
t
(22)

where m is the common mean relative error under the null hypothesis. Compu-
tations using the absolute errors could be performed as well, but are not
reported here. The common parameter m in Eq. (22) implies that the two pricing
errors have the same mean. Rejecting the null hypothesis of a common mean
implies that one model is on average superior in producing price estimates. We
can proceed in several ways to test the null hypothesis. The errors form a panel
data set. On a daily basis, each maturity/moneyness cell contains a total of
n, contracts. The sample data are therefore correlated, which prevents us from
considering a simple t-statistic. Instead, we use a GMM-based procedure
involving a Newey and West estimator for the covariance matrix. The common
mean, m, entails one overidentifying restriction on the moment conditions in
(22). Therefore, the overidentifying restrictions test statistic is distributed as a y2,
with one degree of freedom under the null hypothesis (see Hansen, 1982). The
test statistics are reported in Table 4. We report overidentifying restrictions test
statistics for pairwise comparisons between Vol and BS, Vol and Joint, and
finally Joint versus BS. These tests are reported for the three maturity horizons
and for each of the moneyness categories. In addition, we also report one joint
statistic per moneyness category for pricing errors over all three maturity
horizons combined.

The most striking result which emerges from the table is the dominance of the
Vol approach. The comparisons of Vol and BS, Vol and Joint are always
significant at the 1% level for all moneyness categories, with the three maturities
combined. In each of the individual maturity-moneyness cells, we also observe
the statistical significance of Vol, though there are exceptions, and most tests are
only at the 5% or 10% level. Moreover, in each of the cases in which the
overidentification test involving pairwise comparisons of Vol with either BS or
Joint are significant, we find that the former has the smallest pricing error.
Hence, the estimation of SV models involving only ATM options outperforms
BS and the bivariate approach, denoted Joint. Besides yielding superior pricing
performance, we observe from the results reported in Table 4 that the improve-
ments over Black—Scholes volatility filter range from a 1.21 dollar reduction for
OTM long maturity, to a small eight cents for slightly OTM short maturity. The
Vol specification outperforms the Joint specification with the largest improve-
ment for the deep OTM long maturity category, although the improvement is
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only 48 cents. The smallest difference is also in the same moneyness category but
has short maturity and is equal to only 2 cents. It is worth emphasizing here that
the comparisons between Joint and Vol involved the same call price formula of
Heston and, basically, the same parameters (see Table 2). Hence, the differences
are very much due to the filtering procedures, i.e. the procedure to extract the
latent volatility process from the data.

Since the outperformance of the joint reprojection filter by the implied
volatility reprojection filter model specification is somewhat surprising, we
conducted further tests which are not reported in the table. These additional
tests required a departure from the reprojection procedure described in Section
2.4. Since the details of the reprojection filter underlying Vol will be discussed in
the next section, we focus only on the augmentation from Vol to Joint filtering,
where the bivariate filter supplements the options data with returns series. It is
not clear from the fitted SNP density in the reprojection routine whether certain
individual moments of returns may provide information that enhances the
pricing of options. To separate the potential contribution of individual mo-
ments, we computed reprojection filters only involving a particular moment of
returns in addition to implied volatilities. For instance, to determine whether the
mean return has any pricing information, we consider a bivariate filter with
implied volatilities and past and concurrent returns. Hence, we ignore the
Hermite polynomial expansion terms in the SNP density. This specific filter
investigates the improvements brought by the leverage effect in the stock index,
not already incorporated in the implied volatilities, to the pricing of European-
type contracts. The same strategy can be applied to isolate the informational
content of the second, third, and fourth power of returns. These computations
reinforced our findings with the SNP reprojection filter, with one potentially
important exception. We found that the conditional kurtosis, relying on a filter
using a lag operator in the fourth power of returns in addition to implied
volatilities, helps to improve the pricing of long maturity slightly in-the-money
option contracts. The statistically significant improvement decreased the pricing
error from 3.85 to 3.03 dollars.

The general conclusion we can draw so far is that Heston’s call price model
with a relatively simple volatility filtering scheme, using past options data, yields
the most desirable outcome across all three model specifications considered. All
models perform relatively well at short maturities, of course. The discrepancies
emerge in the cells involving long maturities and OTM contracts. It should be
noted that the estimation of the SV models was confined to ATM options.
Therefore, one would expect that fitting and filtering with contracts similar to
those priced out-of-sample, like OTM contracts, would certainly reduce the
pricing errors of the Vol and Joint specifications. We will elaborate on this idea
in the concluding section, and delegate this exploration to future research. In
Section 4, we revisit some of these questions when we consider separating the
filtering effects from the pricing kernel effects.
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4.2. Hedging performance

A common practice for hedging market risk relies on a combination of stocks
and options. Many hedging techniques exist, some of which are quite sophisti-
cated and require the simultaneous consideration of several instruments. Many
of the sophisticated hedging strategies are difficult to implement in practice (see
Figlewski, 1998, for further discussion). We therefore concentrate on a simple
minimum variance hedging strategy which uses just one option. In particular, if
we want to hedge our position in one call with Ng(t) shares of stock, we choose
the number of shares in such a way that the remaining cash position

CP(t) = C(t, 1, K) — Ns()S(t) (23)

has minimum variance, which is achieved by taking

Ns(t) = As(t, 7, K) + %Am, %K), (24)
where
At 1K) = CE R (25)

oS

Note that this simple formula can be obtained because the SV option price in
Eq. (3) is homogeneous of degree one in S(f) and K (for further details, see Nandi,
1998). Finally, we also have that

oc(t, T, K on Bl
Ay(t, 1,K) = % = S(t)a—Vl — Ke R 51/2’ (26)

The Heston SV model does not account for all sources of risk. For example,
this model assumes that the interest rate is constant. Therefore, if we try to
unload our position the next day, we will not end up with a zero balance. The
hedging error will therefore be

H(t + A) = N(O)S(t + At) + CP(t)e™ — C(t + At, © — A, K), 27)

where At is equal to one day.

We use summary statistics similar to those in the previous subsection to
report the hedging performance for each model. In particular, we construct an
absolute error (D) defined as

h __ 1 L < 2
Ny NPIRU (28)

=1i=1
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and comparable relative (D) measures. To obtain the latter, let us rewrite
Eq. (27) as

H(t + Af) = CP(1)e®* — CP(t + At) = Cashf"?%s' — Cashgtred, (29)

where CP is different from CP because the number of shares was computed in
the previous period, not as defined Eq. (23). This yields the relative measure of
the hedging error, which is defined as

Dh \/ 1 i i <Cash?tbserved _ Cash?godel) 2
r — ~7T observed
2t=1ntt:1 i=1 Cashj;

_ 1 I Hi(t) 2
B / z,lln,,; Z (cpim) ‘ (30)

The hedging performance comparisons for the BS, Vol and Joint are reported
in Table 5, again using the classification of 12 moneyness/time-to-maturity cells.
The absolute and relative errors are complemented with statistical tests built on
moment conditions, similar to Eq. (22), which yield an overidentifying restric-
tions test. We compute the overidentifying restrictions tests for all individual
cells as in Table 4, including the grouped maturity tests shown in the last column
of Table 5. We observe that the Vol specification is again the dominant one, yet
not significantly different from both alternatives. In fact, all three specifications
perform rather well, and hardly any of the overidentifying restrictions tests are
significant, except in four individual cells suggesting some very weak improve-
ments arising from the use of the Vol specification. Overall, we conclude from
the results in Table 5 that hedging strategies, unlike the pricing errors, appear to
be insensitive to model specification.

5. Disentangling filtering and pricing kernel effects

To determine the advantages of various filters, we need to construct a situ-
ation in which we can separate filtering effects from the pricing formula. In
Table 4, for instance, the comparison of the Black-Scholes model pricing BS
with the Heston model Vol, involves two components, one due to the filtering
and the other due to the different pricing formula. In the first subsection, we
examine all models through the window of the BS option pricing model, which
allows us to separate and appraise the effect of the alternative volatility filters on
the pricing of options. In the second subsection, we compare pricing perfor-
mance of SV, BS, and GARCH option pricing models with their proper pricing
formulas. For GARCH models, we follow Duan (1995), who developed a frame-
work for option pricing under a local risk-neutral probability measure. This
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comparison will allow us to see whether any pricing formula more advanced
than the Black-Scholes model adds any improvement in pricing performance.
Moreover, this two-tier comparison allows us to separate the role of volatility
filtering from that of the pricing kernel in pricing derivative contracts.

5.1. Filtering latent spot volatility

We propose to use BS, GARCH, and SV models first as volatility filters, and
then, evaluate them via the BS formula. To facilitate the discussion, we intro-

duce the following notation for the filtering schemes (estimators of the |/ V(t)):
ol is the estimate of today’s volatility by the previous day’s BS implied ATM
option, ¢¢ is the estimate of instantaneous volatility using a univariate
GARCH(1, 1) model (see below for details), R is the estimate of instantaneous
volatility via reprojection using a univariate scheme based on returns, and ¢ is
the estimate of instantancous volatility via reprojection using a univariate
scheme based on BS implied volatitility.

Each of these filtering schemes warrant further discussion. Since the univari-
ate Vol specification of Table 4 represents the most successful and novel
approach, we first discuss the practical implementation of ¢X. Constructing
a reprojection filter involves a model selection procedure for the tuning para-
meters of the SNP density, namely K., Kx,M,M, and Mg. This time, the
density is estimated this time with simulated data. To facilitate comparison, we
report the reprojection model selection results in Panel C of Table 1 along side
with the empirical sample results, which appear in Panel A of Table 1. Note that
the SNP densities applied to the sample data are not comparable to those used
in the reprojection. Recall from equation (18) that we are computing a condi-
tional distribution of latent spot volatility given BS implied volatilities. Hence,
in the case of Vol the densities reported in Panel A are univariate conditional
densities of BS implied volatilities given their own past, whereas in Panel C we
fit a conditional reprojection density of latent spot volatilities conditional on
implied volatilities. Therefore, we do not expect the SNP densities to coincide.
Moreover, the densities in Panel C cannot be autoregressive, involving past
latent volatilities. Hence, no AR or ARCH parts appear in the fitted reprojection
densities. The tuning parameters are again selected using the BIC criterion. For
the reprojection density involving BS implied volatilities, the model specifica-
tion that minimizes the BIC criterion is a simple linear operator with 22 lags. In
Panel C of Table 1, we note that M, equals 22. Aside from a constant, no other
tuning parameters are set to values greater than zero. Hence, the ATM implied
volatilities are combined in a weighted historical moving average with
a 22 — day window.

The filter is remarkably simple, given that we started out with a general
specification of a SNP conditional distribution. Table 6 lists the filter weights
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Table 6
Reprojection model with implied volatilities

The coefficients of the reprojection model used to filter the latent volatility process from the
observed past implied volatilities are listed in the table. We also report parameters of AR(22) model
for the logarithm of implied volatilities.

Lags Reprojection AR(22) model
Parameters Std. err. Parameters Std.err.
0 —0.16320 0.01043 — 1.00038 0.05046
1 0.24514 0.00149 0.45085 0.06300
2 0.20591 0.00144 0.15847 0.06863
3 0.18804 0.00147 —0.03892 0.06936
4 0.16293 0.00154 0.10117 0.06895
5 0.14055 0.00167 0.00499 0.06893
6 0.11489 0.00184 0.00697 0.06887
7 0.09978 0.00203 0.04363 0.06875
8 0.08792 0.00225 — 0.04505 0.06827
9 0.07836 0.00253 —0.01029 0.06835
10 0.06675 0.00285 0.01011 0.06821
11 0.05675 0.00321 0.02365 0.06805
12 0.05069 0.00337 — 0.08067 0.06818
13 0.04506 0.00365 0.07710 0.06840
14 0.04715 0.00384 0.01280 0.06865
15 0.04298 0.00405 —0.13689 0.06861
16 0.04179 0.00449 0.07321 0.06911
17 0.04882 0.00468 0.05775 0.06927
18 0.04386 0.00503 —0.10836 0.06954
19 0.03987 0.00529 0.12760 0.06964
20 0.03976 0.00554 0.01582 0.07011
21 0.03277 0.00587 —0.13449 0.06957
22 0.03280 0.00629 —0.00279 0.06478

which extract spot volatility from BS implied volatilities. The weights range
from 0.25 to 0.03. The intercept is negative, and equal to — 0.16. The largest
weights in the filter appear at the shorter lags, and the decrease in weights is
roughly linear in the lags. Hence, the extraction scheme puts less weight on
observations from the options markets that date back about one month, or 22
trading days.

The simplicity of this scheme is rather surprising if one thinks of the complex-
ity of the task. Indeed, alternative filters, such as those proposed by Harvey et al.
(1994), Jacquier et al. (1994), and Nelson and Foster (1994), require highly
nonlinear functions of returns. Hence, the virtue of using volatility data to
predict future spot volatility is that one can limit the filter to a linear structure. It
should be noted, however, that the construction of the filter is not as simple as
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running a linear regression model, as spot volatility is a latent process. There-
fore, the calculation of the filter weights remains a nontrivial task which cannot
be performed by simple regression methods. However, once diffusion para-
meters are available the task can be completed easily. To clarify this point,
suppose that we would consider the simple task of regressing implied rather
than spot volatilities on the same window of past implied volatilities. Such
a linear regression model is also reported in Table 6, with its lag coefficients
appearing along side the reprojection filter. The OLS parameter estimates show
no resemblance, either numerically or statistically, to extraction filter weights.
The difference between the two lag polynomials arises because implied volatility
is, unlike spot volatility, related to the expected volatility over the remaining
time to maturity of a contract (see, for instance, Hull and White, 1987 or Ghysels
et al., 1996).'°

We noted before that to construct volatility estimates based on returns, oX,
Harvey et al. (1994) suggest using the approximate Kalman filter based on
a discrete time SV model. The exact filter is derived by Jacquier et al. (1994) in
the context of a Bayesian analysis of the same model. Along the same lines, one
can use the reprojection approach using EMM applied to returns data. The
parameter estimates are reported in Table 2, first line. This set of estmiates form
the first of two return-based filters we will consider. The reprojection SNP
tuning parameters for returns are again reported in Panel C of Table 1. Panel
C of Table 1 also displays the reprojection density of the joint specification. We
did not include this filter in the analysis of this section because the SV model
using options data was shown to dominate the joint model in terms of pricing.

The next filter, namely ¢¢, is based on the work of Nelson and Foster (1994)
who show that diffusion limit arguments applied to the class of ARCH models
provide a justification of ARCH models as filters for instantaneous volatility. To
implement this filter, let us consider the GARCH option pricing model specified
in Duan (1995). This model is described under the local risk-neutral probability
measure by

logS,/S,—1 = R —iV(t) + JV(t)s¥ (31)
and
V(t) =0y + o V(t— 1)eEy —c— A+ B V(t— 1), (32)

19 Furthermore, this volatility filtering scheme provides insights into the literature that evaluates
implied volatilities as estimates of spot volatility. The motivation for the work in this area is the
implication of the Hull and White (1997) model that the BS volatility is equal to the average
integrated volatility over the remaining life of an option. The conclusions of the studies are
somewhat mixed (see Bates, 1996, for a review). The major findings are that implied volatilities are
positively biased estimates of the actual volatility, but still contain information about future
volatility values.
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where &f ~ N(0, 1). Volatility in this case follows a NGARCH(1, 1), which is the
conventional GARCH(1, 1) process of Bollerslev (1986) adjusted by the unit risk
premium A. The leverage effect is represented by ¢, which has an effect similar to
that of p in Eq. (2).2° To streamline the presentation we will focus on a GARCH
model without leverage effects, and set ¢ equal to zero. However, we did consider
both GARCH with and without leverage in our empirical work. Finally, for the
GARCH model, Egs. (31) and (32) suggest to filter volatility, denoted as a?,
using the following recursive relationship

1/2

S, _ R 2
o?=<&0+&1<1o S‘ 1—R+;aG,21—)va,Gl> +ﬁlaG31> . (33)

t—2

where the maximum likelihood estimates are: £ = 0.0599,5, = 0.556 x 10~ %,
&y = 0.127, B, = 0.828. As is typically the case for these models, the parameters
are statistically significant and the models are not rejected by the data using
standard diagnostics. The residuals and the squared residuals of the GARCH
model are uncorrelated, and Portmanteau tests with up to 24 lags confirm the
absence of residual autocorrelation. In particular, the p-values for residuals are
equal to 0.212 (up to 6 lags), 0.574 (up to 12 lags), 0.743 (up to 18 lags), and 0.776
(up to 24 lags). The p-values for the squared residuals are equal to 0.928, 0.991,
0.998, and 0.999 respectively.

Fig. 4 presents the plots of the filtered volatilities. Panel (A) contrasts the BS
implied volatilities and volatilities obtained from the GARCH model according
to Eq. (33). Since the GARCH model is specified for daily observations, all the
parameters pertain to the daily frequency, and the filtered volatility has daily
units of measurement. To make the GARCH filtered volatility comparable to
the BS volatilities and the SV-based volatilities, which have yearly units of
measurement, we have multiplied the GARCH volatility by ,/250.2! We see
that the two filters of ¢, (6! and o) provide very different forecasts. Panel (B)
allows us to evaluate the volatility reprojected from the SV model estimated
based on the returns data, oX. In order to have a common benchmark of
comparison with ¢¢, we also plot ¢! in this panel. We note that ¢® has a much
smaller amplitude in comparison to both ¢! and ¢?. Finally, panel (B) of Fig. 4
also reports the reprojection filter from the SV model estimated with implied
volatilities data, o . Although the filters in panel (B) are obtained from the same
model specification with similar parameters estimates, ¢X and oX yield very
different results, indicating that the key feature is not the model itself but the
volatility filter it offers. This observation motivates us to consider all of the

20Note that, we have only one source of uncertainty in the GARCH model. Therefore, ¢ is not
a correlation coefficient.

21'We know that GARCH models do not temporally aggregate. Therefore, this operation gives us
only a rough estimate for the yearly data, which is sufficient for visual comparison.
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Fig. 4. The Filtered volatilities. We plot the volatilities 6, which were estimated from different
models. Panel (A) shows the volatility obtained from the GARCH model and the previous day
Black-Scholes implied volatility. Panel (B) shows the volatilty reprojected from the SV model based
on the returns series and on the implied volatilities series. It also shows the implied volatilities to
have a common benchmark with the GARCH volatility plot in (A).

obtained filters in the framework of a single simple model, namely BS. The
next section proceeds with the evaluation of the option pricing quality of the
filters.
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Table 7, Panel A, contains the pricing errors D% and D?. Obviously, GARCH
and SV filters are suboptimal schemes here, as they are not used with their
corresponding option pricing formula. We consider primarily the relative error
term D?, to appraise the differences, though Table 7 reports both types of errors.
We observe that the GARCH filter ¢¢ is dominated by o/ in every case except
for the two long maturity ATM (0.97 < §/K < 1.03) groups. The best improve-
ment of the GARCH filter over the implied volatilities is 1.79 dollars for the
slightly OTM group, with relative error decreasing from 0.31 to 0.19. The best
case of the implied volatility domination over GARCH is OTM medium
maturity, where the price improvement is 95 cents with relative error decreasing
from 19.62 to 12.35.

We also studied the performance of the GARCH model with leverage effects.
The results are not reported in the table as they are qualitatively similar to the
ones without leverage, though slightly and uniformly worse than the results
obtained from GARCH without leverage. This observation is yet another
example of conflicts between statistical and financial criteria. The leverage
parameter in the GARCH model is statistically, though marginally, significant.
Yet the resulting filter through the eyes of the Black-Scholes formula worsens
the pricing performance. The same observation also applies to SV models, which
are rejected on statistical grounds, while GARCH models are not rejected.

Table 7 also shows that the reprojection filter based on the model estimated
with returns data o outperforms o/ only for short maturity deep OTM and for
long maturity OTM and ATM calls. The best improvement occurs again for the
slightly OTM group, and is equal to 2.90 dollars with the relative error
decreasing from 0.31 to 0.14. The best case where BS implied volatility domin-
ates the returns reprojected volatility is the slightly OTM short maturity group
with a 44 cents gain, for which the relative error changes from 12.29 to 5.78. The
BS - o® specification uniformly dominates BS - ¢ with the highest gain for the
long maturity deep OTM calls equal to § 1.48, and the relative error dropping
from 16.49 to 13.63. The lowest gain is 21 cents in the short maturity slightly
ITM category. BS - 6% dominates BS - ¢! almost uniformly. The exceptions are
slightly ITM short and medium maturities, and all long maturities except for
deep OTM. However, in these cases, the differences displayed, are not statist-
ically significant. The best improvement, which is equal to 55 cents, occurs in the
medium maturity deep OTM group. These observations allow us to make some
additional conclusions regarding the relative pricing performance of the four
specifications. In particular, BS - ¢, and therefore BS - 6%, clearly outperforms
BS - R for long maturity ATM calls. BS - X also does better for the long
maturity OTM group.

We can again conclude that the best volatility filter is o, with the exception
of pricing long maturity and 0.94 < S/K < 1.03 calls, for which o® is the best.
Both specifications are SV filters. We can provide several explanations for this
result. The first is that long maturity contracts may reflect long memory, which
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is not taken into an account by the models we evaluate in this paper. One would
have to consider the long memory models (for SV see Comte and Renault, 1995,
and Harvey, 1993; for GARCH models see Baillie et al., 1995). Nevertheless, one
could speculate that the SV filters considered here have greater flexibility and
capture some of the long memory characteristics. The fact that ¢X outperforms
ok at long maturities may be exploited by relying on Backus et al. (1997) and
Das and Sundaram (1999), who show that in the SV model kurtosis of returns
increases with the time interval, or time to maturity in the option pricing
context. Therefore, the volatilities implied from the long maturity contracts have
a more pronounced smile effect. This suggests that, for shorter maturities,
volatilities implied from the ATM options, as used in our computation of X, are
a good proxy for all BS implied volatilities. However, this result does not apply
to longer maturities. The ATM implied volatilities may be a good reflection of
the returns kurtosis for short maturities, but they are not adequate for long
maturities. Hence we have to use the fourth power of returns to adequately
reflect the kurtosis in pricing long term options. Our results support this
theoretical conjecture, especially because the SNP density involved in the
returns based reprojection required all the moments of returns up to the fourth
moment. This finding also confirms the results reported in the previous section
which showed that bivariate returns and options filters dominate % only at
long maturities. This outcome is due to the kurtosis effect captured by the fourth
moment of returns, and is not present in the ATM options at short maturities
underlying oX.

5.2. The contribution of the pricing formula

We consider now whether a model generating a particular volatility filter is
important for option pricing. In particular, we address the question whether
there is any pricing improvement when we use the original pricing formula,
relying on SV and GARCH modeling, rather than the Black—Scholes pricing
formula. Panel B of Table 7 reports the results. Surprisingly, rather than the BS
one. Panel B of Table 7 reports the results. Surprisingly, we observe that
GARCH option pricing errors are dramatically and uniformly dominated by
their BS - ¢¢ counterparts. The GARCH call option value is determined as the
expected value of normalized payoff at maturity under the local risk-neutral
measure, and can be computed via Monte-Carlo simulations. For our purpose,
we adopt paper the empirical martingale simulation strategy proposed by Duan
and Simonato (1998). The GARCH with leverage model, not reported in the
table, performs roughly the same way. Overall, we need to conclude that the
GARCH pricing formula does not perform very well for pricing options. The
ok filter combined with the SV option pricing formulas shows a very different
and opposite picture. The SV formula uniformly improves upon its BS counter-
part. Contrary to the oX case, the volatilities-based SV filter substituted into the
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SV pricing formula shows a mixed picture. In particular, the BS — ¢® combina-
tion is significantly better in three groups: OTM short maturity, OTM medium
maturity, and slightly OTM short maturity. These findings prompt the question
of whether the suboptimal BS - ¢¢ dominates GARCH option pricing, and why
this result also happens in some of the BS - ¢® cases. One possible interpreta-
tion is that the parsimony of BS comes into play. The Black-Scholes model
appears to be so robust that, when used here with the GARCH volatility filter
a?, for example, it smoothes out the GARCH deficiencies and prices options
better.

The general conclusion we can draw from Table 7 is that the Heston SV
model almost always provides both superior volatility filtering and option
pricing. Within the Heston model, the filter specification based on implied
volatilities is the best performer, with the exception of long maturity options,
which are better priced with ¢X. On the other hand, one can notice that the
volatility filtering becomes more important than the option pricing formula in
which the volatiltiy is subsequently substituted. For example, the differences in
pricing errors between BS — ¢} and SV — ¢¥ are minimal if compared with
pricing errors obtained from other volatility filtering schemes for short and
medium maturity options.

6. Conclusion

We considered a generic procedure for estimating and pricing options in the
context of stochastic volatility models using simultaneously the fundamental
price, S;, and a set of option contracts [(c});-; x] where K > 1 and a7, is the
Black-Scholes implied volatility. The joint estimation enabled us to recover
objective and risk neutral measures simultaneously. This approach, bridging
two strands of the literature, opens new possibilities for comparing the informa-
tion in the underlying fundamental and options data, for conducting tests
examining the transformation between the two measures, and investigating the
general equilibrium underpinnings of models. Moreover, the bivariate approach
involving both the underlying fundamental and an option appears useful for
pricing derivatives when the information from the cash market, through the
conditional kurtosis of returns, provides support to price options. This result
holds for some long term options but the effect is only marginal. However, our
results based on the S&P 500 index contract, showed that the univariate
approach only involving options dominated for the purpose of pricing. A by-
product of this finding is that we uncover a remarkably simple volatility
extraction filter based on a polynomial lag structure of implied volatilities. Since
the competing model specifications yielded roughly similar diffusion parameter
estimates, we found that the filtering of spot volatility is the key ingredient in our
procedure. In fact, by comparing various volatility filters, we found that the filter
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based on implied volatilities performs very well even if it is used in combination
with the Black-Scholes formula.

At the general level, our results demonstrate how volatility filters obtained
from the same model, and the same parameter estimates, can be very different
because alternative filters exploit the information in the panel structure of
options and returns differently. Our analysis also shows that financial criteria,
like pricing and hedging performance, represent the most valuable selection
methods. Models which are rejected using statistical goodness of fit criteria, in
our case Heston’s model, can be the basis for a relatively effective filter, when
effectiveness is measured with respect to pricing. On the contrary, models that fit
the data well, like GARCH, might turn out to be quite ineffective when it comes
to valuing derivative securities.

Ultimately, financial and statistical criteria need to be reconciled. Heston’s
model has its obvious limitations, since it assumes that interest and dividend
rates are constant. Several extensions of the Heston model have been suggested,
including the addition of state variables which determine stochastic interest
rates, dividends, and jump components. In particular, Bakshi and Madan (2000)
and Duffie et al. (1998) discuss a general framework of jump-diffusions of the
affine class which yields analytical option pricing formulas. The generic frame-
work imposes a certain uniformity on the empirical studies in option pricing
because the models are easier to compare, given that they are nested in the
general model specification.

The methods proposed in this paper can be improved upon in several ways.
First, we estimated the continuous time processes using only ATM contracts. It
would be worth investigating a specification where more than one option is
used, namely a set of option contracts [(¢});=1 k] where some are ATM and
others are OTM. This setup will surely improve the pricing of long term OTM
options. It would also be intriguing to find out how multivariate filters using
several options contracts perform in comparison to the univariate option-based
filter. Last but not least, it would be worth exploring the result suggesting that
conditional kurtosis information in the cash market improves pricing. One
could consider using LEAPS option contracts for such an exploration.

Appendix A. The call options pricing using SV model

We provide the details of the call options pricing formula under the SV model
from Bakshi et al. (1997). The call price in Eq. (3) is expressed through
II;, j =1, 2, which are equal to:

| r e KAt 7 SO, V(e) 9) b (A1)
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Appendix B. SNP density estimation

SNP is a method of nonparametric time series analysis which employs
a Hermite polynomial series expansion to approximate the conditional density
of a multivariate process. An appealing feature of this expansion is that it is
a nonlinear nonparametric model that directly nests the Gaussian VAR model,
the semiparametric VAR model, the Gaussian ARCH model, and the
semiparametric ARCH model. The SNP model is fitted using conventional
maximum likelihood methods, together with a model selection strategy that
determines the appropriate degree of the polynomial.

The SNP method is based on the notion that a Hermite expansion can be
used as a general purpose approximation to a density function. Here, it is
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employed in the form fi(z, | X, &) oc [Px(z:, X;)*14(z,), where Pg(-) denotes
a multivariate polynomial of degree K, and ¢(z) denotes the standard normal,
possibly multivariate, probability density function (p.d.f.). The process X, is the
vector of M lags of the process of interest. The index k denotes the dimension of
Z, which expands as the sample size increases (see discussion in Section 2.1).
Since f,(z), as the distribution proxy, has to integrate to 1, the constant of
proportionality is the inverse of Ng(X,) = [[Px(s,X,)*]¢(s)ds. To achieve
a unique representation, the constant term of the polynomial part is set equal to
one.

First of all, let us note that if the process of interest 1 ~ N(u, ¥ = RR’), where
R is an upper triangular matrix, then 1 = Rz + u and

1 [PK(ZtaXt)2]¢(Zt)
Ng(X,) |det(R)|

Sl X, E) = , (B.1)
where & = (a;;, 1, R) and is estimated by QML.

The mean p at time ¢ depends on M, lags of ©: y = by + BX,. R} also
depends on My lags of the process of interest, when an ARCH leading term is
present. A Hermite polynomial is used to expand the density around the leading
Gaussian density, namely

K. K. Ky

Px(z, X,) = Z a,-(X,)zi = Z (Z ain{>Zi. (B.2)
i=0 i=0 \j=0

As discussed above, we set ago equal to 1 for the uniqueness of the representa-

tion. The subscript K denotes the vector (Kx, K., M). According to Andersen

and Lund (1996), if the leading term is specified carefully, M = 1 generally

suffices in the univariate SNP setting.

When K, is set equal to zero, one obtains normal distributions. When K, is
positive and Ky = 0, one obtains a density which is conditionally homogeneous
with respect to X. Finally, when both K, and Ky are positive, we obtain
conditionally heterogeneous classes of densities.

The optimal values of K, (as well as M, and My), are chosen based on
standard criterions and tests, such as AIC, BIC and HQ model selection criteria.
Gallant and Tauchen (1993) provide a table which matches values of the
parameters K, M, Mg, to popular time series models. We reproduce this table
here (Table 8). Typically, BIC is used to select the model specification. We follow
this strategy in Table 1, Panels A and C.

Appendix C. Details of the SDE discretization scheme

The discussion in this appendix is based on Kloeden and Platen (1995), to
which we refer the reader for additional details.
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The EMM estimation procedure requires the process under study to be
simulated. It is impossible to simulate the actual process if it does not have an
analytical solution, which is the case for Heston’s model. Therefore, to simulate
the process at hand, we need to discretize the process specified in Egs. (1) and (2).
The discretizations are based on the truncation of the Ito-Taylor expansion
formula. The more terms we use, the more accurate is the expansion. The
Ito-Taylor formula also involves the derivatives of the drift and diffusion
coefficients with respect to the process of interest. Hence, an approximation of
these derivatives may be advisable to improve computational efficiency. The
discretization schemes mainly differ in the number of terms that one keeps and
the way one approximates, or fails to approximate, the above-mentioned deriva-
tives. For the following reasons, we choose to work with the explicit order 2.0
weak discretization scheme.

Each strong scheme of order p is a weak scheme of order 2p. Schemes are
classified as weak if they approximate moments rather than sample paths of
a diffusion. Strong schemes, on the ohterh hand, approximate sample paths.
Moreover, strong schemes require more time to simulate, and since we match
moments instead of sample paths in our estimation, we use a weak scheme. The
order of the scheme determines the quality of an approximation. We say that
a discrete approximation Y(At) =(S,,V,) of the process X = (S(t), V(t))’ con-
verges weakly with order p > 0 to X at time T as At — 0 if, for each moment M,
there exists a positive constant C which does not depend on At, and a finite Agt
such that

IM(X 1) — M(Y p(AD)] < CAZ? (C.1)

for any Are(0, Ayt). In our case p = 2, which yields a faster convergence than
the commonly used Euler discretization, a weak scheme of order 0.5. Note that,
following the tradition in the option pricing literature, we estimate the an-
nualized parmeters, taking At = 1/252. Kloeden and Platen show that, under
standard regularity conditions, the moments of the diffusions exist provided the
initial value is a constant (see Kloeden and Platen, 1995, Theorem 4.5.4). The
discretization scheme guarantees that the moments of the discretized processes
also exist. Therefore, it is legitimate to implement the moments matching
procedure.

The term “explicit” in the discretization scheme refers to the derivatives
approximation method. In case of deterministic differential equations, this
method works similar to the Runge-Kutta methods. Since this method imposes
fewer computational burdens than the implicit scheme, it is often preferable to
use.

This approach also allows us to control for the non-synchronicity bias
discussed in the data section. We can show that by matching moments instead of
sample paths, the error introduced by the differential in stock prices over the
fifteen minute closing interval has a negligible impact on the estimation of the
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moments. We simulate the fundamental process as being observed at 4:00 pm, or
time T, and we use these simulated values to substitute in the implied volatility
function, I(S,, V,), implicitly based on the option price, which is observed at 4:15
pm, or time T + ot. We will use the Ito-Taylor expansion formula to compute
the error introduced by this operation. The EMM procedure matches the
moments of the function I(-). Therefore, we have to assess the size of the error
for all possible moments E(I"(-)). Since it is a sufficiently smooth function, we
can approximate it with polynomials based on (S,, V,)' to any degree of accu-
racy. Hence, in our discussion, we will consider E(f(S;, V,)) for any smooth
function f. In particular, according to Theorem 5.5.1 of Kloeden and Platen
(1995), we can write:

T+5t
fSrv60Vris) =81, V1) + fioy(Sts VT)J‘ du

T+ ot
+ fiy(St, V f dWs(u

T+0ot
+ ﬁz) ST, VT dWV(u
AT +0t o
+ fa.0S1. V1) dWs(u) dWs(v)
JrJr
AT +0t o
+ f2.281, V1) dWy (u) dWy (v)
Jr o Jr
AT +6t o
+ fa.2S1, V1) dWs(u)dWy(v)
Jr o Jr
AT +6t o
+ fe.nS1. V) dWs(u)dWy (v) + o(dt), (C.2)
Jr o Jr

where f(., are the Ito coeflicient functions (Kloeden and Platen, 1995, 5.3). As we
already mentioned, we are interested in the accuracy of the moments. Therefore,
we have to compute E(f(St+s> Vrear)):

E(f(ST+6ta VT+r5t))
E(f(St, V1)) + E(f0)(St, V7))ot + o(61)

+ (06— KV)i

0
S—
+ Us v

oS

E(f(St, V1) + E(ﬁ

2 2

2
152 L s
t VST TPy T

= E(f(S7,Vr)) + o(dt). (C3)

62
W)f(ST’ Vr)ot + o(6t)
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The last equality follows from the fact that the expected value of the infinitesimal
generator fi,(Sy, Vr) of the process specified in Egs. (1) and (2) is equal to zero
(see, for instance, Hansen and Scheinkman, 1995). Since the interval ot is
relatively small, at 1/96th of the simulation interval At, substituting
S(St450Vris) by f(St, Vy)in the implied volatility moments matching proced-
ure introduces only a negligable error.
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