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Abstract

Non-linear external habit persistence models, which feature prominently in the recent “equity
premium” asset pricing and macroeconomics literature, generate counterfactual predictions
in the cross-section of stock returns. In particular, we show that in the absence of cross-
sectional heterogeneity in firms’ cash-flow risk, these models produce a “growth premium,”
that is, stocks with high price-to-fundamental ratios command a higher premium than stocks
with low price-to-fundamental ratios. This implication is at odds with the well-established

“value premium” in the cross-section of stock returns. Substantial

empirical observation of a
heterogeneity in firms’ cash-flow risk yields both a value premium as well as most of the
stylized facts about the cross-section of stock returns, but it generates a “cash-flow risk puzzle”:
Quantitatively, value stocks have to have “too much” cash-flow risk compared to the data to

generate empirically plausible value premiums.
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1 Introduction

The equity premium and the value premium puzzles constitute two of the focal points of the
asset pricing literature. As is well-known, the starting point of the first is the inability of
standard consumption models to rationalize the observed level of the equity premium, the
volatility and predictability of returns, and the low and stable risk-free rate (see Panels A and
B of Table 1.) The value premium puzzle is instead concerned with the failure of the Capital
Asset Pricing Model (CAPM) to explain the cross-section of average returns of portfolios
sorted according to book-to-market (see Panel C of Table 1 and Fig. 1.) Surprisingly, these
two puzzles are, for the most part, studied separately. This is unfortunate because, as we argue
here, the two puzzles cannot be tackled independently: Any economic mechanism proposed to
address one of them immediately has general equilibrium implications for the other.

In this paper, we focus on one important mechanism, habit persistence, which has fea-
tured prominently both in the asset pricing literature! and in the real business cycle literature.?
In particular, we investigate a non-linear external habit formation model a 1la Campbell and
Cochrane (1999), a framework particularly successful in addressing the equity premium puzzles
described above, and investigate the implications of this model for the established facts in the
cross-section of stock returns. We show that these implications are problematic and that for
this reason, the success of the non-linear habit formation mechanism has to be put on hold.

In particular, we show that when, importantly as we shall see, firms differ only in their
expected dividend growth, habit persistence models counterfactually generate a “growth pre-
mium” rather than a “value premium,” a point also recently made by Lettau and Wachter
(2007). The reason is at the heart of the habit formation model: The variation over time
of the market price of consumption risk, which is responsible for the success of the model to
explain the properties of the market portfolio, interacts with the timing of cash-flows to gen-

erate a term premium. Indeed, assets that pay far in the future are more sensitive to shocks

!Sundaresan (1989), Constantinides (1990), Abel (1990), Ferson and Constantinides (1991), Detemple and
Zapatero (1991), Daniel and Marshall (1997), Campbell and Cochrane (1999), Heaton (1993,1995), Li (2001),
and Wachter (2000). All these papers focus exclusively on the time-series properties of the market portfolio and

do not investigate implications for the risk and return properties of individual securities.
2For example Boldrin, Christiano, and Fisher (2001) use the habit persistence model of Constantinides (1990)

to investigate whether this mechanism can be consistent with both key asset pricing and real business cycle facts.
See also, among others, Boivin and Giannoni (2005), Christiano, Eichenbaum, and Evans (2005), Giannoni and

Woodford (2004), Ravn, Schmitt-Grohé, and Uribe (2006), and Smets and Wouters (2003,2004).



in the stochastic discount factor than assets with front-loaded cash-flows. For this reason the
former are riskier and command a premium over the latter. We show that “growth stocks” are
precisely those that pay far in the future and thus, they command a counterfactual premium
over value stocks.

In order to solve this “growth premium puzzle” induced by habit formation preferences,
we introduce ex ante heterogeneity in firms’ cash-flow risk, that is, firms differ from each other
not only in their expected dividend growth, but also in the covariance of their cash flows with
consumption growth itself. In this case, we find that the standard sorting procedure used
in the literature to allocate stocks to portfolios according to their price-to-fundamental ratio
endogenously selects as value stocks those with higher cash-flow risk, an implication empirically
confirmed by a series of recent papers.® This higher cash-flow risk of value stocks naturally
translates into higher expected returns, as investors require a premium to hold stocks whose
cash flows fall at the same time as the aggregate consumption. Using simulations, we show
that if the heterogeneity in firms’ cash-flow risk is sufficiently large, then indeed stocks with
low price-dividend ratios, value stocks, do command a substantial premium compared to high
price-dividend ratio stocks.* That is, a value premium appears. We show that, under these
conditions, the model then not only matches the properties of the market portfolio, as Campbell
and Cochrane (1999) find, but it is actually able to replicate most, if not all, of the stylized
facts about the cross-section of stock returns, including (a) the failure of the CAPM and thus,
the value premium puzzle, (b) the better performance of the conditional CAPM, and (c) the
better pricing ability of the High-Minus-Low (HML) factor as in Fama and French (1993). In
addition, the model also yields a large variation of the value premium over the business cycle,
an additional stylized fact that is well-documented in the data.’

Obviously the remaining question is then a quantitative one: is the cash-flow risk required

to match the cross-section of stock returns consistent with the data? Unfortunately not. The

3See Cohen, Polk, and Vuolteenaho (2009), Campbell, Polk, and Vuolteenaho (2005), Bansal, Dittmar, and
Lundblad (2005), Parker and Julliard (2005), and Hansen, Heaton, and Li (2008). Also Liew and Vassalou
(2000) and Vassalou (2003) show that news about forecasts of Gross Domestic Product (GDP) growth correlate

with value stock returns.

4 In our model, “book value” is not well defined and so we use price-dividend ratios in lieu of market-to-book
ratios throughout (see Santos and Veronesi, 2006; and Lettau and Wachter, 2007). Fama and French (1996,
Table II), Fama and French (1998, Table III), and Lettau and Wachter (2007, Table I) show that sorting by

earnings-to-price or cash-flow to price generates as sizable a “‘value” premium as sorting by book-to-market.

®See for example Lettau and Ludvigson (2001) and Cohen, Polk, and Vuolteenaho (2003).



external habit persistence model investigated here succeeds in reproducing the times series
and cross-sectional properties of asset data at the expense of an implausible high (low) level of
cash-flow risk for value (growth) stocks when compared to the data. That is, habit preferences
induce a “cash-flow risk puzzle.” The intuition is relatively simple: Since habit preferences
tend to generate a growth premium when stocks do not differ in cash-flow risk, a large cross-
sectional difference in cash-flow risk is needed in order to “undo” the growth premium. An

extensive simulation exercise highlights the severity of the problem.

Outline of the paper. The article develops as follows. Section 2 introduces a general
equilibrium model with multiple securities which is solved for prices and returns in Section
3. This model generalizes the setting put forward in Menzly, Santos, and Veronesi (2004),
MSV henceforth, in order to have more flexible preferences and a more manageable process
for firms’ cash flows while retaining the closed-form solutions that are such an important
analytical advantage when dealing with multiple securities. Section 4 investigates qualitatively
the implications of the model for the cross-section of stock returns whereas Section 5 does the
same quantitatively. It is in Section 5.3 where we introduce the cash-flow risk puzzle. In
Section 6 we use our model to shed new light on standard asset pricing models tests. In
particular, we use our model to construct an HML factor as in Fama and French (1993) and
provide an economic foundation for its success as a cross-sectional predictor. In this section,
we also show that the model is able to match to a surprising degree the time-series variation
in the value premium, which is at the heart of the recent interest in the conditional CAPM.

Section 7 concludes.

Related literature. Our work touches on several recent papers in the literature on the cross-
section of stock returns, but differs from them in several respects. First, Santos and Veronesi
(2006) and Lettau and Wachter (2007) investigate the effect that cross-sectional differences in
cash-flow duration (as defined by the expected dividend growth) have on the cross-section of
expected returns. They both find that assets with low duration have high expected returns
and low price-dividend ratios whereas the opposite is true for high duration assets, that is the
value premium. Our work departs from these two papers in two crucial aspects.

First, both papers make assumptions to avoid the natural growth premium that comes
with the variation in the discount rate, which is necessary to match the properties of the

market portfolio: Santos and Veronesi (2006) fail to match the volatility of the aggregate stock



returns and Lettau and Wachter (2007) assume away general equilibrium restrictions, and
instead assume that the variation in the discount factor is unpriced by market participants.
These assumptions ensure that differences in durations generate a value premium. Duration
effects are also present in this paper, but the presence of the strong discount effects implied by
the Campbell and Cochrane (1999) model make, as explained above, cross-sectional differences
in duration generate a growth premium rather than a value premium. Santos and Veronesi
(2006) don’t have discount effects and Lettau and Wachter (2007) simply assume that they go
unpriced.® Here, we don’t take this stand, but rather, and reasonably in our view, assume that
discount effects are both present and priced and some other ingredient is needed to generate
the value premium. Cross sectional differences in cash-flow risk are such an ingredient. Second,
the combination of cross-sectional differences in cash-flow risk and discount effects generates
the empirically documented time-series variation in the value premium, a regularity for which,
to the best of our knowledge, there is no extant theoretical explanation. Neither Santos and
Veronesi (2006) nor Lettau and Wachter (2007) address this issue.

Our paper also touches on the recent literature emphasizing cross-sectional differences in
long-run risk across asset classes. For instance, Parker and Julliard (2005) and Bansal, Dittmar,
and Lundblad (2005) use cross-sectional differences in the long-run covariance between returns,
consumption growth, and dividend growth, to offer a characterization of cross-sectional differ-
ences in one-period returns. Clearly, the long-run components of cash-flow risk are but one
contribution to one-period returns; transient components may also be very important. Rec-
ognizing this, Hansen, Heaton, and Li (2008) offer a characterization of the long-run trade-off
between risk and return. This long-run trade-off is key because transient components, which
may be first-order for one-period returns, are negligible in the long-run.” In contrast, our
definition of cash-flow risk is entirely unrelated to low-frequency components in consumption
growth, which are (mostly) absent from our paper, and rather it emphasizes contemporaneous

covariances of consumption and dividend growth. More importantly, the discount effects that

5This is the fundamental reason why duration effects are enough to generate a value premium in these two
papers. All assets have identical, and positive, cash-flow risk, but some have their dividends more front-loaded
than others. This has two consequences. First, and by assumption, the more front-loaded the dividends, the
lower expected dividend growth and thus, the lower the price-dividend ratio. Second, the more front-loaded
the dividend, the riskier the asset as it would constitute a larger fraction of current consumption and thus, the

higher the premium. Thus, these assets are “value” and a value premium arises in these two papers.
"More precisely, for these authors, value stocks are riskier because their cash-flow growth process loads

relatively more than growth stocks on low-frequency components of consumption growth.



play so prominent a role in our calibration are entirely absent in this literature so that, once
again, the time-series variation of the value premium cannot be generated in the context of
these models. Finally, none of these papers offers an integrated view of the time-series and
the cross-section of stock returns but try to relate the properties of the market portfolio with
the cross-sectional properties of portfolios that add up to the market itself. We argue here, in
contrast with the cash-flow literature, that these two sides of the asset pricing puzzles have to
be jointly considered, otherwise the inferences on cash-flow parameters are misleading.®

Campbell and Vuolteenaho (2004) decompose shocks to market returns into shocks to
expected discount rates and shocks to expected dividend growth rates. They show that value
and growth load on these shocks differently and this, combined with the market price of
risk associated with these shocks, generates a value premium and its corresponding puzzle.
Differently from us, however, they neither connect the time-series properties of the market
portfolio with the magnitudes of the cash-flow risk needed to generate a value premium, nor
do they address the time-series variation of the value premium.

Our paper also relates to the literature on conditional asset pricing. For instance, Lettau
and Ludvigson (2001) show that empirically a conditional version of the CAPM outperforms
its unconditional counterpart. Their results provide empirical evidence supporting our model’s
implication that conditioning variables capture the time-series variation in the value premium.
In our setup, as in the data, the conditional CAPM performs better than the unconditional
CAPM. Importantly, though, in our model the conditional CAPM is a misspecified asset pricing
model, and so, with enough data, it can also be rejected.

The present paper is obviously related to MSV, but there are also many differences
with that paper. First, our model is more general than the one in MSV and the additional
flexibility is instrumental in the empirical performance of the model. In particular, while MSV
only consider the log-utility case and have approximate formulas for the cross-section of prices,
in this paper we solve for the power utility case and obtain exact solutions. Second, whereas
MSYV are concerned with the time-series predictability of industry portfolios, the present paper
focuses on the cross-sectional predictability of value-sorted portfolios. This focus allows us

also to shed light on the vast literature on cross-sectional predictability, something MSV did

8See also Brennan, Wang, and Xia (2004) and Brennan and Xia (2006) for a partial equilibrium model that
ties the time-series to the cross-section of stock returns. An investment-based general equilibrium model of
the cross-section is also put forward by Gomes, Kogan, and Zhang (2003) who build on the partial equilibrium
model of Berk, Green, and Naik (1999). See also Zhang (2005).



not touch upon and, in particular, the present paper is after a quantitative assessment of the

cash-flow risk effects needed to generate a plausible value premium.

2 The model

We consider an endowment economy with n financial assets. FEach asset has an instanta-
neous dividend stream denoted by Di, for i = 1,..,n. The consumption good is immediately

perishable and non-storable, which yields the equilibrium restriction
n .
C,=> Dj. (1)
i=1

This add-up, general equilibrium restriction is important in our setting, as it breaks the
theoretical validity of the CAPM, as discussed below.? Unfortunately, even relatively simple
processes for Di imply aggregate consumption processes that are difficult to work with and
restrictive assumptions need to be made for tractability (see discussion in MSV; Santos and
Veronesi, 2006; Cochrane, Longstaff, and Santa-Clara, 2008; and Martin, 2008). We follow
MSV and Santos and Veronesi (2006), and make assumptions about aggregate consumption
Cy, and the joint dynamics of the shares of aggregate consumption produced by each asset,

denoted by

. Dt
sp = FZ (2)
Assumption 1. Aggregate consumption is given by
dcC,
7: = 1 (8¢) dt + o dBy,

where B; is an n x 1 vector of Brownian motions, and

po(st) =Te+pien (se)  and g, (se) =s; Ocr. 3)

Above, s; = (s%,...,s?)/, Ocr = (chF,...,HTéF)/, and o, = (0,0, ...,0) . The specification of
0% 1 is explained below.
As in Campbell and Cochrane (1999), we assume consumption growth has constant

volatility. Unlike them, however, we assume expected consumption growth has a predictable

9Several recent articles have emphasized the importance of market clearing conditions in finance, such as
Santos and Veronesi (2006), Johnson (2006), Cochrane, Longstaff, and Santa-Clara (2008), and Martin (2008).
None of these papers combines habit formation with multiple trees, nor investigates the properties of the cross-

section of stock returns, except for Santos and Veronesi (2006), already discussed in the introduction.



component that depends on the distribution of shares. We make this assumption for four
reasons: First, it follows naturally from the general equilibrium restriction (1) in any model
that has dividend processes as primitives (see Eq. (29) in the Appendix A).!° Second, this
assumption is consistent with the recent long-run risk literature, which shows a small persistent
predictable component in consumption growth (see, e.g., Bansal and Yaron, 2004; Hansen,
Heaton, and Li, 2008). In our model, such a predictable component is also small.'! Third, the
specific assumption (3) allows us to obtain analytical formulas for asset prices, an important
property given our focus on the cross-section of stock returns with many assets. Finally, in
our model the time variation of expected consumption growth breaks the theoretical validity
of the CAPM, both conditionally and unconditionally, a property that we exploit to provide
insights on the economic meaning of the tests of the CAPM provided in the literature.

Assumption 2. For each i, the share si follows the mean reverting process
dst = ¢ (§i - 3%) dt + st o' (st)' dBy, (4)

n
where ol (s)) =v; — Z sguj. (5)
j=1

The cash-flow model (4) imposes a structure on the relative size of firms, where “size” is
measured as the fraction of total output produced by a given firm. In particular, it imposes the
economically plausible assumption that no firm will take over the economy, as s¢ > 0 for all 4.
In addition, the volatility o (s;) in (5) ensures that Y » ; st = 1 for all ¢, which in turn implies
that (1) is always satisfied. Although the form of the volatility o’ (s;) in (5) seems ad hoc,
it can actually be recovered from first principles in a model with multiple dividend processes
each with constant volatility (see Appendix A). Instead, the key simplifying assumption is the
mean-reversion component in the drift rate of (4).

2.1 Expected cash-flow growth and cash-flow risk

10Such models also imply that the volatility of consumption is a weighted average of dividend volatilities,

which we instead approximate to a constant.
11 We show in simulations below that expected consumption growth fluctuates between a maximum of 2.22%

and a minimum of 1.87%, a very mild variation compared to the 1.5% standard deviation of consumption growth
that we assume. Indeed, for our baseline case, which has the maximum variation in expected consumption
growth, when we regress future consumption growth on In (P;/C}) in artificial data we find R?s that are puny,

between 0.1% and 0.2% at the three- and four-year horizons, respectively.



Given Assumptions 1 and 2, we can apply Ito’s Lemma to D! = siC; and obtain:

dD? A A
?f = pip4dt + o' (st)" dB, (6)
t

where the dividend drift and volatility are given by

Wpr = Met+bop+¢ <s’ - 1) (7)
t
op(s) = octo(s). (8)

In these formulas,
0hp =V o

Two comments are in order: First, Eq. (7) shows that when the asset’s relative share,
5'/si, is high and thus, the asset’s relative contribution to total consumption is below its
long-term average, the asset has an expected dividend growth higher than the unconditional
expected consumption growth 7, (adjusted for a small Ito term Gic 7)-12 In addition, the drift
rate of dividends ,u’b depends on a parameter 91’0 1, which is asset specific and it depends on the
correlation of the stock’s share s¢ with consumption growth, as shown below. While technically
0% 1 is simply an Ito term obtained from the definition D} = siCy, we note that quantitatively
it has a minimal impact on the average dividend growth itself: As we show in the calibration
section, 01 is an order of magnitude smaller than the other two drift components.'3

Second, in our model the stochastic discount factor is only driven by shocks to consump-
tion growth. Thus, cash-flow risk is measured by the following covariance
dD? acy
D’ Cy

J%th = Covy < ) =olo.+ 05 —s, Ocp. (9)

The conditional cash-flow risk of asset 1, O'ic Fits will play a prominent role in this paper. The
term 0% — s, - Ocp is parametrically indeterminate, that is, adding a constant to all 6%
leaves this term unaffected, as >, st = 1. Thus, we can impose the identifiability restriction

n

> F0L =0. (10)

J=1

12MSV find strong empirical support for the inverse relation between relative share and dividend growth in
industry portfolios.

13In our model, 0% ps are uniformly distributed around the interval [~0cr,f0cr]. The maximum level of
Ocr = 0.0035, which is much smaller than both the assumed average consumption growth fi, = 2% and the

fluctuations in expected dividend growth induced by the third term in (7), ¢(3°/si — 1), which is over 10%.



The expected covariance between asset i’s cash-flow growth and consumption growth is

Gop =E oty = FE {Covt <dD%, dct)] =oLo.+00p (11)
' D; " C;

The parameter %, then regulates the relative cash-flow risk of individual assets. Notice that
the benchmark level of risk of an asset is the riskiness of aggregate consumption: An asset
is risky (safe) if its cash-flows are more (less) risky than aggregate consumption. This is a
general equilibrium restriction as, by definition, the variance of consumption growth must be
a weighted average of its covariances with individual dividend growth. Throughout we refer
to either Fic  or Hic r as “cash-flow risk” as there is a one-to-one mapping between them.

We conclude this section by emphasizing that the present framework can be generalized
to introduce more realistic features but, clearly, at the cost of additional complexity. For
instance, we assume for simplicity that firms are infinitely lived and that agents know the
long-term average size 5. A plausible generalization is one in which 5° is unknown, and agents
learn about it over time as they observe different dividend and consumption realizations. In
this case, the pricing function, Eq. (20) below, will depend on the expected long-term share
FE,[5] rather than on 5°. This extension though would largely leave the results unaffected.
Indeed, standard filtering results imply that the variation in E;[5°] would be independent of
consumption shocks, as consumption does not yield any additional information on 3° that is
not already in the shares themselves (see also Pastor and Veronesi, 2003). It follows that this
additional variation would be unpriced and thus, would have no impact on firms’ expected
returns. Second, since expectations move more slowly than signals, the ratio F;[5]/si would
still tend to move inversely with si, exactly as in the case in which 3 is known. Since the
ratio 3'/st, as is formally shown in Propositions 2 and 3, is the key variable affecting the
firm’s expected dividend growth, its price/dividend ratio, and its expected return, it follows
that the cross-sectional relation between price/dividend ratios and expected returns would not
change if we were to assume that 3 was unknown. Finally, the learning model also partially
addresses our assumption of an infinitely lived firm: assuming 3° are randomly selected at time
zero, some firms would then converge to very low “sizes,” effectively disappearing from the
economy.'* In summary then, adding learning to the model to account for the fact that the

agents are not likely to know the long-run contributions of the different firms to the overall

14We also solved the model assuming exponential distributed exit times (firm death), which lead to the usual
increase in the time discount. The results remain the same, but the model becomes more challenging as to keep

it stationary, we must have a flow of firms entering the economy.



economy substantially complicates the analysis without largely affecting the relation between
price/dividend ratios and expected returns, which is the focus of this paper.
2.2 Preferences and Habit Dynamics

There is a representative investor who maximizes

o0
E [/ w (Ch, X0, 1) dt} , (12)
0
where the instantaneous utility function is given by

1—
w(Cy, Xy, t) = e—mM_
) ) 1 —")/

In Eq. (13), the variable X; denotes an external habit level and p denotes the subjective

(13)

discount rate. In Campbell and Cochrane (1999) the fundamental state variable driving the
attitudes towards risk is the surplus-consumption ratio, Sy = (Cy — X;) C; 1. To obtain closed-
form solutions for prices when there are multiple securities, MSV use a log habit model and
specify instead the inverse surplus S, 1 as a mean-reverting process. MSV’s modeling device
though cannot be applied when + > 1 and, moreover, they only obtain approximate formulas
for the case G%F # 0. The present paper offers a generalization of MSV that allows us to
handle a large class of models. The key ingredient in this generalization is to focus on the
process
Gy = (Ct)vzsﬂ. (14)
Cy — X3
To obtain a plausible, yet tractable, model for the dynamics of Gy, consider first the
implications for G under the standard assumption that X; is an exponentially weighted average
of past consumption levels, as in Constantinides (1990) and Detemple and Zapatero (1991),
X=X ffoo e M=7)C_dr. An application of Ito’s Lemma to (14) yields the process

dGy = [ (Gr) — 06 (Gy) ey (s0)] dt — 0 (Gy) 0cdB}, (15)

where pg (G¢) and oG (Gt) > 0 are complicated functions of Gy, provided in Eq. (31) and (32)
in Appendix A. Eq. (15) shows that a higher expected consumption growth f,; (s¢) implies
a lower drift rate of Gy. Intuitively, an increase in the expected growth rate of consumption
implies a high future level of consumption relative to the current habit X; and thus, a higher
surplus consumption ratio Sy, and, given (14), a lower expected Gy. As in MSV and Campbell
and Cochrane (1999), we make specific assumptions on pq (Gt) and g (Gy) in (15) to obtain

a more manageable process. In particular, we assume

pg (Gr) =k (G — Gy) and oq (Gy) =a(Gy—\). (16)
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The first component of the drift of G¢ is a mean-reversion component and captures the
basic idea of habit persistence models, namely that the habit X; eventually “catches up” with
Ct. The second component, as discussed above, links the drift rate of G to ju.; (s¢). As for the
diffusion component, and as in MSV, A > 1 bounds G; from below at A and « > 0 transmits
the innovations in consumption growth, dB}, to the convexity of the utility function.!®> Note
that MSV’s model is a special case of (15) and (16) and obtains when v = 1 and consumption
growth is i.i.d., which is achieved by setting u.; (s¢) = 0.

3 Equilibrium asset prices and returns

3.1 The total wealth portfolio

The next proposition generalizes the results in MSV to the present model in what con-
cerns the total wealth portfolio, that is, the claim to the aggregate consumption process.
Proposition 1. The price-consumption ratio, the expected excess return, and diffusion terms

of the total wealth portfolio are, respectively:

PTW
tCt = oV (st)+ai " (s1) S} (17)
SYa(1—AS})
E JdRIY] = (v+a(1-AS))) M +Zw Tl (18)
Sla (1 —\SY)
= e X s (19)

where ol W (s;), ofW (sy), f1W (s¢) and {wﬁw} are given in Appendix B.

As in Campbell and Cochrane (1999) and MSV, the price-consumption ratio of the total
wealth portfolio is increasing in the surplus-consumption ratio Sy: A high S; implies a low
local curvature of the utility function, a “less risk-averse” attitude of the representative agent,
and thus, a higher price-consumption ratio. Unlike Campbell and Cochrane (1999) and MSV,
the price-consumption ratio now depends on the entire vector of shares s;. Intuitively, this
effect stems from our assumption about consumption growth predictability (see the discussion
after Assumption 1). The functions o™ (s;) W

and ay " (s¢) are typically decreasing in expected

15Clearly, the assumptions (16) then imply that habit X is no longer the weighted average of past consump-
tion, as above, but a more complicated non-linear function of past consumption shocks. See Campbell and
Cochrane (1999) for a discussion. See also Hansen (2008) for a discussion of the risk-return implications of our

habit model proposed above.
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consumption growth because in our setup, the elasticity of intertemporal substitution is less
than one. Thus, this component implies that an increase in pu, (s;) results in lower prices.!®
As for the expected excess returns, (18), and the volatility of returns, (19), we postpone the
discussion of the intuition of these expressions until Section 5.2, when we assess quantitatively
the implications of the model.

8.2 Prices and returns for individual securities

The next proposition delivers closed-form solutions for individual stock prices:

Proposition 2. The price of asset ¢ is given by
i <i <i
T = o +aisy +oj (s () a0y (). (20)
where o), o are positive constants and o (s;) and o (s;) are positive linear functions of the
share vector s; given in Appendix B.

As before, a higher surplus-consumption ratio Sy, which implies lower “risk aversion,”
or a higher expected dividend growth, as measured by the relative share 5°/s! (see (7)), result
naturally in higher price-dividend ratios. The last term in (20) shows that shocks to the
surplus-consumption ratio have a stronger effect on the price-dividend ratio the higher the
asset’s expected dividend growth. This is linked to the duration effect that plays so prominent
a role in what follows. Finally, as it was true for the total wealth portfolio and for the same
reason, the price of each individual asset also depends on functions of the vectors of shares
ab (s¢) and o (s¢).

The next proposition presents a characterization of expected excess returns. The intu-
ition and implications of Proposition 3 are given in depth in Section 4.

Proposition 3. The expected excess return of asset ¢ is given by

By [dR}) = B + T

16T review the economic reasoning, a low elasticity of intertemporal substitution implies a taste for consump-
tion smoothing. An increase in expected consumption growth yields a higher desire for current consumption, and
thus, lower savings. Because stocks and bonds are less desirable now for the representative consumer, prices have
to drop in order to encourage him to hold them, resulting, for example, in a decrease of the price-consumption

ratio of the total wealth portfolio.
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where

s
pof%¢ = (y+a@=A8)) | —— a(1-AS))o? (21)
EBEE:
1 i i i g
Mz’c,tF = (v+a(l-As))) : - + Mt UCF,t+Z77thJC‘F,t ; (22)
|\ L+ /3 (St,s0) (g) i
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o + o (s¢) (5¢/s8)

and nét is given in expression (39) in Appendix B.

>0 and  f(S,s) =

1i 5"/ sts1) = >0

4 Growth versus value premiums

The key empirical observation in the cross-sectional literature is that growth assets, which are
those with high prices relative to fundamentals, say price-dividend ratios, have on average lower
returns than assets with low price-dividend ratios, value stocks. In this section we investigate
what is required of the model to generate qualitatively this fact. For this we make use of the
results in both Propositions 2 and 3 above.
4.1 Discount risk effects and the growth premium

We start by focusing on the component of the premiums uﬁlsc in (21), which is the
part of the premium that is driven by variation of the aggregate discount—proxied by S;. To
interpret this term further, notice first that

OP} P} Sy

= — 23
95,75 ~ Fi(7/sh,5) + 57 (23)

is the elasticity of prices to shocks in the variable driving the aggregate discount, which is S} .

The volatility of these discount shocks is
a(l—=\S)) o, (24)

which is the diffusion component of dS; /5], the inverse of our state variable G, as it follows
from a basic application of Ito’s Lemma to (15). Clearly, only the component of these shocks
that covaries with the shocks to the stochastic discount factor is priced. From Eq. (33) in

Appendix B, the diffusion term of the habit stochastic discount factor is
om=—[y+a(l-=AS))]o.. (25)
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The component of the asset’s premium that is linked to discount effects is then the
product of (23), (24), and (25), which is expression (21) in Proposition 3.

Cross-sectional variation in the discount effects can only be driven by differences in the
price elasticity (23), which is in turn driven by the behavior of the function fi (5°/s},s;). We
have been unable to obtain a general characterization of this function, but for parameter values
that are empirically relevant we find that

ofi (5/si.s:)
0(5'/st)

and thus, assets with a higher expected dividend growth, as measured by the relative share

<0,

5t /st, display stronger discount effects. The intuition is straightforward: stocks with a high ex-
pected dividend growth pay the bulk of their proceeds far in the future. Thus, minor variations
in the aggregate discount rate— through the risk aversion of the representative investor—result
in large percentage variations of the price of the asset. This variation is naturally priced and
thus, the higher required premium of assets with high relative shares.
4.1.1 The growth premium

We can now relate these findings to the observation that when only discount effects are
present, a growth premium arises. For this it is useful to turn to Fig. 2, where we plot uff sC
as given by (21), as a function of our proxy for expected dividend growth, 5/s%, for the case
in which all firms have identical cash-flow risk, that is, Hic r ~ 0 for all 7. To generate this plot,
the level of surplus S; is set to its steady state value S and the parameters used are those of the
calibration exercise discussed in detail in Section 5.1. When all firms have identical cash-flow
risk, expression (20) implies that sorting assets according to their price-dividend ratio (P/D)
is akin to sorting them on expected dividend growth, 5¢/si. Since low price-dividend ratio
stocks are those with low relative shares 5/s?, value stocks are those located on the left-hand
side of Fig. 2 and thus, have low expected excess returns. Similarly, high price-dividend ratio
stocks are those with high 3°/s¢ and thus, growth stocks are on the right-hand side of Fig. 2
and have high expected excess returns. Thus, if cross-sectional differences in cash-flow risk are
“small,”so that E} [dRé] R MZ%ISC for all stocks, growth stocks command a higher premium
than value stocks, that is, a “growth premium” is obtained.

To reinforce this point, we conduct an extensive simulation, that we describe in detail
below, to reproduce the sorting procedure that is standard in the literature on the cross-section
of stock returns. Our purpose is to replicate Fig. 1, where we plot average (log) market-to-

book of value-sorted portfolios versus average excess returns. The equivalent in simulated data
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for the case in which firms have homogenous cash-flow risk is reported in the top panel of Fig.
3. The figure clearly shows that stocks with high average price-dividend ratios yield a higher
average return, in contrast with the data in Fig. 1. To summarize then, if discount effects
were to be the only ones present, the cross-section of excess returns would display a growth
premium rather than the value premium that is observed empirically.
4.2 Cash-flow risk effects and the value premium

The source of premiums related to cash-flow shocks, ,u%F given in (22), has two compo-
nents to it. The first is related to shocks in the asset’s dividends and the second is related to
shocks in the dividends of the rest of the assets in the economy, which, as shown in (20), affect
the price of asset i as well. The logic for the sources of the premiums linked to cash-flow shocks
is the same as in the discount effects case. First, it can be easily shown that the elasticity of

the price with respect to shocks to its own dividends is,

oP} P} 1 ;
s ) — + Mg
oDy/Dp 1 4 12 (St st) (%)

Recall also that we denote U%Rt = covy (dD}/Dj,dCy/Cy) (see Eq. (9)). The first term of

,ugtF is then the component of the dividend shocks that covaries with shocks to the stochastic
discount factor multiplied by the effect that these shocks have on the price of asset i, as
measured by the price elasticity. As for the second term in ugtF , it can be shown that
OP; /P
oD} /D]

= 773'1, for j #i.
As before, this component of the premium results from the product of this (cross) elasticity
and the priced component of the shock to asset j’s dividends, ch Fit-

How does the current level of expected dividend growth, as measured by 3¢ /s, affect the
cash-flow risk component of expected stock returns? Given the conditional covariance of the
dividend of asset ¢ with aggregate consumption, cric Fits the first term of (22) is unambiguous:
Since f4 (Si,s¢) > 0, if the asset is “risky,”that is, if o, F¢ > 0, then a high expected dividend
growth translates in a lower premium stemming from current dividend volatility. The intuition
is also clear: a stock that pays more in the future than today has a relatively low dividend
compared to the future. Thus, the risk embedded in current dividends, O'iC Ft» has a relatively
low impact on the total risk of the stock. In the limit, if the stock does not pay any dividend
today, it cannot have any “cash-flow risk,”as there is zero current covariance of dividends

with consumption. If instead the asset’s dividends covary negatively with consumption growth
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(aio it < 0), then a high expected dividend growth increases the risk premium. The argument,
of course, is the converse of the previous one.

The effect that the current expected dividend growth of asset ¢ has on the second term of
the cash-flow risk component of stock return (22) is more difficult to tell. However, we found
numerically that, on average, the cash-flow component of expected return is increasing in 56 I
although variation in shares s¢ generate small deviations from this increasing pattern.

Finally, we note that in our model, the risk premium only depends on the relative share
5'/st and not on the steady state dividend share 3 per se. The reason is that there are two
forces at play when considering the effect of 3¢ on required premiums. First, a stock with a
high average dividend share 5 is more exposed to consumption risk, on average, but second, it
also has a higher average price. This higher price implies a lower percentage sensitivity of the
stock to consumption shocks. Since risk premiums depend on percentage returns, these two
forces exactly offset each other in our model.!” The current level of dividends is instead key
in determining the current cash-flow risk, as it is the covariance between consumption growth
and current dividends that has a direct bearing on the riskiness of the stock.

4.2.1 The value premium

We showed in Section 4.1 that the sole presence of discount effects generates a coun-
terfactual growth premium. To see whether cash-flow effects can produce the desired value
premium instead, we turn to Fig. 4. The first two panels report, respectively, the discount,
uﬂlsc, and the cash-flow risk component, uEtF , of expected returns. Panel C adds up both
components to obtain FEj [dRﬂ. Let us start with Panel A, which reports the same quantity
as in Fig. 2, uftf SC but for the case in which Gle differ across firms. Interestingly, we see
that higher cash-flow risk increases the level of the discount component of the expected return.
The reason is that a higher cash-flow risk decreases the price of the asset, on average. Thus,
shocks to the aggregate discount (S;) have a larger percentage impact on the stock price, and
thus, imply a higher risk. Nonetheless, for given cash-flow risk level, Bic r, the relation between
HZ%I SC¢ and expected dividend growth 3°/s! is positive, as discussed in the previous section.

Panel B plots the cash-flow component to expected return, ,ugtF , as a function of expected

"That expected returns are independent of 5° is also a feature of the standard asset pricing model. Indeed,
consider the case where the representative consumer has the standard power utility function, s = 3° for all ¢
and, finally, let C; follow a simple geometric Brownian motion. In this case, P} = 5°C; K where K is a constant.
Since the risk premium is p’ = yCov (de/Pf, dCt/C’z) and dP}/P;{ is independent of 3%, the two assets have

identical risk premiums, independently of 3°. Finally notice that the asset with a higher 3 has a higher price.
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dividend growth, as proxied by 5'/st, for various levels of Gic r each corresponding to a line in
the plot. As explained in the previous section, the cash-flow risk component of expected excess
returns is decreasing in the expected dividend growth for stocks with high cash-flow risk.

Panel C reports the total expected return for each asset obtained by adding the cash-flow
risk component pgtF to the discount risk component, uiDj SC " Value stocks (assets with low
P/ D ratio) have, on average, high risk (6%,) and low expected dividend growth (s%/s;). This
combination corresponds to the area around the top-left corner of the plot in Panel C, that is,
to high expected excess return. Conversely, growth stocks (assets with high P/D ratios) must
have a combination of low 7% and high 5%/s}. This combination can be found on the bottom-
right corner of the plot in Panel C, that is, low expected return. As can be seen then, value
stocks will command a high premium and growth stocks a low (and even negative) premium.
Thus, if cross-sectional differences in cash-flow risk are “large,”then value stocks have higher
expected excess returns than growth stocks and a “value premium” is obtained.

To better illustrate this point, the top panel of Fig. 5, as it was the case with Fig. 3, again
plots the average price-dividend ratios of price-dividend sorted portfolios against their average
excess returns in simulated data, but now for the case in which firms have heterogeneous cash-
flow risk. Our purpose is to assess to what extent the model can reproduce Fig. 1, which
is obtained from historical data. As in Fig. 1 and in contrast with Fig. 3, the presence
now of heterogeneity in cash-flow risk generates a value premium: Low price-dividend ratio
stocks, value stocks, are those that earn a high average excess return. The model is thus, able
to generate a value premium, although, clearly, the question is whether it can do so with a
reasonable cross-sectional dispersion of cash-flow risk.

4.8 Conditional versus unconditional value premiums

A novel theoretical implication of our framework is that the presence of discount risk
effects, which are associated with the time-series variation in risk preferences, affects the dy-
namics of the value premium, a feature for which there is already some empirical evidence
(Cohen, Polk, and Vuolteenaho, 2003, Table V). Essentially, discount risk effects interact with
the cross-sectional dispersion in cash-flow risk to induce fluctuations in the value premium,
as shown in Fig. 6. This figure plots the expected excess returns of three assets against the
surplus-consumption ratio, Sy. The dotted line shows the expected excess return of the market
portfolio; the solid line corresponds to the expected excess return of a representative value stock
with high cash-flow risk and low expected dividend growth; finally the dashed line corresponds

to the premium of a representative growth stock with low cash-flow risk and high expected
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dividend growth. As can be seen, when the surplus-consumption ratio is low (high), the value
premium is high (low): Assets with a high value of GiCF are particularly riskier when the
representative agent is highly risk-averse which occurs whenever adverse consumption growth
shocks depress the surplus-consumption ratio, increasing in turn the market premium and its
dividend yield. Thus, in our model, the value premium has a strong predictable component,

being high (low) when the market premium is high (low).

5 Quantitative implications of the model

In this section, we conduct a simulation study to evaluate the extent to which the model
can match the standard return moments both in the time-series and the cross-section, which
can be found in Table 1. The empirical data set is standard and is briefly described in the
legend to Table 1. Panel A shows the mean and standard deviation for the returns on the
market portfolio and the risk-free rate. Panel B shows the predictability regressions of Fama
and French (1988) and Campbell and Shiller (1988) for two different sample periods, which are
meant to emphasize the sensitivity of these results to the particular period under consideration.
Panel C shows the standard statistics for the cross-section of book-to-market sorted (decile)
portfolios. In particular, we report average excess returns for the ten value-sorted portfolios for
two sample periods, 1948-2001 (Panel C-1) and 1926-2001 (Panel C-2). The value premium
is 5.50% in the 1948-2001 sample, which is very similar to the corresponding one in the longer
sample. For the shorter sample, we also report the average market-to-book, the Sharpe (1964)
ratio, and the price-dividend ratio, the latter being the variable along which we are going to
be sorting portfolios in simulated data as the model lacks a counterpart for the book value.
Notice a strong feature of the data: Value stocks have higher Sharpe ratios than growth stocks
and indeed, from the highest market-to-book portfolio to the lowest, the Sharpe ratio almost
doubles

An important regularity concerns the CAPM alphas and betas of these portfolios. For
the postwar sample, there is a flat if not slightly negative correlation between the CAPM betas
and average returns, which is at the heart of the value premium puzzle. Indeed, the alphas
of value stocks are positive and statistically significant and the extreme growth portfolio is
negative and also statistically significant.

The evidence is somewhat different for the prewar sample. Panel C-2 reports the annual-

ized monthly average excess returns for the ten value-sorted portfolios for a sample period going
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back to 1926 as calculated by Ang and Chen (2007, Table 1, Panel A.) Relative to the earlier
sample, the CAPM betas correlate positively with average returns, rather than negatively, and
this gives some hope for the CAPM to address the value premium.®
5.1 Details of the simulation

We simulate 10,000 years of quarterly data for 200 firms that we then sort into ten
portfolios according to their price-dividend ratio (see footnote 4) in an effort to mimic the
standard procedure used in the cross-sectional literature. Table 2 contains the parameter values
that are used throughout. We set the average consumption growth at 2% and its standard
deviation at 1.5%, which should be measured against the value in the postwar sample of 1.22%
and the one for the longer sample starting in 1889, which is 3.32% (see Campbell and Cochrane,
1999, Table 2.) We choose v = 1.5, which is between the values used by MSV, v = 1, and
Campbell and Cochrane (1999), v = 2. This choice implies a steady state value of the local
curvature of the utility function of 'ygfl = 48, higher than the already high value of Campbell
and Cochrane (1999) which is 35. The minimum value of this local curvature is 27.75. Finally
the parameters k and « are similar to the values chosen by MSV.

As for the share process, all our results depend on the ratio 3'/si and not the level
5%, and so we set 3° = 1/200 = 0.005, without loss of generality. The cross-section of stock
returns is sensitive though to parametric choices of other cash-flow parameters, cr, ¢, and v;.
To avoid parameter proliferation, we restrict the share volatility v; = (0,0, ...,0,v;;,0,..).
Given a value for the cash-flow risk parameter, Gich, the first entry by definition must be
vio = 02; r/0c. The second entry—the idiosyncratic part—is chosen constant across all assets

according to the formula, l/?i =72

- max(l/%o), where 7 is a chosen parameter. In other words,
v is the maximum share volatility across assets.

We report first the results for our benchmark case where ¢ = 0.07, which is the value
that MSV (Table I) estimate for the market portfolio, and 7 = 0.55, and Ocr = 0.345%,
which as we will show shortly are values that allow us to match the moments reported in
Table 1. Section 5.3 contains a thorough discussion of the economic significance of these latter
assumptions, focusing especially on their impact on the main trade-off we highlight in this
paper: the tension between discount effects and cash-flow risk effects in what concerns the

cross-section of stock returns. In what follows, we refer to O as the cash-flow risk parameter,

but the reader should keep in mind that it is the support of the cash-flow risk parameters of

80n this point, see also Campbell and Vuolteenaho (2004) and Fama and French (2006), who also show that
notwithstanding the evidence above, the CAPM is still rejected in the longer sample.
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individual assets.
5.2 Simulation of the model

Table 3 is the counterpart to Table 1 but in simulated data.'® As can be seen the
model does a reasonable job at capturing the main patterns of the empirical sample. Panel
A shows that the model generates a sizable equity premium, though a bit low compared to
other simulations of external habit persistence models, and high volatility of stock returns. As
in MSV, the model yields a low risk-free rate though with volatility somewhat higher than
its empirical counterpart. Panel B shows that the model produces the predictability at long
horizons, though the R2s are lower than the ones observed in the empirical data.?°

Why is the equity premium lower in our model than in other external habit persistence
models, such as Campbell and Cochrane (1999) and MSV? This is the result of a feature of our
model that is absent from Campbell and Cochrane (1999) and MSV, namely, the small pre-
dictable variation in expected consumption growth due to general equilibrium restrictions (see
the discussion after Assumption 1.) To gauge the intuition of this result, it is useful to return
to Proposition 1. Consider the case where there is a positive shock to consumption growth.
This immediately translates into a higher price, which is now a claim to a larger dividend.
In habit persistence models, this positive consumption shock gives a second positive jolt to
prices through the increase in the surplus-consumption ratio, .S, which lowers the representa-
tive agent’s risk aversion. Because this makes stocks more volatile and riskier, they command
a larger premium. This is the standard effect in habit persistence models and it corresponds
to the first terms in (18) and (19) for the expected return and volatility, respectively.

In our framework though, shocks to consumption growth and shocks to expected con-
sumption growth are positively correlated. Thus, on average, in the presence of a positive
consumption growth shock, expected consumption growth is also high and this makes the to-
tal wealth portfolio less desirable to a representative consumer with a strong preference for
intertemporal smoothing, as is standard in habit persistence models.?! This is a negative force

on prices which partially undoes the positive effects discussed above. As a result, the volatility

9We do not report t-statistics of simulation results, because the large sample (40,000 quarters) makes them
meaningless. We take the simulated values as population moments and compare them with their empirical

counterparts.
208till, the riskless rate volatility is vastly lower than the one of traditional habit persistence models, such as

Abel (1990) and Boldrin et al. (2001), who report a riskless rate volatility of 17.87% and 24.6%, respectively.
Yang (2007) proposes a model that combines the Epstein-Zin utility framework with habit persistence

precisely to allow for a more flexible specification of the intertemporal elasticity of substitution.
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is lower and so is the required premium when compared to the standard habit model with i.i.d.
consumption growth. This is the second term in both (18) and (19). Notice that this effect
is also bound to affect the strength of the predictability regression. It is important to note,
however, that our model does not generate too much predictability of consumption growth, as
already discussed in footnote 11.

Panel C of Table 3 reports the quantitative implications of the model for the cross-
section. The model generates a sizable value premium of a bit above 5%, though the average
returns of individual portfolios are off by as much as the equity premium is. Interestingly,
Sharpe ratios in simulated data show the same increasing pattern when moving from growth
to value as in the empirical sample: Value stocks are good deals according to this metric both
in the data and in the model. The model is able to generate not just the value premium
but the value premium puzzle as well. Indeed, notice that the CAPM alphas are negative for
two growth portfolios (portfolios 1 and 2) and positive for the rest of the portfolios, which
matches surprisingly well the empirical sample in Table 1. Importantly though, the CAPM
betas covary positively with average returns in the cross-section, a pattern that is consistent
with the 1926-2001 sample (see Panel C-2 of Table 1), but not the postwar sample.

Why does the CAPM fail in our setting? As mentioned already, our model features a
mild time variation in expected consumption growth through the term p,. ; (s¢) = s; ¢ in (3).

The price/consumption ratio of the total wealth portfolio in (17) is a non-linear function of

both the surplus-consumption ratio Sy and expected consumption growth, Pgtw = aOTW (st) +
oW (s;) S]. This result shows that general equilibrium restrictions imply that returns on
the total wealth portfolio PT" are determined by two types of shocks. First, consumption
shocks dC, which affect the price PTW through the level of consumption itself, the surplus-
consumption ratio Sy, and their impact on the systematic component of the variation in shares
s;. The second source of variation of the total wealth portfolio PTW is the component of the
variation in expected consumption growth that is orthogonal to consumption shocks. This is
induced by the idiosyncratic components of shares s;. As these vary, expected consumption
growth changes and so does the price PTW | but this variation is not priced by the habit-
based stochastic discount factor. In essence, the idiosyncratic component of the variation in
expected consumption growth breaks the perfect correlation between the total wealth portfolio
return and the habit stochastic discount factor, which in turn invalidates the CAPM, both
conditionally and unconditionally. We emphasize that, as discussed after Assumption 1, in

multi-asset models the variation in expected consumption growth results from the general
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equilibrium restriction (1). It follows that, in general, we should not expect the CAPM to hold
in a model with multiple trees.??

In conclusion, our model is able to capture to a surprising degree the main characteristics
of the return distribution both in the time-series and the cross-section and thus, seems a useful
lens through which to draw inferences about cash-flow parameters. Specifically, is the value of
Ocr needed to match these moments “high” or “low”? We turn to this question next.

5.8 The cash-flow risk puzzle

In this section, we assess what our choice of the cash-flow risk parameter 6 means for
the properties of the cash-flow process. Evaluating the assumed magnitude of the cash-flow risk
parameter is not easy, as it requires observing asset distributions that accrue to consumers, and
then calculate the hard-to-estimate correlation with consumption growth. Here, we get at this
question by measuring instead the model implied “cash-flow betas,” as defined and estimated
in empirical data by Cohen, Polk, and Vuolteenaho (2009), and compare the model-implied
values to their empirical counterparts.

Specifically, using data from 1928 to 1999, Cohen, Polk, and Vuolteenaho (2009) regress

different measures of firms’ cash-flows on the corresponding measures of market cash-flows as

in, for example,

R—1 R—1
' ' et

Z PepvAd)L ;i = Bero + Bora Z Popy ALYy +el g (26)

= i=0

for each time t and each portfolio p =1, ..., 10. Here, Ad€+j,j+1 is the dividend growth at time

mkt
di’y;

is the dividend growth of the market at time ¢+ j. Finally, p70 py = 0.95 is a discount, and R is

t + j of the portfolio p which was formed j + 1 years earlier, that is, at t — 1. Similarly, A

the number of years over which the average growth rate is computed. They call the regression
coefficient ﬁ% Fi1 the cash-flow beta, as it measures essentially how portfolio cash-flows covary
with aggregate cash-flows.

The empirical estimates of Cohen, Polk, and Vuolteenaho (2009) are reported in Table 4
Panel A. Notice first that empirically, irrespective of the cash-flow measure used, value stocks
have higher cash-flow betas than growth stocks, though magnitudes differ across measures. If

either (accumulated) return on equity, Z?:o P ROE?

t4j.j+10 or (accumulated) dividend growth

22We expressed the issue in terms of shares, but this finding is true more generally. Indeed, in the general set
up in Appendix A we may assume v’ = [v},0,...,0,v%,...]. Shocks to consumption then depend only on dBi,
the first Brownian motion, as the others are diversified away. However, expected consumption growth depends

on the shares, p(s;) =, stpt, whose movement does depend on an aggregation of the idiosyncratic shocks.
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is used as a measure of cash-flow growth, the regression coefficients roughly double when we
go from growth to value stocks. If instead we use (accumulated) earnings growth relative to
market value, (Xf+474 — Xf—l,o) /]\4Ef_1707 the coefficients increase by a factor of ten. Finally
if (accumulated) earnings relative to market, Z?:o o’ (Xf i/ M EY +j_1’j> , is used they
increase almost by a factor of 20.23

Turning now to the model, the first line of Table 4, Panel B reports the cash-flow betas
as estimated from the same regression (26) in simulated data. As one can see, the model
generates the striking pattern uncovered by Cohen, Polk, and Vuolteenaho (2009): Cash-flow
betas increase with book-to-market (i.e., dividend yield in our model).2* This result of our
model stems from the fact that, on average, the procedure of sorting stocks based on their
price/dividend ratio endogenously selects as value stocks those with higher cash-flow risk, as
illustrated in Section 4 (see Fig. 4). Indeed, this effect of the sorting procedure can be seen
in the second line of Panel B, which shows that the average cash-flow risk parameter Hic r is
higher for the value portfolios than for the growth portfolios. We emphasize that the fact that
value stocks have a higher cash-flow risk than growth stocks in our model is a result and not
an assumption, as it solely stems from the sorting procedure.

The cash-flow risk puzzle, which we highlight in this paper, is the observation that
even if the model qualitatively implies that cash-flow betas increase with the dividend yield,
quantitatively the estimates of the cash-flow betas in simulated data are too high, in absolute
values, relative to their empirical counterparts. Indeed, notice two facts: First, our model
produces a spread of cash-flow betas that is comparable to the empirical spread only when cash-
flows are measured as the ratio of earnings-to-market. For any other measure, the empirically
observed spread is much lower. Second, our model generates cash-flow betas for growth stocks
that are negative and large in absolute values, which is also at odds with the data, as all

empirical cash-flow betas, independently of the measure used, are positive.

230ther authors have also found that value stocks have a higher cash-flow risk than growth stocks. For
instance, Bansal, Dittmar, and Lundblad (2005) regress market-to-book sorted portfolios’ dividend growth on
a moving average of consumption growth rates, and find that indeed cash-flow betas are larger for value-sorted
portfolios (see Table 1, Panel A). Similarly, Hansen, Heaton, and Li (2008) show that growth stocks have low
long-run cash-flow covariation with consumption relative to value. We focus on the Cohen et al. (2009) measure,
as it is directly related to our setting, while the measure of cash-flow risk in Bansal et al. (2005) and Hansen et

al. (2008) is related to the loading on the small predictable component in expected consumption growth.
24Cohen, Polk, and Vuolteenaho (2009) argue that this cross-sectional dispersion of cash-flow betas can explain

much of the long-horizon returns of value-sorted portfolios.
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Clearly the question is whether our choice of f¢r can be relaxed in order to reproduce
the return moments of interest in the data while at the same time generating estimates of cash-
flow betas more in line with the data. Tables A.1 and A.2 in Appendix C contain summary
results of simulations under several alternative values of the cash-flow parameters (Ocr, ¢,
7), which are also discussed in detail there. Fig. 7 summarizes these results. The figure
plots the cash-flow beta spread in simulated data against the corresponding value premium
for all these different parameterizations of the cash-flow processes. We also plot Cohen et al’s
(2009) estimates of these cash-flow betas (in diamonds) against the empirically observed value
premium, which is denoted by the vertical dashed line. The key to our model is that there is
a positive relation between the spread and the value premium. As we increase the spread in
cash-flow risk, as measured by ¢, we increase the cash-flow beta spread, ﬁlcoFJ — ﬂlc F1, and
the model does a better job at matching the value premium. The point of this paper is that
the cash-flow beta spread needed to get the model to the vertical line is too high relative to the
empirical measures estimated by Cohen, Polk, and Vuolteenaho (2009). The only exception is
when these authors use clean surplus earnings-to-market as their measure of cash-flows. Recall
though that even this measure implies positive cash-flow betas for growth stocks whereas our
model implies negative ones.

To summarize, a habit formation model calibrated to match the properties of the mar-
ket portfolio needs too much dispersion in cash-flow risk in order to quantitatively deliver a
reasonable value premium; this is what we refer to as the “cash-flow risk puzzle.” Although
our results depend on the specifics of our model, we believe this is a general result pertaining
to external habit formation models a la Campbell and Cochrane (1999), as these models tend
to generate a variation in the stochastic discount factor that induces a growth premium on
stocks whenever there are no differences in cash-flow risk. Indeed, within a different model,
Lettau and Wachter (2007) found a similar result, which they resolve by assuming an unpriced
“sentiment” factor that drives the market price of risk. Here, we take a different route. We
maintain the habit formation specification, but assume instead that stocks differ in their cash-
flow risk, which generates several novel implications, such as that value stocks, endogenously,
have a larger cash-flow risk than growth stocks, and that the CAPM fails because of the implied
time variation in expected consumption growth. Next section highlights additional empirical

predictions of the model for the cross-section of stock returns.
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6 Understanding asset pricing tests

As seen in the previous section, our model is flexible enough to replicate the standard moments
of interest both in the time-series and the cross-section of stock returns, although at the expense
of a large dispersion of cash-flow risk across firms. Notwithstanding this drawback, which is the
analog for the cross-section of the high correlation between returns and consumption shocks in
the original Campbell and Cochrane (1999) model (see, e.g., their Table 7 and the discussion
therein), we can build on this ability of the model to produce plausible magnitudes in the
cross-section to shed light on the economics behind many of the asset pricing tests that have
been proposed in the literature, as well as obtain new testable predictions. First, our model
features a time varying value premium, a novel implication of our framework, and we start
by showing evidence that this is indeed the case in the data and that our model matches to
a surprising degree this time-series variation. We then turn to some standard asset pricing
tests and reinterpret them in light of our model. Thus, for instance, we use our model to
construct an HML like factor, as in Fama and French (1993), and show the reasons for its
good performance as a successful predictor in the cross-section. Similarly, we revisit some
of the conditional CAPM tests that have been proposed recently in the literature. In our
model, the CAPM does not hold either conditionally or unconditionally, but we show that
(misspecified) conditional CAPM tests can “look better” than their unconditional counterpart
precisely because they capture the time-series variation of the value premium that the model
produces as well. In these additional exercises, we use the parameters ¢ = 0.07, 7 = 0.55 and
Ocr = 0.345%, which is, as discussed, our benchmark case.
6.1 The dynamics of the value premium

A novel implication of our framework is the fact that the value premium fluctuates as a
result of the interaction of the two key ingredients of the model, the strong discount effects of
habit persistence models with the cross-sectional dispersion of cash-flow risk as measured by
Ocr > 0. To gauge the presence of this time-series variation in the data, Table 5 Panel A shows
the average excess return of the first and tenth decile portfolio, as a function of whether the
market-to-book ratio of the market portfolio is above or below a certain percentile, denoted by
¢, for the 1948-2001 sample. Thus, the first line shows that the average excess rate of return
of the first decile (growth) portfolio is 13.18% if the market-to-book of the market portfolio
is below the 15th percentile of its empirical distribution and that of the tenth decile (value)
portfolio is 23.57%. The value premium is then 10.38%. Instead, when the market-to-book is
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above the 15th percentile, the first decile portfolio has an average excess return of 5.73% and
the tenth portfolio has one of 10.35% for a total value premium of 4.62%, which is considerably
lower than the previous one. This pattern holds for any cut-off point: The value premium is
higher whenever the market-to-book of the market portfolio is low, which are also periods
where the average excess return of the market is high, as shown in the columns headed by R,

Panel B of Table 5 reports the same calculations as in Panel A, but in simulated data.
The only difference is that, naturally, instead of using the market-to-book, we use the price-
dividend ratio of the market portfolio to identify the state. The pattern is indeed very similar
with the only exception of the level of the premiums which is, as already discussed, lower
than in the data. The value premium is higher when the price-dividend ratio of the market
portfolio is low than when it is high. For instance, when the price-dividend ratio of the market
portfolio is below the 15th percentile, the value premium is 10.90% whereas when it is above,
it is only 4.15%, very close to their empirical counterparts. In summary then, the discount risk
effects needed to replicate the time-series properties of the market portfolio interact with the
cross-sectional dispersion in cash-flow risk to generate variation in the value premium: Value
stocks are particularly risky during bad times, periods when the aggregate market premium
and its dividend yield are high relative to their unconditional mean, both in the data and the
model.?
6.2 The CAPM and the Fama-MacBeth regressions

As discussed at the beginning of Section 5, the CAPM is not able to price stocks sorted
by market-to-book, the value premium puzzle. We already discussed the value premium puzzle
in Section 5.2 and the performance of our model then; thus, for brevity, we do not repeat the
comments here. However, there is one noteworthy point to make in relation to the standard
tests of the CAPM via Fama and MacBeth (1973) cross-sectional regressions. To illustrate
the issue, the first line of Panel A of Table 7 reports the classic results about the failure of
the CAPM via Fama-MacBeth regressions: the intercept is positive, the market premium is
negative, and the cross-sectional R? is small. Line 5 of Panel B in the same table reports the

performance of Fama-MacBeth cross-sectional regressions in artificial data. As can be seen,

2%To further investigate the properties of the conditional variation in the value premium, we also ran a
regression of the return on HML on the value spread, the difference between the dividend yield of the value
and growth portfolio, as in Cohen, Polk, and Vuolteenaho (2003, Table V), and find that the value spread is a
statistically significant predictor of the return on HML for several horizons. In the interest of space, we do not

report these results, which are available from the authors upon request.
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the CAPM produces a good fit with an R? of 91% and thus, it appears that in our model, the
unconditional CAPM works well, in contrast with our earlier findings in Table 3. The reason
for this difference is that in our simulated data, the CAPM betas correlate positively with
average excess returns (see Table 3 and Fig. 5). Thus, cross-sectional regressions that impose
no constraints on the level of estimated market premium tend to induce a good fit as measured
by the R?. But this is misleading, as the rejection of the model comes from the comparison of
the market premium implied by the cross-sectional regression, which is 10.24% (= 2.56% x 4),
and the market premium computed from the time-series of returns, which is 4.35% (see Table
3 Panel A.) That is, in general, the cross-sectional R? is a poor indicator of the performance
of an asset pricing model.20
6.3 Understanding HML and the Fama and French (1993) model

In their seminal paper, Fama and French (1993) advance a new factor, HML, that is
able to correctly price value-sorted portfolios. Since then, the Fama and French (1993) model
has become a standard benchmark in asset pricing tests. How well does an HML factor work
in our setup? To answer this question, we construct an HML factor in artificial data that is

long the three top decile portfolios and short the bottom three. Table 6 presents the results of

time-series regressions,
Rf:a+ﬂMRi]\/[+ﬂHMLR£IML+e€ for p:1,2,,10

Panel A shows the results in the case of the empirical data. The results are well-known.
The intercepts go down considerably and only one of them is statistically significant; value
(growth) stocks have a large (small) loading on HML and the inclusion of HML in the time-
series regression collapses the betas on the market portfolio around 1.0 (see Fama and French,
1993, pp. 21-26).

Panel B shows the time-series regression in simulated data. Turning first to the loadings
on the market portfolio, notice that, as it was the case in the empirical sample, adding HML
to the time-series regressions has the effect of reducing the spread in the estimates of 3%, and
collapse them around 1.0. As Fama and French (1993) note, this pattern is related to the

negative correlation between the market and the returns on HML.

26This message has recently been emphasized by Lewellen and Nagel (2006) and Daniel and Titman (2006):
A small but slightly positive cross-sectional covariation between betas and average returns can result in the
unwarranted support of asset pricing models that fail to impose economically based restrictions on the size of

the premiums of the proposed factors.
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As for the loading on the HML portfolio, notice that it has a strong cross-sectional
variation which reflects the cross-sectional variation in the underlying cash-flow risk of the
different portfolios. Indeed, the loading on HML of the growth portfolio is —0.28, whereas that
of the value portfolio is 1.07. Also the size of the intercepts of the time-series regressions drop
considerably relative to the size of the intercepts when only the market portfolio is present.?”
Moreover, there is no longer any pattern in the variation of the intercept across decile portfolios,
which shows that HML is capturing the systematic pattern of misspricing shown in Panel A.

The evidence in the Fama-MacBeth regression confirms the time-series evidence. Line 2
of Table 7 Panel A shows that HML enters significantly and the estimated size of the premium
on HML is very close to the average excess return of the HML portfolio. This is also the case
in our simulated regression, which is shown in line 6 of Panel B in Table 7. The coefficient on
the loading on HML is very similar to its empirical counterpart and, once annualized, close to
our estimated average excess return on the HML portfolio, which is 3.21%. Thus, the inclusion
of HML in the cross-sectional regression aligns the portfolios correctly, as the intercept is now
close to zero and the (quarterly) market premium equals 1.31%, which annualized is 5.24%,
still higher than the average market return in simulation (4.35%), but much smaller than the
one obtained for the CAPM case.

6.4 Conditional asset pricing models

Conditional asset pricing models have been proposed recently to address the inability
of the CAPM to explain the value premium. The idea, as advanced by Hansen and Richard
(1987), is that the CAPM may fail unconditionally, but may hold conditionally, and thus, tests
of the CAPM that ignore conditioning information are misspecified. Researchers have reacted
to this observation by using as proxies for investors’ information set variables that are known
to forecast returns in the time-series.?® Typically, this has led to tests of multifactor models
where the additional factor, other than the market, is the market itself interacted with the
proposed conditioning variables.

Lines 3 and 4 in Panel A of Table 7 show that conditioning by the dividend yield of

the market portfolio and the cay variable of Lettau and Ludvigson (2001) results also in a

2"Notice that the value-weighted sum of the alphas should be equal to zero. Given that the only negative
alpha is that of the growth portfolio, it must be the case that some of the assets in the growth portfolio must

have extreme prices. We thank Gene Fama for pointing this out to us.
28Gee, among others, the conditional asset pricing models of Jagannathan and Wang (1996), Ferson and

Harvey (1999), Lettau and Ludvigson (2001), and Santos and Veronesi (2006).
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coefficient for the instrumented market that is strongly significant. In addition, the R? is
an impressive 83% and 81%, respectively. Line 7 of Panel B shows that our model does
well also in this dimension. When we interact the returns of the market portfolio with the
simulated dividend yield of the market portfolio, we obtain a coefficient of similar magnitude
to its empirical counterpart.?? These conditional asset pricing models capture the fact that
value stocks become relatively riskier in bad times, a feature for which our model provides an
explanation, as shown in Table 5 and Fig. 6. In our setup, the conditional CAPM does not
hold, but it does better than its unconditional counterpart because it captures the conditional
effects that arise out of the interaction of discount effects with the cross-sectional dispersion

g
in O p.

7 Conclusions

Two sources of risk combine to determine the time-series properties of the market portfolio and
the cross-sectional properties of stock returns: discount risk and cash-flow risk. Campbell and
Cochrane (1999) argue that time variation of the market price of risk—i.e., discount risk—is
important to reconcile many empirical facts about the aggregate market portfolio. We show
that this channel though imposes tight restrictions on the cash-flow properties of value versus
growth stocks. Specifically, the natural growth premium that habit formation preferences
generate on firms that only differ in their expected dividend growth requires a large cross-
sectional dispersion in cash-flow risk across firms to generate a value premium.

Under this restriction, the model performs well, yielding most of the stylized facts about
the time-series and the cross-section of stock returns. In particular, besides matching the
conditional properties of the market portfolio, as in Campbell and Cochrane (1999), our model
also generates a sizable value premium, a countercyclical value premium, the failure of the
CAPM, and the better performance of factor models and conditional CAPM models.

Yet, in order to match the properties of both the aggregate market portfolio and the cross-
section of stock returns, the large dispersion of cash-flow risk that we must assume generates
a “cash-flow risk puzzle”: In our simulations, as in the data, value stocks have (endogenously)
higher cash-flow risk than growth stocks, but too much dispersion in cash-flow risk is required
to generate the value premium observed in the data. The cash-flow risk puzzle may arise from

various sources, such as the much larger noise in the cash-flow data compared to our simulated

29We do not report the results for cay as in our setting, cay is perfectly correlated with log(D/P).
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data, which would tend to decrease the size of the “cash-flow beta” due to attenuation bias.
We view our model as a first step into understanding the sources of risk that explain both the
time-series and the cross-section of stock returns. Indeed, an important message of this paper
is that we cannot study one set of empirical facts independently of the other: any story that
attempts to quantitatively explain the cross-section of stock returns must also be consistent
with the time-series properties of the market portfolios. Otherwise, the parameterization that

is used to obtain quantitative predictions at the cross-sectional level may be quite misleading.

30



References

Abel, A., 1990. Asset prices under habit formation and catching up with the Jones. American
Economic Review 80, 38-42.

Ang, A., and Chen, J., 2000. CAPM over the long run: 1926-2001. Journal of Empirical
Finance 14, 1-40.

Bansal, R., Yaron, A., (2004). Risks for the long run: A potential resolution of the asset
pricing puzzles. Journal of Finance, 59, 1481-1509.

Bansal, R., Dittmar, R., Lundblad, C., 2005. Consumption, dividends, and the cross-section
of stock returns. Journal of Finance 60, 1639-1672

Berk, J., Green, R., Naik, V., 1999. Optimal investment, growth options, and security returns.
Journal of Finance 54, 1553-1607.

Boivin, J., Giannoni, M., 2005. Has monetary policy become more effective. Unpublished
working paper. Columbia University.

Boldrin, M., Christiano, L., Fisher, J., 2001. Habit persistence, asset returns, and the business
cycle. American Economic Review 91, 149-166.

Brennan, M., Xia, Y., 2005. Risk and valuation under an intertermporal capital asset pricing
model. Journal of Business 79, 1-36.

Brennan, M., Wang, A., Xia, Y., 2004. Estimation and test of a simple model of intertermporal
capital asset pricing. Journal of Finance 59, 1743-1775.

Campbell, J., Shiller, R., 1988. The dividend-price ratio and expectations of future dividends
and discount factors. Review of Financial Studies 1, 195-227.

Campbell, J., Cochrane, J., 1999. By force of habit: A consumption based explanation of
aggregate stock market behavior. Journal of Political Economy 107, 205-251.

Campbell, J., Vuolteenaho, T., 2004. Bad beta, good beta. American Economic Review, 94,
1249-1275.

Campbell, J., Polk, C., Vuolteenaho, T. 2005. Growth or glamour? Review of Financial
Studies 23, 305-344.

Christiano, L., Eichenbaum, M., Evans, C., 2005. Nominal rigidities and the dynamic effects
of a shock to monetary policy. Journal of Political Economy 113, 1-45.

Cochrane, J., Longstaff, F., Santa-Clara, P. 2008. Two trees. Review of Financial Studies 21,
347-385.

Cohen, R., Polk, C., Vuolteenaho, T., 2003. The value spread. Journal of Finance 58, 609-641.

31



Cohen, R., Polk, C., Vuolteenaho, T., 2009. The price is (almost) right. Journal of Finance
64, 2739-2782.

Constantinides, G., 1990. Habit formation: A resolution of the equity premium puzzle. Journal
of Political Economy 98, 519-543.

Daniel, K., Marshall, D., 1997. The equity premium puzzle and the risk-free rate puzzle at
long horizons. Macroeconomic Dynamics 1, 452-484.

Daniel, K., Titman, S., 2006. Testing factor-models explanations of market anomalies, Un-
published working paper. Kellogg School of Management, Northwestern University.
Detemple, J., Zapatero, F., 1991. Asset prices in an exchange economy with habit formation.
Econometrica 59, 1633-1657.

Fama, E., French, K., 1988. Dividend yields and expected stock returns. Journal of Financial
Economics 22, 3-27.

Fama, E., French, K., 1992. The cross-section of expected stock returns. Journal of Finance
47, 427-465.

Fama, E., French, K., 1993. Common risk factors in the returns on stocks and bonds. Journal
of Financial Economics 33, 3-56.

Fama, E., French, K., 1996. Multifactor explanations of asset pricing anomalies. Journal of
Finance 51, 55-84.

Fama, E., French, K., 1998. Value versus growth: The international evidence. Journal of
Finance 53, 1975-1999.

Fama, E., French, K., 2006. The value premium and the CAPM. Journal of Finance 61,
2163-2186.

Fama, E., MacBeth, J., 1973. Risk return and equilibrium: Empirical tests. Journal of Political
Economy 71, 607-636.

Ferson, W., Constantinides, G., 1991. Habit persistence and durability in aggregate consump-
tion: Empirical tests. Journal of Financial Economics 29, 199-240.

Ferson, W., Harvey, C., 1999. Conditioning variables and the cross-section of stock returns.
Journal of Finance 54, 1325-1361.

Giannoni, M., Woodford, M., 2004. Optimal inflation-targeting rules. In: Bernanke, B.,
Woodford, M. (Eds.), The Inflation Targeting Debate. University of Chicago Press, Chicago,
pp. 93-162.

Gomes, J., Kogan, L., Zhang, L., 2003. Equilibrium cross-section of returns. Journal of

Political Economy 111, 693-732.

32



Hansen, L., 2008. Modeling the long run: Valuation in dynamic stochastic economies. Unpub-
lished working paper. University of Chicago.

Hansen, L., Richard, S. 1987. The role of conditioning information in deducing testable re-
strictions implied by dynamic asset pricing models. Econometrica 50, 1269-1288.

Hansen, L., Heaton, J., Li, N., 2008. Consumption strikes back? Measuring long run risk.
Journal of Political Economy 116, 260-302.

Heaton, J., 1993. The interaction between time-nonseparable preferences and time aggregation.
Econometrica 61, 353—-385.

Heaton, J., 1995. An empirical investigation of asset pricing with temporally dependent pref-
erence specifications. Econometrica 63, 681-717.

Jagannathan, R., Wang, Z., 1996. The conditional CAPM and the cross-section of stock
returns. Journal of Finance 51, 3-53.

Johnson, T., 2006. Dynamic liquidity in endowment economies. Journal of Financial Eco-
nomics 80, 531-562.

Lettau, M., Ludvigson, S., 2001. Resurrecting the (C)CAPM: A cross-sectional test when risk
premia are time-varying. Journal of Political Economy 109, 1238-1287.

Lettau, M., Wachter, J., 2007. Why is long-horizon equity less risky? A duration-based
explanation of the value premium. Journal of Finance 62, 55-92.

Lewellen, J., Nagel, S., 2006. The conditional CAPM does not explain asset-pricing anomalies.
Journal of Financial Economics 82, 289-314.

Li, Y., 2001. Expected returns and habit persistence. The Review of Financial Studies 14,
861-899.

Liew, J., Vassalou, M., 2000. Can book-to-market, size, and momentum be risk factors that
predict economic growth. Journal of Financial Economics 57, 221-245.

Martin, I. 2009. The Lucas orchard. Unpublished working paper. Stanford University.
Menzly, L., Santos, T., Veronesi, P., 2004. Understanding predictability. Journal of Political
Economy 112, 1-47.

Parker, J., Julliard, C., 2005. Consumption risk and the cross-section of expected returns,
Journal of Political Economy 113, 185-222.

Pastor, L., Veronesi, P., (2003) Stock valuation and learning about profitability. Journal of
Finance 59, 1749-1789.

Ravn, M., Schmitt-Grohé, S., Uribe, M., 2006. Deep habits. Review of Economic Studies 73,
195-218.

33



Santos, T., Veronesi, P., 2006. Labor income and predictable stock returns. The Review of
Financial Studies 19, 1-44

Sharpe, W., 1964. Capital asset prices: a theory of market equilibrium under conditions of
risk. Journal of Finance 19, 425-442.

Smets, F., Wouters, R., 2003. An estimated stochastic dynamic general equilibrium model for
the euro area. Journal of the European Economic Association 1, 1123-1175.

Smets, F., Wouters, R., 2004. Shocks and frictions in US business cycles: A Bayesian DSGE
approach. Unpublished working paper. European Central Bank.

Sundaresan, S. 1989. Intertemporal dependent preferences and the volatility of consumption
and wealth. The Review of Financial Studies 2, 73-88.

Vassalou, M. 2003. News related to future GDP growth as a risk factor in equity returns.
Journal of Financial Economics 68, 47-73.

Wachter, J. 2000. Habit formation and the cross-section of asset returns. Unpublished doctoral
dissertation, Ch. 4. Department of Economics. Harvard University.

Yang, W. 2007. Habit persistence in the Epstein-Zin utility. Unpublished working paper.
University of Rochester.

Zhang, L. 2005. The value premium. Journal of Finance 60, 67-104.

Appendix A. Some additional results
The Aggregation Problem: It is useful to see the nature of the difficulty of imposing a general equilibrium
restriction Cy = E;L:l D! when working with multiple assets. To understand these restrictions and the nature

of our Assumptions 1 and 2, define D; = (Dtl, ey Df)l and assume that

dg; — iy (D) dt + v}dB, (27)
for some generic drifts /ﬁb (D). Assume that v; is an n X 1 constant vector, and dB; is a n X 1 vector of
Brownian motions. From the general equilibrium restriction Cy = ;L:l DJ and Ito’s Lemma, the process for
aggregate consumption is

%C;t = p, (s¢) dt + o (s) dBy, (28)

where s; = (stl, e 5?)/ = (D% /C, sy Df/Ct) are shares of consumption produced by dividends, and

n

no(s) = siuhy  and  oe(s) = > sive. (29)
=1

i=1
The main difficulty in obtaining tractable expressions for asset prices lies in the dependence of p,. (s¢) and
o (s¢) on the shares s;. Assumptions 1 and 2 in the body of the paper restrict the volatility of consumption
to a constant, but retain the time variation in the drift rate of consumption, although in a specific form. Our
specific assumptions not only allow us to obtain closed-form solutions for assets, but the mild predictability in

expected consumption growth also invalidates both the conditional and unconditional CAPM.
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We note that in this setting, the cash-flow risk is given by

Cov (th dct) =vio.(s;) = Z siviv;. (30)
j=1

Di’ Cp
Finally, an application of Ito’s Lemma to s = Dj/C} when the processes of D and C; are given by (27)

and (28) shows that the volatility of the share process ds; is as in expression (5).

The habit dynamics: If X; = )\ffoo Y0 dr, we have dX; = A (C; — X;)dt. Define then G, =
f(Cy, Xy) = (Ct/ (Cy — Xy))". We then have

1
fo = -Gy (G; - 1) ct
1 2 1 149 72
foo = m—l)G(G:fl) +2w(czfl)G: G
f - G #
X = 7 t(ct — Xt)7

1 1
where we used G, = C;/ (Cy — X;) and G — 1 = X/ (Cy — X;). Ito’s Lemma then yields

dGy = {pg (Gi) — 06 (Ge) poy (s0) } dt — o (Ge) ocdBy,

where
1 1 2 1 1
pe (G = MG+ -6 (6] —1) aten (6 1)l ot mes@om. @)
1
oG (Gt) = ’YGt <Gt’y - 1) . (32)

Appendix B. Proof of propositions
Our strategy to obtain prices and returns in our economy is standard. Given (13), the stochastic discount
factor is given by
me = eipt (Ct — Xt)77 = eiptC;’YGt.
We use Ito’s Lemma and our assumptions on the dynamics of C; and Gy = S; 7 to obtain

d
M _ _fdt+ o),dBy,
me

where the first, and only non-zero, entry in the diffusion component vector, o,,, is given by
o =—[y4+a(l—=AS]) 0. (33)
Then we exploit our assumptions on the dynamics of Cy, Gt = S; 7, and s} to solve for
Pl = E, [/m (ﬁ> DidT:| =F [/m (ﬁ> iCTdT] (34)
t my t my

in closed-form. We then use (34) to compute returns and calculate the expected excess returns

dm

By [dRi] = —cov ( t,dRi) = —ol,oh, (35)

me
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where % is the diffusion component associated with the returns of asset .

Proof of Proposition 1. This is a corollary to Proposition 2, and it is proved below.
Proof of Proposition 2. The pricing formula is

Et I:/ 67;1(7-715) Ue (CT7XT)D;dT}
t

Pi
¢ Ue (Ct,Xt)

C)G;E; U e—f’“—t)ciﬂ(;fsim} .
t

We divide the proof in two parts: First, we obtain a general pricing formula which depends on the state variables.

Second, we obtain analytical solutions for the coefficients of these state variables.

Part a.1: A pricing formula. For this proof, it is convenient to rewrite the share processes in its general form as
ds; = Z sI\jidt + sy (ul—siu) dBy,
j=1

where \j; = ¢35, for i # j, and X\ = *Zj;ﬁi Aij = fgsz;ﬁi? = —¢ (1 fEi) = ¢5' — ¢. Define the two
quantities

g =C; "Gisi and pp=C, s
and the 2n x 1 vector y+ = [q¢, pt]). An application of Ito’s Lemma and tedious algebra shows

-~

dyt = Ayytdt + Ey,tdBt,

where L
- A +6, 64
! 0 AN+6, |’
A=9¢(Ex1)), ©; for i = q, p, qp are diagonal matrices with ¢i element given by
~i 1 i i
O, = (1=ME—gv(@-7oi—k—(1-yoiat(1-7)0 —ab
0o, = kG+(1—7)0%a)+ ard’
~i _ 1 i
b = (1-MhE—57A-noc+1-1¢,

and X, ; is an appropriate matrix. Assuming existence of the expectation in the pricing function, we can apply
Fubini’s theorem

Pl =C)G;'E, V e_p(T_t)y:dT} = CQG;l/ E, [e‘””—”y:] dr.
t

t

The expectation in the integral can be computed as follows: Let w be the vector of eigenvalues of Ky, [e“’(Tft)]
the diagonal matrix with 7 element given by e*¢("~% and U the matrix of associated eigenvectors. Then, we
can write

2n 2n

E, [e_p(T_t)yi] =y U [ew(f—t)] U ye P = Zzuike(wk—p)(f—t) [U]_kl] Yit,

k=1j=1

where [u]_kl} is the jk element of U~1. Substituting into the expectation, and taking the integral, we find

%) ( Ny 2n 2n Uik [u;kl] 2n )
[Ty ar = S, S
t =1

—w
ke1j=1 P k
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where

) 2N Uik |:’U/l;j1i|
po=S LM
k—1 P Wk
Below, we obtain these coefficients in closed-form. Note, however, that by substituting y;: = g;: for j =1,...,n

and yj: = pj—n,t for j =n+1,..,n we obtain
C)G;'E, U e*"“*”yidf} =Gt (Z bi;q + Zbgjpj,t>
t =1 j=1

crayt <ct”Gt > bigsi+ G Zb;jsg)
j=1 j=1

= > (b + b7 s

Jj=1

p}

Part a.2: Analytical formulas for bi,j and bé,j, We finally obtain a closed form formula for b;’s, and thus, of
bij and béj. First, note that we can write
b= U-(Q71) Uy,

where €2 is the matrix with the eigenvalues of Ip—Ky on the principal diagonal. But then, since U- (Q_l) U l=
—~ -1
(Ip — Ay) , we have that fori =1,....,nand j=1,...,2n

Making this explicit, for every ¢ = 1,..,n (row) we have
2n )
Zb; (Ip—Ay) =,
j=1 !

where (Ip—Ky) _is the jth row of (Ip—Ky) and ¢; is a (1 X 2n) row vector with 1 in ¢th position, and zero
elsewhere. For ejvery i, we have a system of equations that pins down b;- for all j = 1,..,2n. We now solve
this system of equations. To limit the number of indices involved, we do this exercise for i« = 1. Of course, the
methodology works for every i. For ¢ = 1 we have then the following two systems of equations. The first holds

for j = 1,..,n and the second for the remaining n rows:

bl (p—¢§1+¢—§;) ~Sbles; = 1 (row 1)
Jj=2
1,1 1 _2 ~2 - 1,—
—bigs' + 03 (p— 05" +6-0,) =D bjés; = 0 (row 2)
j=3
n—1 N
— 3" bles; + b, (p—¢§"+¢—eq) -0 (row n)

=1
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~1 n
“bi04 + bhn (p— 65+ 0= 0,) = D blyyss = 0 (row n + 1)
j=2

~2 n
—b02, — bl $Fr + b (p P4 9p) ~ S bhids = 0 (tow n + 2)
j=3
n—1 N
005 — S b5 + b (p— 65" +6—0,) = 0 (row 2n).
j=1
The first set of equations is readily solved. In fact, we can write
n .
bi = agtogxéy b
j=1
by = af; X(ﬁZb;Ej for k=2,..,n,
j=1
where
Clq = 7/\7;.
(p + ¢ - 9q>
Multiply both sides of each row k = 1,...,n by 3* and sum across rows to obtain
> b =5'ag+ > slag (q&Zb;sJ) .
j=1 j=1 j=1
Define the constants "
i 1
Hq = ]'_ZISJQ“ZI and Kq = 1_7%
Solving for ;7:1 b;?j we obtain the quantity
n
Zb;sj =3'a,K,
j=1
Thus,
bi = ag+axés ok, (36)
b, = a’; x ¢5' ag K, for k=2,.,n. (37)

Hence, the first term in the price-consumption ratio obtained earlier, i.e.,

n n

Pl ) .
7615 = E b%jsg + E b%ﬁi&?v
t )
J j=1

=1
is given by
n n
1 g 1.1 11 k_j
Z bijs] = agsy + ¢35 a K, Z Qg sy,
j=1 j=1
where recall that for 7 = 1,...,n we defined earlier bij = bjl-.

We now turn to the second system of equations, which for k£ = 1,...,n can be rewritten as

n
1k 1 —j 1 _kpk
anrk = ap¢ E aner + bkapeqp

Jj=1
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with

k 1
Qp = 7
(P +¢— 91))
and by, given in (36) - (37). Substitute by, first, to obtain
n .
brsr = 0pd Y bnii& 4 g+ apg X ¢5 g K
j=1
gk = 050D b8 + opgds agK,,
j=1

where
k
Qpqg = apeqpaq
As before, for k = 1,..,n multiply both sides by 5® and sum across k’s to obtain

Z§kb;+k = a;qgl + ( s ap) ¢an+]s (
k=1

k=1

n

B ozpq> ¢s' 0y K

k=1

Let

and solve for >°p_, 5b; ., to find

n n
k1 11 _k_k 11
E 5 btk = Qpgs Kp + ( S apq) ¢5 o Ky Kp,
k=1

k=1 =
where
K — 1
" (1-¢H,)
Substitute back into b}, and b;_,rk and find
bn+1 = Oé;l,q + 31 g%
bn+k = E191%7

where for k =1,...,n

gi = aq¢{ oy (a;o;qm + (Zsja;q> qSKqu) + o/;qKq} )
j=1

Thus, the second part in the price-consumption ratio is given by

ZbQJSt - apqst + 51 ngst

Generalizing the above derivations for every ¢ = 1,...,n, we can finally write
P} ; ; ; 3 ; 5t
T =ab+aisy +ab(e0 () +ai o (5) 7
t t

t
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where

ay = o= !
(P+¢*9q)
Q= Qpg = ipq i
(p+¢ Hq)(0+¢_0p)
ay(st) = 6agKq (s; o)
Oéé(st) = S:ﬁ gi7
where
ot = i { (03,1, + (5 tpa) 61K, ) + 0l K, )
and
~i 1 i
I = a-mm-0-)(jr+a)et -kt a-r-a)0
0,y = KG+(1—7)02a\+ard’
~i _ 1 i
0, = (1*v)uc*§7(1fv)03+(1*7)9~

Proof of Proposition 3. The diffusion component of stock returns is given by

SYa(1—AS) 1
ORt = — ( £) Oc+ + 77n ob (s¢) + ZthC’D (st)-
i (5s) + 87 L+ f3 (Sus0) (%) =

In fact, we can write
P =C, (aési + ab (s¢)5 + (aisi +ad (st)gi) S“’) .
Define by S, = SY = G '. Using Ito’s Lemma, it is immediate to see that the diffusion of ds is given by
os(S")=S]a(l—XS))o
Thus, an application of Ito’s Lemma shows that the diffusion term of P} is given by
(afsi+ ab (st)*i) Sfa(1—ASY)
(oaost +ab (s)) s + (alst +al(st)s ) S'Y)

a +aiS))1 —|—¢aKo¢ +4i
3 S s ey o )
aost + o (s) 5 + (alst+a3 (s¢)s )S )

ORt = Oc +

where 1(;; is the indicator function for k = 4. Since o, (s¢) = oc + o' (s¢), and since by construction

i (af + a1 Sy )1{k iy + o Kyap + gi, L
(adsi+ ab (s1) 5" + (aisi+ af (s1)5") S7) ! ’

k=1
we can rewrite

a%t _ S'Y ( )\S'Y C—I—Z ao—f—alS)l{k 1}+¢ocqKaq+gk E ok
’ ( /St,St)-f—S’Y ozost—|—oz2 (s¢) 5 —|—(alst—|—a3 (st)s )SZ’)

Sfa (1 —ASY)
fi (5% /sisse) + 57

e p b (50 + D mah (s0),
L+ fa2(S5s1) (%) =

c
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where

)
)

S ab + ad (s ‘/s
fi(5siss) = resa (s
al + o (st) (l/s

)

ab (st) +ak (s)) S
ab +at Sy

12
t
7
t

f2(S;s) =

and ) X N
(qﬁafququ + gi) St

= : kI . . 39
e (afsi 4 o (se) 5 + (aisi + aj (s)5") S7) (39)
Note also that ) )
Fi < 0if and only if 22(8) @b _ 1

oy (s) aj a}0pq

Finally, the expected return is obtained from o g by using the formula

E, [dRi] = —Cow, (th, dm) .

me

Q.E.D.

Proof of Proposition 1. The price-consumption ratio of the total wealth portfolio can be obtained by simply

adding the prices of individual securities. In particular, we find

ag " (se) = Zaf]si + ZgﬁgiaéKq Z o/;s{ = (1 + K5 aq) oy st
aTvw (s¢) = Zapqst + Z(bs Z {ap (aqu —l—sapq(ba KK, ) + apqa LK, }st
i=1

Algebra shows

1
adW(s)) = T om, ay s
q
1 _
ai” (s) = 1— 6H, ((aepst) KpgSapg + aupgst) -
q

We now turn to the computation of the volatility and expected returns of the total wealth (T'W) portfolio.
An application of Ito’s Lemma to P/ = Ci (g™ (s¢) +af " (s¢) S7) implies that the diffusion part of the
TW portfolios is given by

oW = oot o™ (s,) SYa(1—ASY)
o T adW(s) + 8] x oV (sy) ‘
aq + 8] (Kpgsapgap + tpg)
oy se + 5 x ((apst) Kp¢Sapg + otpgst)
o, 4 Sto(l= +z”: {ad + 87 (KpdSapeal, + o) } s (l/j—s'~u)
W (se) + 57 <> noy {ak + 57 x (Kpdsapgal + af,) } st

I(s:) o (st)

SYa(1—ASY)
= e C+wa ob (5)

with
AV (s0) = 2050



and where )
WV — {O‘Z + S/ (quﬁapqaf, + O‘grq)} 51
o Doy 1ok + 87 x (Kpgsapgak +af,) } st

are weights such that J ijtW = 1. Given the form of the stochastic discount factor, we obtain

E; [thT W] — —Cow, (thTW, dmt)

me

SYa (1 —\S7) " rw
= +a(l—-XS7 o Tt g+ r'w _jc )
(v +a( ) {flTW (s0) + SQU ;wﬂ OCFt

Q.E.D.

Appendix C. Simulation results under different parameterizations

In this appendix we discuss the simulations results under different parameterizations, contained in Tables
A.1land A.2.

C.1 Return characteristics under different parameterizations

Columns 1 to 3 of Table A.1 report the combination of cash-flow parameters used in simulations. Columns
4 to 11 report the results for the total wealth portfolio and risk-free rate, while columns 12 and 13 report the
value premium. In boldface we report the benchmark case discussed in the previous sections.

The properties of the total wealth portfolio return (columns 4 and 5), interest rate (columns 6 and 7)
and return predictability (columns 8 to 11) are empirically reasonable across parameter choices, although some
differences exist across the various cash-flow parameter combinations. These differences are driven by general
equilibrium restrictions, as the properties of the aggregate portfolio depend upon the properties of individual
stock returns, and thus, on the characteristics of the individual cash-flow dynamics. The main impact of the
general equilibrium restrictions on the total wealth portfolio is that it induces a small predictable component in
expected consumption growth (see the discussion in Section 5.2.) In particular, as we increase the cash-flow risk
Ocr, the term Peq (St) = sy Ocr in (3), which governs the forecastable component in expected consumption
growth, varies more and as a result, consumption growth becomes more predictable. This higher predictability
of consumption growth decreases the average equity premium. To reiterate the intuition, our model features
a low elasticity of intertemporal substitution and this translates into a declining price/consumption ratio in
the presence of an increase in expected consumption growth; because the latter is positively correlated with
consumption shocks, it follows that the equity premium declines as ¢ increases. This argument is also behind
the lower long-return predictability in our model relative to other external habit persistence models.

Turning now to the cross-section of stock returns, column 12 of Table A.1 reports the difference in average
return between the value portfolio (portfolio 10, with low P/D ratio) and the growth portfolio (portfolio 1, with
high P/D ratio). We see that for each level of ¢ and for each level of share volatility 7, as we increase the
cash-flow risk parameter from Ocr =0toOcp = 0.345%, the value premium moves from negative (i.e. a growth
premium) to positive. The intuition behind this result was discussed in Sections 4.2 and 4.3 and summarized
in Fig. 2 and 4. Table A.1 shows that indeed, the model is able to quantitatively match the value premium for
several parametric specifications, in addition to the one used in our benchmark case (in boldface).

Column 13 of Table 3 shows the CAPM fitted value premium. For each simulated portfolio ¢ we compute

the CAPM implied expected return, 7 = B7™, where 7™ is the simulated average market excess return, and
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B¢ = cov(ri, ™) Jvar(r™) is the market beta. The last column reports the difference in CAPM expected return
between the value portfolio (portfolio 10) and the growth portfolio (portfolio 1). If the CAPM gave a good
description of the model, we would obtain a spread identical to the difference in average return in column 12.
The last column of Table A.1 shows that this is not the case when fcr is high. Why does the CAPM fail in our
setting when OcF is high? In our model, a high OcF yields a mild time variation in expected consumption growth
through the term i, , (st) = s{ Ocr, a time variation which, as discussed earlier in Section 5.2, invalidates the
CAPM.

At this point, it is perhaps useful to return to the evidence concerning the CAPM in the longer sample.
As we showed in Table 1 Panel C-2, and unlike the postwar sample, betas and average returns correlate positively
in the cross-section in the 1926-2001 sample and the CAPM can, at least partially, explain some of the value
premium. If generating a big gap between the simulated value premium and the CAPM fitted value premium
is not an objective, one can greatly improve the performance of our model, particularly in what refers to the
market portfolio. Indeed, consider the parameterization ¢ = 0.07, 7 = 0.40 and Ocr = 0.3%. In this case,
notice that as shown in Table A.1, the value premium is a respectable 4.91%, close to the empirical counterpart
in the long sample of 5.76%, but more importantly the simulated equity premium is a robust 7.06% and the
volatility is 17.37%, which are much closer to the empirically observed values (see Table 1). Thus, the model
is quite capable of matching the fundamental moments in the time-series and the cross-section at the expense
of a relatively good CAPM fit of the value premium, which is consistent with the evidence in the long sample.

But as we show next, the cash-flow risk puzzle obtains in all these alternative parameterizations.
C.2 Cash-flow characteristics under different parameterizations

Table A.2 shows the properties of the cash-flow processes under the different parameterizations. Our
purpose is to evaluate whether different parameterizations of the model imply cash-flow betas which are closer
to their empirical counterparts, as opposed to the benchmark case. columns 6 and 7 of Table A.2 report the
cash-flow beta for the growth portfolio (portfolio 1) and the value portfolio (portfolio 10), respectively, while
column 8 reports their spread. For each level of ¢ and each volatility 7, as we increase the cash-flow risk
dispersion parameter Ocr, the cash-flow beta of the growth portfolio decreases, while the one of the value
portfolio increases, in line with the empirical evidence. As shown in Table A.1, in order for the model to yield a
value premium of 5% or more, we must have a dispersion of cash-flow risk Ocr of at least 0.2%, independently
of the other cash-flow risk parameters, ¢ and v. The last column of Table A.2 shows that for such values, the
implied cash-flow beta spread is too high.

An alternative way of seeing this “excessive” cash-flow risk that the model seems to require to undo the
strong discount effects implied by external habit persistence models, is to look at the implied dispersion in the
correlation coefficients between dividend and consumption growth across individual assets. The minimum and
maximum correlation in simulation is contained in columns 4 and 5 in Table A.2. Again, for those parameter
combinations in which a value premium arises, the dispersion of correlations is large: For instance, when
¢ = 0.07, 7 = 0.55, and Ocr = 0.345%, we have that the dispersion of correlations between dividend growth
and consumption across assets is [p, p] = [~37.44%, 42.44%], which are rather large. This can be compared, for
instance, with the correlation between aggregate dividend and consumption growth in quarterly data which is
at most 0.2 and thus, the presence of substantial idiosyncratic risk should imply a lower correlation coefficient

for individual assets.
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Table 1.

Basic moments in empirical data: 1948 — 2001.

Panel A: Summary statistics for the market portfolio. B and vol(RM) the annualized mean and standard
deviation, respectively, of the excess returns of the market portfolio over the three-month Treasury bill. 7 and
vol(rf ) are the mean and standard deviation, respectively, of the real risk-free rate, as measured by three-month
Treasury bill rate at the end of each quarter minus the expected (CPI) inflation computed from an AR(4).
Panel B: Predictability quarterly regressions of excess returns at the 1-, 2-, 3-, and 4-year horizons on the
log of the price-dividend ratio of the market portfolio. ¢-Stat denotes the Newey-West t-statistic where the
number of lags is the double of the forecasting horizon. Panel C-1: Summary statistics for the cross-section
of stock returns for the sample period 1948-2001. R is the annualized average excess returns of each of the
decile portfolios, W is the average market-to-book, and P/iD the average price-dividend ratio. CAPM
[ is obtained by running time-series regressions of excess return on each of the ten decile portfolios sorted on
ME/BE on the market excess return, where M E is the market equity and BF is the book value. CAPM «
denotes the intercepts of the time-series regression and the t(a) is the heteroskedasticity corrected t-statistic.
Quarterly dividends, returns, market equity, and other financial series are obtained from the CRSP-Compustat
database. The construction of the BE/ME sorted portfolios follows the standard procedure of Fama and French
(1992): Each year t portfolios are sorted into ten BE/ME-sorted portfolios using book-to-market ratios for year
t — 1. Returns on each of these portfolios are calculated from July of year ¢ to June of year t + 1. Panel
C-2: Annualized monthly returns on value-sorted decile portfolios and their corresponding betas for the sample

period 1926:07-2001:12 from Ang and Chen (2007), Table 1 Panel A.
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Panel A: Summary statistics for the market portfolio

B vol(R™M) 7 vol(rf)

7.71%  16.25%  1.48%  2.15%

Panel B: Predictability regressions

Panel B-1: Sample 1948-2001

Panel B-2: Sample 1948 —1995

Horizon 4 8 12 16 4 8 12 16
In(%) 013 020 026 035 028 048 063  0.78
t-stat. (2.13) (1.65) (1.34) (1.29) (4.04) (4.00) (4.49) (5.41)
R? 0.09 0.10 0.11 0.14 0.19 0.32 0.43 0.54
Panel C-1: The value premium 1948 — 2001
Growth Value
Portf. 1 2 3 4 5 6 7 8 9 10
R (%) 6.86 7.77 7.67 7.63 8.53 9.96 8.39 11.00 11.39 12.36
ME/BE 5.05 2.68 2.00 1.63 1.38 118  1.01 086 070  0.45
P/D 43.47 31.38 26.87 24.65 22.65 21.62 20.64 19.95 20.00 21.77
Sharpe ratio 0.352 0.450 0.452 0.461 0.555 0.640 0.522 0.657 0.644 0.600
CAPM 3 1.13 1.02 1.01 0.95 0.88 0.89 0.88 0.91 0.92 0.98
CAPM « —0.46 —0.03 —0.02 0.07 0.44 0.78 0.40 0.99 1.07 1.20
t(a) (—=2.00) (—0.18) (—0.14) (0.32) (2.07) (3.73) (1.51) (3.73) (3.32) (2.65)
Panel C-2: The value premium 19262001
Growth Value
Portf. 1 2 3 4 5 6 7 8 9 10
R (%) 7.08 8.28 8.16 7.56 9.12 9.12 10.08 11.52 1296 12.84
CAPM g 1.01 0.98 0.95 1.06 0.97 1.07 1.13 1.14 1.31 1.42
CAPM « —0.08 0.05 0.06 —0.06 0.11 0.06 0.09 0.21 0.21 0.14
t(a) (—1.16) (0.84) (1.08) (-0.92) (1.61) (0.72) (0.88) (1.90) (1.50) (0.76)
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Table 2.

Model parameters used in the simulation.

Panel A: p, is the annual average growth rate of the consumption process, o. is the standard deviation of
consumption growth, «y is the coefficient controlling the local curvature of the utility function, p is the subjective
discount rate, G, A\, @, and k are the parameters controlling the dynamics of the process G; = S; 7, where

Sy = (Cy — X;)C; ! is the surplus-consumption ratio and the process for G is given by
dGi = [k (G = Gi) — a (Gt — A) ey (s¢)] dt — a (G — N) 0cdBy .
Panel B: The share process for i =1,2--- ,n is
dsi = ¢ (Ei — si) + sia’i(st)dB/t.

n = 200 is the number of assets in our artificial economy. 6% is the parameter controlling the cash-flow risk.
Each asset is assigned a value of %, which are distributed uniformly in the range above. 3 is the fraction
that each asset contributes to consumption in the steady state and ¢ is the speed of mean-reversion of the
share process. Finally, o’(s;) = v — s,v where v* are vectors with vi o = 05p/0c, vii = /72 — 1/(2)71-, and the

remaining entries equal to zero. The simulation consists of 10,000 years of daily data.

Panel A: Consumption and preference parameters

fe 0 Y p v/ min{y/S} a k

0.02 0.015 1.5 0.072 48 27.75 77 0.13

Panel B: Share process parameters

n Ocr 5 & v

200  [0,0.1%,0.2%,0.3%,0.345%]  0.005 [0.05,0.07,0.1]  [0.25,0.4,0.55]
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Table 3.

Basic moments in simulated data.

Moments of interest in simulated data, which consist of 10,000 years of quarterly data for 200 firms. To construct
the portfolios, we sort on simulated price-dividend ratios following the standard procedures in the literature.
The parameters for the simulation are the ones reported in Table 2 with ¢ = 0.07, 7 = 0.55, and cr = 0.00345.
Panel A: Summary statistics for the market portfolio. B and vol(RM) are the annualized mean and standard
deviation, respectively of the excess returns of the market portfolio over the three-month Treasury bill. 7 is
the average risk-free rate and Vol(rf ) is its annualized standard deviation. Panel B: Predictability quarterly
regressions of excess returns at the 1-, 2-, 3-, and 4-year horizons on the log of the price-dividend ratio of the
market portfolio. Panel C: Annualized average returns R, average log price-dividend ratio, m, CAPM 4,
and CAPM «a. CAPM fitted returns are the returns resulting from multiplying the CAPM betas by the average

excess return of the market portfolio reported in Panel A.

Panel A: Summary statistics for the aggregate portfolio

B vol(RM) 7 vol(rf)

4.35% 13.03% 0.69%  4.36%

Panel B: Predictability regressions

Horizon 4 8 12 16
In(%) o010 017 022 027

R? 0.03 0.04 0.05 0.06

Panel C: The value premium

Growth Value
Portf. 1 2 3 4 5 6 7 8 9 10
R (%) 3.07 358 437 477 527 545 584  6.00 643 823
in(P/D) 6.38 507 4.613 435 412 390 3.68 344 315 268
Sharpe ratio 0.260  0.271 0.307 0.313 0.331 0.328 0.336 0.330 0.334  0.366
CAPM 0.84 091 098 105 110 113 116 1.20 1.22 1.26
CAPM a —0.15 —0.09 0.02 006 012 013 020 020 029 068

CAPM fitt. ret. (%) 3.67 3.94 4.28 4.55 4.78 4.91 5.05 5.21 5.29 5.50
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Table 4. Cash-flow betas.

Panel A: This panel reports the results of Cohen, Polk, and Vuolteenaho (2009, Table II, Panel B) for the

following regressions with annual data for each of the ten decile portfolios sorted on market-to-book,

4 4
J P P P ) M P
E p'ROE, ;i1 Bero+ Bera E p'ROE ; +€)
j=0 j=0
4 p 4 M
5 X1 " § Xitjj+1 L
MEP CF,0 CF,1 E p MEM 4
=0 t+j—1,j j=0 t+j—1
4 i vp 4 M
Zj:()p Xt+j,j+1 3P 4P Zj:Op Xitji+1 o>
MEtpfl,O CF,0 CF,1 MEtjyil 4
p _ P M M
Xt+4,j+4 Xt—l,() e e Xty — X324 + P
MEf—l,O CF,0 CF,1 MEt]\El 4
4 4
J P P P J M P
E pPAdY ;1 Bero +Bera § p'Adiyj + €.
=0 =0

ROE denotes the ratio of clean-surplus earning (X; = BE: — BE;—1 + D; where BFE;_; is the beginning-of-
the-period book equity and D; are the dividends from CRSP) to BE:—1. M E;_1 denotes the market value at
the beginning of the period and Ady, j.j+1 18 the log of dividend growth of decile portfolio p. The first subscript
refers to the year of observation and the second to the number of years after the portfolio formation in the
sorting procedure. Similar quantities are defined for the market portfolio. GMM standard errors computed
using the Newey-West formula with four lags and leads are reported in parentheses. p is a constant, linked
to one minus the dividend yield, set at 0.95. Panel B: The first line reports the regression in simulated data
which corresponds to the fifth regression E?:o ijde,ﬁ_l above. The second line, Avge(65 ) x 100, reports

the average cash-flow parameter for each of the ten decile portfolios.
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Panel A: Empirical data from Cohen, Polk, and Vuolteenaho (2009)

Cash-flow definition = Growth Value
1 2 3 4 5 6 7 8 9 10 10-1
Z?:o ijOEfﬂ.JJrl 0.72 0.91 0.94 0.96 0.95 0.96 0.97 1.11 1.28 1.51 0.79
std. err. (0.50)  (0.31)  (0.12)  (0.25)  (0.14) (0.12) (0.14) (0.24) (0.32)  (0.30)  (0.21)
 xP
S P 035 0.66 0.93 1.18 125 161 191 292 409  11.05  10.70
thji—1.4
std. err. (0.32)  (0.31)  (0.17)  (0.17)  (0.28)  (0.68)  (1.00) (2.19) (3.23) (10.58) (4.17)
im0/ X 0.48 0.72 0.96 1.13 1.22 1.40 1.50 2.00 3.13 7.63 7.14
MET . . . . . . . . . . .
std. err. (0.18)  (0.18)  (0.17)  (0.15)  (0.19) (0.35) (0.41) (1.18) (2.21)  (8.85)  (3.45)
D _ P
XH‘IJ\’/;E%) K10 0.21 0.66 1.46 1.61 0.24 1.83 2.74 5.50 2.38 2.64 2.43
t—1,0
std. err. (0.19)  (0.08)  (0.52)  (0.28)  (0.61) (0.60) (1.24) (2.69) (0.60)  (1.65) (0.57)
Z?:o ijdf+j,j+1 0.79 0.90 0.96 1.03 1.32 1.42 1.12 1.44 1.37 1.20 0.41
std. err. (0.19)  (0.14)  (0.10)  (0.13)  (0.27) (0.45) (0.30) (0.91) (0.74)  (0.92)  (0.41)
Panel B: Simulated data
Growth Value
1 2 3 4 5 6 7 8 9 10 1-10
S opPAdY L, —T40  —484  —247  —104  -0.05 075 144 205 264 473 1213
Avge(0-r) x 100 —0.2858 —0.1589 —0.0665 —0.0083 0.0295 0.0568 0.0787 0.0958 0.1128 0.1431  .4289
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Table 5.

The dynamics of the value premium.

Panel A: Annualized average excess returns in the 1948-2001 sample for the growth (portfolio 1) and value
(portfolio 10) portfolios depending on whether the market-to-book of the market portfolio is below or above
the ¢ percentile of its empirical distribution. Panel B: Annualized average excess returns in simulated data of
the growth (portfolio 1) and value (portfolio 10) portfolios depending on whether the simulated price-dividend
ratio of the market portfolio is below or above the ¢ percentile of its distribution in simulated data. B is the

average excess return on the market portfolio in empirical data (Panel A) and simulated data (Panel B).

Panel A: Annualized average excess returns (%) in empirical data

Market-to-book of market portfolio < ¢ Market-to-book of market portfolio > ¢
¢ 1 10 101 R z 1 10 10-1 rY
15% 13.18 23.57 10.38 15.40 15% 5.73 10.35 4.62 6.34
20% 10.57 21.70 11.14 13.41 20% 5.95 10.06 4.11 6.31
25% 5.01 19.16 13.64 9.89 25% 7.31 10.11 2.80 6.99
30% 6.97 1949 12.51 10.50 30% 6.82 9.32 2.50 6.62
35% 819 18.65 10.45 11.14 35% 6.15 8.98  2.83 5.87

Panel B: Annualized average excess returns (%) in simulated data

Price-dividend of market portfolio < ¢ Price-dividend of market portfolio > ¢
¢ 1 0 101 R’RY ¢ 1 10 10-1 rY
15% 7.37 18.27 10.90 10.43 15% 2.30 6.46 4.15 3.27
20% 6.56 16.07 9.51 9.22 20% 2.19 6.26 4.07 3.13
25% 596 14.60 8.64 8.36 25% 2.10 6.10 4.00 3.01
30% 5.50 13.46 7.96 7.67 30% 2.02 598 3.96 2.92
35% 513 12.60 T7.47 7.18 35% 1.95 587 3.92 2.82
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Table 6.
The Fama-French (1993) model: Time series regressions (quarterly).

This table reports the results of time-series regressions
RP = o+ MRM + g"MEREML L v for p=1,2,---,10

in empirical (Panel A) and simulated (Panel B) data of returns on each of the book-to-market sorted portfolios on

HML js the regression coefficient on HML. Quarterly

the market excess return and the returns on HML, where (3
dividends, returns, market equity, and other financial series are obtained from the CRSP-Compustat database
for the period 1948 — 2001. The construction of the BE/ME sorted portfolios follows the standard procedure
of Fama and French (1992): Each year ¢ portfolios are sorted into ten BE/ME-sorted portfolios using book-to-
market ratios for year t — 1. Returns on each of these portfolios are calculated from July of year ¢ to June of
year t + 1. The HML portfolio is constructed by taking long and short position in the top and bottom three
decile portfolios, respectively. For Panel B, the simulations consist of 10,000 years of quarterly artificial data.

Returns on portfolios and HML are computed using the same procedure as in the data, except we sort stocks

by their price-dividend ratios rather than their book-to-market ratios, which are not available in simulations.

Panel A: Empirical data

Growth
Portf. 1 2 3 4 5 6 7 8 9
« 0.20 0.17 0.02 —0.12 0.19 0.28 —0.40 0.01 —0.08
t(cx) (1.13)  (1.05)  (0.14)  (—0.61) (0.87) (1.58) (—2.15) (0.09) (—0.43) (—1.23)
BM 1.04 0.99 1.00 0.98 0.91 0.96 0.99 1.05 1.09

t(BM)  (43.68)  (51.25) (46.13) (35.28) (30.25) (38.66) (39.90) (48.04) (39.61)  (29.85)

gHML —0.42 —0.12 —0.03 0.12 0.16 0.31 0.50 0.61 0.72

t(BAME)  (—12.13) (-2.37) (—0.68)  (1.88)  (3.62)  (8.85)  (10.35) (15.52) (21.04) (14.14)

Panel B: Simulated data

Growth Value
Portf. 1 2 3 4 5 6 7 8 9 10
a —0.01 0.02 0.07 0.06 0.09 0.10 0.11 0.03 0.07 0.13
gM 0.93 0.97 1.01 1.05 1.08 1.11 1.11 1.10 1.09 0.93
pHML —0.28 —0.21 —0.09 —0.01 0.06 0.08 0.16 0.31 0.41 1.07
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Table 7.

Asset pricing models: Fama-MacBeth regressions (quarterly).

Panel A: Fama-MacBeth regressions in empirical data for the sample 1948 — 2001. Line 1, CAPM regressions
where Mkt. represents the average excess return of the market portfolio. Line 2, Fama and French (1993) model,
where SMB is the return on “small minus big” and HML is the return on “high minus low.” Line 3, conditional
CAPM regression where the dividend yield, log(D/P), of the market portfolio is used as a conditioning variable.
Line 4 conditional CAPM regression where the variable cay of Lettau and Ludvigson (2001) is used as a
conditioning variable. Panel B: Fama-MacBeth regressions in simulated data. ¢-Statistics are in parentheses
and Adj. R? is the adjusted RZ.

Panel A: Empirical data

Const.  Mkt. SMB  HML Mktxlog(D/P) Mktxcay Adj. R?

1. 4.69 —2.52 11%
(3.21)  (—1.65)

2. 0.36 1.63 —-0.31 1.05 80%
(0.23)  (0.99) (-0.31) (2.16)

3. 272 —0.87 1.71 83%
(2.24)  (—0.65) (2.46)

4.  3.06 -1.37 0.06 81%
(2.48)  (-1.01) (2.34)

Panel B: Simulated data

Const. Mkt. HML Mktxlog(D/P) Adj. R?

5. —1.45 2.56 91%
6. —-0.17 1.31 0.94 99%
7. 0.63 0.38 1.16 98%
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Table A.1.

The market portfolio and the value premium in simulations: Robustness.

This table reports basic moments of the returns for three different values of 7, which determines the maximum
volatility of share process across assets, and the measure of cash-flow risk, §cr > 0, which determines the support
on which the cash-flow risk parameters of individual firms are uniformly distributed, 05 € [-0cF,OcF]. Y
and vol(RM ) are the annualized mean and stadard deviation, respectively, of the excess returns of the market
portfolio over the three-month Treasury bill. 7 is the average risk-free rate and vol(r/) is its annualized standard
deviation. All these numbers are in percentages. bi2 and bis are the regression coefficients of the quarterly
predictability regressions of excess returns on the log of the price-dividend ratio of the market portfolio for the
three- and four-year horizons. R?, and R% are the corresponding R?s. 10 — 1 denotes the value premium, in
percentages, defined as the difference between the average return on the value portfolio, portfolio 10, and the
growth portfolio, portfolio 1. CAPM 10 — 1 is the fitted CAPM value premium, where the betas are calculated
the standard way in simulated data and the market premium is the corresponding R in each line. The numbers

in bold correspond to the benchmark case presented in more detail in Table 2.
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Cash-flow risk Market portfolio Predictability Value premium
n @ 3) (4) (5) (6) (7) ® (9 (1) @11 @12 (13)
6 v forx100 R vol(RM) #  wvol(r!) b R%  bis Rl 10—1 CAPM 10—1
0.05 0.25 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -2.54 -2.59
0.05 0.25 0.30 6.32 15.57 0.78 4.48 0.43 10.82 0.50 12.22 8.59 8.48
0.05 0.40 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -3.28 -3.38
0.05 0.40 0.30 6.40 15.97 0.79 4.52 0.43 11.03 0.49 1257 6.61 5.84
0.05 0.55 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -3.71 -3.82
0.05  0.55 0.30 6.61 17.03 0.81 4.71 0.36  9.98 0.42 11.35 4.53 2.81
0.07 0.25 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -2.44 -2.53
0.07 0.25 0.10 9.69 23.62 1.12 5.32 0.63 2392 0.73 27.51 -1.27 -1.42
0.07  0.25 0.20 8.95 21.79 1.00 4.97 0.61 21.25 0.70 24.36 2.40 2.34
0.07  0.25 0.30 7.02 17.22 0.79 4.46 0.53 14.14 0.60 15.89 7.51 7.45
0.07  0.25 0.35 3.97 10.23 0.67 4.20 0.22 423 027 498 7.10 6.70
0.07  0.40 0.00 9.90 24.16 1.16 5.44 0.64 24.29 0.74 28.40 -3.22 -3.37
0.07  0.40 0.10 9.69 23.63 1.12 5.33 0.63 2387 0.73 2745 -2.56 -2.77
0.07  0.40 0.20 8.96 21.83 1.00 4.99 0.61 21.16 0.70 24.26 -0.07 -0.25
0.07  0.40 0.30 7.06 17.37 0.80 4.49 0.52 14.17 0.60 15.95 4.91 4.62
0.07  0.40 0.35 4.09 11.14 0.68 4.23 0.25 5.63 030 6.69 6.29 4.57
0.07  0.55 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -3.67 -3.86
0.07 0.55 0.10 9.70 23.66 1.13 5.34 0.63 23.19 0.73 2734 -3.27 -3.48
0.07  0.55 0.20 8.99 21.95 1.01 5.05 0.60 20.92 0.69 2395 -1.49 -1.70
0.07  0.55 0.30 7.15 17.85 0.81 4.60 0.49 13.66 0.57 15.43 2.83 2.19
0.07 0.55 0.35 4.35 13.03 0.69 4.36 0.22 5.39 0.27 6.48 5.16 1.83
0.10 0.25 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -2.21 -2.34
0.10 0.25 0.35 6.23 15.43 0.70 4.21 0.48 11.05 0.55 12.17 7.38 7.29
0.10  0.40 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -3.04 -3.23
0.10 0.40 0.35 6.26 15.56 0.70 4.23 0.48 11.23 0.55 1241 5.30 4.97
0.10 0.55 0.00 9.90 24.16 1.16 5.44 0.64 24.69 0.74 28.40 -3.51 -3.80
0.10  0.55 0.35 6.33 15.93 0.70 4.30 0.47 11.29 0.54 12.51 3.57 2.89
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Table A.2.

The properties of the cash-flow process in simulations: Robustness.

For each value of 7 and cr the table reports several moments of the cash-flow process in simulated data.
[p, p] stands for the range of the correlation coefficients between individual dividend growth and consumption

growth. 85, and B4y, correspond to the regression coefficients of the time-series regression

4 4
) S
Zp]Ade’jH = ﬁgF,o + ﬁgF,l Z p’Adiy; + €f,

3=0 7=0
as in the legend to Table 4 in simulated data for the Growth (p = 1) and Value (p = 10) portfolios. The

benchmark parameterization discussed in the text appears in boldface.
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10

] v Ocr x 100 [ p 7] ﬁlcF,1 CF,1 10-1
(1 (2 (3) (4) (5) (6) (7) (8)
0.05 0.25 0.00 4.61 717 1.06 0.97 -0.009
0.05 0.25 0.30 -76.14 80.65 -8.69 6.89 15.58
0.05 0.40 0.00 2.39 4.89 1.13 0.93 -0.20
0.05 0.40 0.30 -45.59 51.54 -7.33 5.38 12.71
0.05 0.55 0.00 1.41 3.83 1.27 0.98 -0.29
0.05 0.55 0.30 -31.57 36.52 -5.68 4.55 10.23
0.07 0.25 0.00 4.62 717 1.04 0.96 -0.08
0.07 0.25 0.10 -20.59 32.18 0.04 1.89 1.85
0.07 0.25 0.20 -47.93 57.09 -3.30 4.15 7.45
0.07 0.25 0.30 -76.25 80.83 -8.14 6.70 14.84
0.07 0.25 0.35 -88.89 91.05 -9.62 7.94 17.56
0.07 0.40 0.00 2.37 4.89 1.09 0.96 -0.13
0.07  0.40 0.10 -13.11 20.28 0.43 1.49 1.06
0.07 040 0.20 -29.05 36.23 -1.80 3.10 4.90
0.07  0.40 0.30 -45.78 51.91 -6.37 5.22 11.59
0.07  0.40 0.35 -53.42 58.85 -8.63 5.73 14.36
0.07 0.55 0.00 1.39 3.84 1.17 0.99 -0.18
0.07  0.55 0.10 -9.54 14.60 0.69 1.28 0.59
0.07  0.55 0.20 -20.60 25.98 -1.01 2.40 3.41
0.07 0.55 0.30 -32.10 37.34 -4.79 4.28 9.07
0.07 0.55 0.35 -37.44 42.44 -7.40 4.73 12.13
0.10 0.25 0.00 4.63 7.18 1.05 0.96 -0.09
0.10 0.25 0.35 -89.06 91.24 -8.94 7.75 16.69
0.10 0.40 0.00 2.37 4.91 1.08 0.98 -0.10
0.10 0.40 0.35 -53.47 59.03 -7.43 5.73 13.16
0.10 0.55 0.00 1.37 3.85 1.04 1.00 -0.04
0.10 0.55 0.35 -37.78 43.02 -5.92 4.76 10.68
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