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Abstract

When an inventory manager attempts to construct probabilistic models of demand based
on past data, demand samples are almost never available: only sales data can be used. This
limitation, referred to as demand censoring, introduces an exploration-exploitation trade-off as
the ordering decisions impact the information collected. Much of the literature has sought to
understand how operational decisions should be modified to incorporate this trade-off. We ask
an even more basic question: when does the exploration-exploitation trade-off matter? To what
extent should one deviate from a myopic policy that takes, given the information at hand, the
optimal decision for the current period without consideration for future periods? We analyze
these questions in the context of a well-studied stationary multi-period newsvendor problem in
which the decision-maker starts with a prior on a vector of parameters characterizing the demand
distribution. We show that, under very general conditions, the myopic policy will almost surely
learn, in the long run, the optimal decision one would have taken with knowledge of the unknown
parameters. Furthermore, we analyze finite time performance for a broad family of tractable
cases. Through a combination of analytical parametric bounds and exhaustive exact analysis,
we show that the myopic optimality gap is negligible for most practical instances, articulating
the conjunction of conditions that could lead to a non-trivial value. The collection of results
establishes that the myopic policy is a viable and appealing heuristic for the newsvendor problem

with demand censoring.
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policy, exploration-exploitation trade-off, Bayesian analysis.
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1 Introduction

In many business settings, inventory management can be challenging due to uncertainty about
underlying demand. A decision maker must build probabilistic models for future demand which are
estimated based on past data. In practical operational situations, however, demand information
is rarely accessible. Often, only access to some form of distorted demand is possible, and this
distortion is usually impacted by prior operational decisions. An important example is demand
censoring: in many retail environments, demand is only observable up to the level at which it can
be fulfilled. As a result, firms most often only have access to sales data as opposed to the true,
underlying demand. In such settings, inventory decisions affect not only immediate profits, but
also the amount of information collected for use in future periods.

Such a problem is a special instance of a more general class of dynamic learning problems,
in which a decision maker faces the following question: should he optimize his decision using the
current information, or should he make a sub-optimal choice with regard to instantaneous rewards
that might improve his future knowledge of the system, and lead to better performance in the
future? This is known as the exploration-exploitation trade-off. The key concept is that decisions
not only affect rewards, but also information that is collected to inform future decisions.

Accounting for the informational impact of actions can considerably complicate decision making,
and much of the literature addressing the exploration-exploitation trade-off seeks to obtain insights
in understanding how this trade-off should impact operational decisions. In the present paper, we
focus on a particular setting that has received significant attention in the literature — a multi-
period newsvendor problem with demand censoring — and ask an even more basic question: does
the exploration-exploitation trade-off matter in the first place, i.e., to what extent does one need
to account for future rewards and deviate from myopic decisions? Quite remarkably, we find that
myopic decision-making is “sufficient” for all practical purposes in a wide range of settings: there
is almost no value of accounting for the impact of ordering decisions on information collection.
We also articulate circumstances where this conclusion does not apply, i.e., the conjunction of
conditions that are required for the value of accounting for the exploration-exploitation trade-off
to be non-trivial.

We consider a multi-period newsvendor problem, where a retailer sells perishable items and
has to decide how many units to order for each time period. Unmet demand is censored. We
assume that the retailer does not have complete knowledge of a vector of parameters characterizing
the underlying distribution, but rather learns about those as sales realizations are observed. We
consider a Bayesian formulation where one may summarize the state of the system through the

current belief over the parameters characterizing the demand distribution.



As we discuss in the literature review below, it is clear from existing studies that ignoring the
exploration-exploitation trade-off is suboptimal and that one should order more than the myopic
solution under fairly general conditions. This feature of optimal policies is known as “information
stalking” (Lariviere and Porteus, 1999). However, although the literature finds that the policy
of information stalking is optimal in general, little focus has been been given to quantitatively
analyzing the value of information stalking. This is despite the fact that numerical experiments in
earlier studies suggest that it may not be significant.!

Motivated by this, in the present paper, we analyze a fundamental question that arises in the
presence of demand censoring. What is the value of optimally accounting for the exploration-

exploitation trade-off?

Main contributions. The main contribution of the present paper is to articulate a case for the
viability and appeal of the myopic policy in Bayesian inventory problems. To do so, we proceed in

two main steps.

1. In a first step, we analyze the problem under very general conditions with regard to the
unknown parameters, the prior, and the demand distribution. In particular, the prior-demand
pair need not admit any conjugate structure. In this general setting, we establish that the
myopic policy learns almost surely in the long run the optimal decision one would have taken
with full knowledge of the unknown parameters. In particular, this result shows that the
myopic policy is always a viable alternative if the time horizon is large. The approach taken
to prove the result is novel and different than typical approaches in parametric learning
problems where a basic building block is to establish that one can learn the true underlying
parameters. Our approach does not rely on learning the true parameters directly but on the
structure of the myopic policy in the specific context of the newsvendor problem, and the

analysis of martingales in Banach spaces.

2. In a second step, we focus on the finite performance of the myopic policy. To do so, we narrow
down the scope to one of the few known tractable versions of the censored newsvendor prob-
lem, Weibull demand with one unknown parameter, and a prior with a gamma distribution.
We evaluate the relative performance of the myopic policy compared to the optimal policy, a

quantity we refer to as the myopic optimality gap.

We develop a parametric upper bound on the myopic optimality gap through a recursive

'See, for example, the experiments of Ding et al. (2002) and Chen (2010); the latter considers a case with
non-perishable inventory and the performance of the myopic policy is very rarely below 99% of the optimal. The
numerical results in these papers show that the myopic policy can, in the specific instances considered, be near
optimal. However, the generality of this fact is not established exhaustively — it is not the focus of those papers.
The broad near optimality of myopic policies appears to be fundamentally unacknowledged in the literature.



argument. The upper bound captures the dependence on the problem parameters such as the
time horizon, the service rate, the uncertainty in the prior as well as the shape of the demand
distribution. We show that the upper bound becomes negligible for any extreme cases of the
input parameters, and characterize the exact rate of convergence to zero. In particular, we
study the bound as the time horizon increases to infinity, as the service level increases to
one or decreases to zero, and as the parameter uncertainty decreases. Quite notably, even
when the inventory manager selects a low service level and demand is very often censored,

the myopic optimality gap still vanishes to zero.

We then evaluate the myopic optimality gap in an ezact manner for a grid of all input
parameters: time horizon, parameter uncertainty, service level, Weibull parameter. We show
that it is negligible for most parameter combinations, often on the order of a fraction of a
percentage point. The gap may only be significant when the problem primitives satisfy at
the same time three very specific conditions: (i) high demand distribution uncertainty, (ii)
low noise in demand realizations and (iii) high myopic censoring probability. If any of these
conditions is violated, there is almost no value in accounting for the exploration-exploitation
trade-off.

In addition to the above, we note that implementing myopic policies is always relatively straight-
forward while the computation of optimal policies may be intractable. In other words, the findings
of this paper make a case that the myopic policy should not only be a computationally attractive
but may also be a viable candidate heuristic in cases where the optimal policy is intractable.

By analyzing the evolution of ordering decisions and costs on simulated trajectories when the
optimal policy is tractable, we develop intuition for the near optimality of the myopic policy. We
find that it does not arise from “flatness” in the cost-to-go function of the problem. Indeed, we
observe single-period costs vary substantially for both the optimal and myopic policies as they learn
the demand. Instead, the similarity in performance stems from the fact that in most cases, both
policies learn at approximately the same rate. The exception to this arises in the fragile confluence
of conditions described above, where it is both possible to quickly learn demand and necessary
(from a cost perspective) to do so; in these cases the optimality gap is non-trivial.

The framework we use can also be leveraged to analyze other questions. For example, we show
how one may leverage the bounds we develop to bound the cost of censoring, the difference when
operating in the presence of demand censoring versus when operating while observing all demand
samples. Furthermore, in an exact analysis of the cost of censoring akin to the one conducted
for the myopic optimality gap, we find that it is always significantly higher than the myopic

optimality gap. This suggests that effort to improve information collection about lost sales may



be more valuable than analytic or computational effort to pin down the optimal dynamic policy in

the presence of censoring.

Related literature. A Bayesian approach to inventory management with observable demand was
first proposed by Scarf (1959), leading to a formulation as a Markov Decision Process (MDP), with
the state given by the current knowledge about the demand distribution. In such a case, decisions
do not affect collection of information, and there is no exploration-exploitation trade-off; the main
issue is to deal with the dimensionality of the state space. In its most general formulation, the
problem has an infinite dimensional state; it can, however, be written as a finite dimensional MDP
if the demand distribution is chosen from a parametric conjugate family. See also the work of
Azoury (1985) for another early reference on the topic. Lovejoy (1990), in the absence of demand
censoring, but when inventory is non-perishable argued for the near-optimality of a myopic policy.
In that case, the policy is myopic with regard to the anticipation of stock and information evolution
in future periods. In particular, there is no notion of exploration-exploitation trade-off in the class
of problems considered, as decisions do not affect the information that is collected. In our work,
the main focus is on demand censoring and the exploration-exploitation trade-off it induces. In
particular, a myopic policy in our setting is one that does not anticipate the implications of demand
censoring for information collection and its impact on future performance.

When demand observations are censored, decisions and information collection are coupled, and
the problem becomes more challenging. Most of the literature on inventory control with Bayesian
learning has focused on understanding the censored case. The main difficulty is that Bayesian
updates lose their conjugate property in the presence of censoring for most distribution families, and
hence the problem becomes intractable. Many studies have therefore focused on showing structural
properties of the optimal policies. Ding et al. (2002)2 study the censored newsvendor problem for
general distributions and show that, under certain conditions, the optimal order quantity is greater
than the quantity one would order to minimize current single period cost, also referred to as the
myopic quantity. This result was then generalized by Bensoussan, Cakanyildirim and Sethi (2009)
for arbitrary parametric distributions. The main point is that the exploration-exploitation trade-off
leads to collecting more information for future periods. This is, broadly speaking, as far as the
general case has been characterized.

There exists, however one well known family of distributions that preserves the conjugate prop-
erty even under censoring. First introduced by Braden and Freimer (1991), the newsvendor dis-
tributions have been frequently used as a benchmark to study the problem in a more tractable

fashion. Lariviere and Porteus (1999) study the non-perishable inventory problem with newsven-

%See also the complementary note of Lu et al. (2005b).



dor demands, and they find that, if demands follow a Weibull distribution — a particular case of a
newsvendor distribution — a state space reduction technique can be applied and the problem can
be solved by backward induction. Bisi et al. (2011) analyze the same case for perishable and non
perishable inventory and they develop a specific recursive formula for the optimal solution in the
perishable case. They also show that the Weibull is the only case in which such space reduction
can be applied.

The effects of demand censoring have been studied in a wide range of environments, focusing
on different aspects of the problem. In particular, many extensions of the base newsvendor case
have been analyzed recently. Dai and Jerath (2013) study the impact of inventory restrictions
and demand censoring in sales force compensation contracts, and Heese and Swaminathan (2010)
analyze a similar problem when the firm has complete control over the sales effort. Chen and Han
(2013) analyze the effects of learning and censoring on the supply side. Jain et al. (2013) study
the newsvendor problem with censored demands when sales transaction timing is also available;
see also Caro and Gallien (2010) for the use of such timing data. Mersereau (2013) focuses on
the conjunction of demand censoring with inventory record inaccuracies. Most of these papers
rely on specific model assumptions in order to circumvent the complexity of the analysis. From
the computational point of view, heuristics have been developed in the literature to overcome the
intractability of the problem for general prior/demand combinations. Chen (2010) and Lu et al.
(2005a) propose heuristics and provide bounds on the optimal quantity.

All of the above papers focus on modeling uncertainty in a Bayesian framework. There is also
a stream of literature that analyzes the design of policies under different informational assump-
tions, when there is no parameterization of the demand distribution. In such cases, performance
is measured through regret, e.g., the gap between the performance of a policy and that of an
oracle with knowledge of the demand distribution. Kunnumkal and Topaloglu (2008) and Huh
and Rusmevichientong (2009) are example of such approaches. In that line of work, Besbes and
Muharremoglu (2013) is related in spirit to the present study as it measures the impact of de-
mand censoring on performance. However, it does so under different informational assumptions
and through the lens of minimax regret, and only measures performance through the growth rate
of regret. In the present Bayesian setting, compared to the studies above, much more information
is available to the decision-maker through the prior and the demand distribution. At a high level,
the paper is also related to Gaur et al. (2015) who show that stockouts have a limited impact on
the inference process of a choice model in textbook retailing. Finally, we refer to the recent review
of Chen and Mersereau (2013) for a broader overview of the literature on demand censoring.

Our paper relates to studies that have highlighted classes of learning problems where myopic

policies can perform well. In the context of dynamic pricing with unknown demand parameters,



Besbes and Zeevi (2011) and Broder and Rusmevichientong (2012) highlight the “well-separated”
case in which a myopic policy is near-optimal as no incomplete learning may occur. Indeed, at any
price the possible demand curves do not intersect and as a result all prices are informative regarding
the underlying true parameters. In related work, den Boer and Zwart (2015) show that even when
the demand curves are not well-separated, then if there are capacity constraints, then variation
in prices will be induced naturally through those, and a myopic policy will be near-optimal. The
three studies above operate in a frequentist framework and analyze the regret of a myopic policy
(compared to an optimal policy with knowledge of the true demand curve) through its growth
rate with the time horizon. All studies rely on showing that the parameter estimates are suitably
close to the true parameters, and in turn the regret of a myopic policy is small. In the present
paper, we operate in a Bayesian framework, so the decision-maker has more information at hand.
Furthermore, our general result regarding the almost sure convergence of myopic decisions does

“well-separated” assumption as our approach is different. We actually do not even

not rely on a
track the parameter estimates and rely on a martingale argument to establish that convergence to
the correct decisions needs to take place. In particular, it could be that the demand distributions
are not well-separated but in a newsvendor problem, this is not critical as one, roughly speaking,
only needs to learn a particular quantile. Finally, given a tractable family of problems (Weibull-
Gamma), we are also able to evaluate numerically the worst case myopic optimality gap for the full
parameter space (which is not possible in the frequentist studies above as there is no handle on the
optimal policy). This highlights the quality of the myopic heuristic not only for long time horizons
but for any time horizon.

The rest of this paper is organized as follows. In Section 2 we define the model and problem
primitives. In Section 3, we conduct an asymptotic analysis of the decisions induced by the myopic
policy. In Section 4, we turn to a finite time analysis, restricting attention to a tractable family of
prior-demand distributions. In Section 5 we develop parametric bounds on the myopic optimality
gap and Section 6 is then devoted to an exact analysis. Section 7 presents an analysis of the cost of

censoring. Section 8 concludes. All proofs are collected in the Appendix and the Online Supplement

to this paper.

2 Problem Formulation

We consider a multi-period newsvendor problem defined over a probability space (2, F, P), con-
sisting of a discrete-time sequence of ordering periods indexed by t = 1,2,.... We assume zero
lead-time. At the beginning of each period, the retailer may order units, demand is then realized

and is fulfilled to the extent possible. If the decision maker runs out of stock, demand beyond the



initial inventory level is lost. On the other hand, we assume that inventory is perishable, i.e., if
items remain, these are discarded.

We assume that the demands are independent and identically distributed, belonging to a family
of distributions parameterized by a vector of unknown parameters ¢, which takes values in the
parameter set ©. Given vector 6, the demand distribution has a probability density function
denoted by f(:]0) and a cumulative distribution function denoted by F'(-|f). Following a Bayesian
approach, we assume that the decision maker has a prior distribution over 6.

The retailer incurs a cost h > 0 for each unit of unsold product and a penalty cost p > 0 for
each unit of unmet demand. In other words, the single period cost given stocking decision y > 0

and realized demand D > 0 is
L(y, D) := h(y = D)* +p(D —y)™.

Let r := p/(h + p) denote the critical ratio, also referred to as the service level . Without loss of

generality, we assume that h = 1 and parameterize the cost structure through r € (0,1), i.e.,
r
L(y,D):=(y— D)* + ﬁ(D -y

The retailer can only observe sales, rather than full demand realizations. In period ¢, the
observed sales are given by D; A y; := min{ Dy, y;}, where D, is the demand realized and y; the
ordered quantity. We denote by F; the filtration generated by the censored demand process, that
is, for t > 1,

Fri=0(D1 Ay1,y1, .-, De Ay, ye).

Note that the information collected about the demand up to period ¢ is impacted by the past
stocking decisions y1,y2, ..., Yi—1-

We assume that E[D;] < oo, which implies that E [L(y, D;)] < oo, for all t = 1,... and any
y > 0. We denote by P€ the set of non-anticipatory policies with respect to the censored information
system, that is, policies for which the decision y; prescribed in period t is F;_j-measurable for all
t>1.

The objective is to minimize the cumulative expected cost over a finite time horizon of length
T, and the optimal value is given by

T

Vi = inf E* [L(y¢, D
T ulenpc 2 [L(ys, Dy)] s

where the expectation is taken assuming that decisions are made according to the policy pu.



Since the items are perishable, decisions across periods are only coupled through the information
collected about the unknown parameter 8 of the demand distribution. Indeed, given knowledge of

, the optimal decision is simply to minimize the single-period cost, i.e.,

yi(0) := argmin E [L(y, D,)|6]. (1)
y=0
We refer will to 4’ as the informed order quantity. On the other hand, in the absence of full
knowledge of the demand parameter #, When deciding on an order quantity in period ¢, the decision
maker has to balance the impact of this decision on the current single-period cost with the impact
on future costs that stems from the information collection process. This leads to the exploration-
exploitation trade-off.

Computing an optimal policy that solves the optimization problem above is intractable in
general, leading to the need for heuristics. One of the simplest possible such heuristics that is also
computationally appealing is the myopic policy that seeks to minimize the single period cost at
each time period, given the past information at hand. In other words, the myopic policy focuses
exclusively on exploitation, ignoring any exploration considerations. Formally, for each time period

t > 0, the myopic policy prescribes the order size

yy" = argmin E[L(y, Dy)|Fi—1] . (2)
y>0

As we see, both the informed and myopic policies admit similar structure, minimizing single period
costs, however the latter does so only with past information observations rather than full knowledge
of the demand distribution. In order to guarantee the existence and uniqueness of the informed

and myopic policies, we will make the following technical assumption:

Assumption 1. For almost every 0 € ©, the cumulative demand distribution F(-|0) satisfies the

following conditions:
1. F(-0) is continuous over R.
2. F(:|0) is strictly increasing over Ry. That is, for all 0 <z <y, F(z|0) < F(y|0).

We will assume throughout that Assumption 1 holds, and we formalize the characterization and

uniqueness of the informed and myopic decisions below.

Proposition 1. For almost every 0, the informed order quantity y'(0) satisfying (1) exists and is

unique, and further this order quantity uniquely satisfies

P (Dy < y'(0)]6) = (3)



Further, for each t > 1, almost surely, the myopic order quantity y;" satisfying (2) exists and

is unique, and further this order quantity uniquely satisfies
P(D; < y*|Fie1) = (4)

We note that the requirements of Assumption 1 are not necessary, however, and can be weak-
ened. For example, Assumption 1 requires that the cumulative demand distribution be strictly
increasing over all of Ry. If instead the demand has support over a fixed subset of Ry for all § and

is strictly increasing on the subset, this is sufficient.

3 Asymptotic Analysis

Our goal is to establish the asymptotic, long run optimality (as 7' — oo) of the myopic policy. We
will do so by comparison to the informed policy, which would be optimal given given full knowl-
edge of the demand distribution. Indeed, our ultimate goal will be to establish that, under general
conditions, almost surely, y;" — y’(@) as t — o0o. In other words, we will establish that asymp-
totically the myopic policy learns and converges to the optimal order quantity given knowledge
of the demand distribution.® Note that this does not necessarily imply that the myopic policy
asymptotically learns the true underlying demand distribution (i.e., learns #), but rather that it
learns a statistic of the underlying demand distribution (the r-fractile) that is sufficient for optimal
decision making.

We proceed in two steps. First, we will establish that in the absence of any additional assump-
tions, the myopic policy orders in a way that it is censored asymptotically at the same rate as
the informed policy. Then, under mild regularity assumptions on the demand distribution, we will
show that this implies that, asymptotically, the myopic order quantity converges to the informed

order quantity. In this way, the myopic policy is asymptotically optimal in a very general setting.

3.1 Asymptotic Rate of Censoring

To start, observe that (3) implies that the informed policy is asymptotically censored on a fraction

1 — r of the periods. Formally,

T
1
Jm o ; Lp.<yio =7

3Related is the work of Bensoussan, Royal and Sethi (2009), who show the same convergence in the case of
exponentially distributed demands with a Gamma prior. This special case is subsumed by our result.

10



almost surely. This is an immediate consequence of the strong law of large numbers. The following
result, based on (4) in concert with the martingale strong law of large numbers, guarantees that

this also holds for the myopic policy:

Theorem 1. Under the myopic policy,

T
.1
Th—rf;o T ; Lpy<ymy =1,
almost surely.

3.2 Asymptotic Order Quantity

Theorem 1 establishes that, in the absence of any additional assumptions, the myopic policy is cen-
sored at the same rate as the optimal informed policy over the long run. While this is encouraging,
it does not quite imply that the ordered quantity converges. In order to make further progress, we
will need an additional technical assumption on the demand distribution.

We begin with some definitions. Define ¥ to be the set of Lebesgue measurable subsets of the
positive interval R, and define B to be the Banach space of signed finite measures on (R4, X),

equipped with the total variation metric
[y o= sup |u(A)] + [n(A°)],
Aex
for p € B. Note that if u, v € B are also probability measures, then
lellrv =1, llw—vlrv =2sup |u(A) —v(A)].
AeX

Now, we can define the B-valued random variable pp: € — B corresponding to the (unknown)

demand distribution by
oo (4) = [ AP () = P (D1 € Aw)),

for each sample path w € Q and set A € ¥ (we will sometimes suppress the explicit dependence on

w). In other words, g is the random measure corresponding to the distribution of demand given
0.

We will make the following assumption for the rest of this section:

Assumption 2 (Strong P-Measurability). Assume that the random measure pg: Q@ — B is strongly

P-measurable. That is, there exists a sequence of functions (fy), for n > 1, with each fn: Q — B

11



taking the form
Nn
falw) = > Lan ()b,
i=1

where each by € B is a measure, and each A} C Q is a subset of the probability space, for each

1 <i < N", and for almost every w € Q,

Jim | f(w) = By llTv = 0.

In other words, g is the pointwise limit (in B) of a set of measure-valued functions each taking

finitely many values.

Strong P-measurability (see, e.g., Hytonen et al., 2016) is a technical condition which guarantees
a mild degree of regularity of the demand distribution across realizations of 6. This assumption is
very mild, for example it is satisfied for classical newsvendor distributions that will be defined in
Section 4.1. We will defer further discussion of this assumption to Appendix B.2.

We have the following result:

Theorem 2. Under Assumption 2, almost surely,

Jim g = y'(6).

Theorem 2 establishes that the myopic policy is asymptotically optimal in the sense that the
myopic order quantities converge to that of the informed policy, i.e., the optimal order quantity
with full knowledge of the demand distribution. This holds in a remarkably general setting. For
example, under the present hypotheses, it is not clear that § and thus the entire underlying demand
distribution can be determined asymptotically. However, under the myopic policy, the r-fractile of
this distribution can be determined, and this is a sufficient statistic for optimal decision making.

While the proof of Theorem 2 is provided in Appendix B.3, we outline here the main steps and
key ideas of this proof.

1. Consider the random measure u; corresponding to the posterior distribution of demand after

observing sales in period ¢, i.e.,
u(A) := P (Dy € AlF),

for all A € 3. Under Assumption 2, this is a (B-valued) bounded martingale, and a Banach

space version of the martingale convergence theorem establishes that u; converges almost

12



surely to a limiting distribution p (which may be different than the true, underlying distri-

bution py). This pointwise convergence occurs under the total variation metric for 5.

2. Since ||u: — poollTv — 0 almost surely, it must be the case that the r-fractile of each py
converges to that of ps,. Therefore, under the characterization of the myopic order quantity

from Proposition 1, it must be the case that y;" converges also.

3. Theorem 1 demonstrates that the myopic policy is censored a fraction 1 — r of the time.
However, an application of the Glivenko-Cantelli theorem implies that the only fixed order
quantity with this property is yi(H). Since y;"* converges to a fixed order quantity, it must be
then that y — y(6).

4 Dynamic Programming Analysis

Our next goal is to analyze more finely the finite time performance of the myopic policy. As
mentioned in the introduction, it has been shown under general conditions that it is optimal to
“order more”. That is, in a multi-period problem with censored observations, a decision maker will
want to stock at a level higher than would be optimal to minimize the current single-period cost.
Intuitively, it is desirable to explore by ordering more so as to reduce the likelihood of censoring
and collect more information about the demand distribution for use in future periods. However,
precisely pinning down the optimal order quantity is, in general, difficult. As a result, the exact
form of what type of exploration ought to be conducted, and the value associated with it, are not
known. To quantify the exploration-exploitation trade-off, we will isolate the value of exploring
(i.e., ordering more) by comparing the performance of an optimal policy to that of the myopic
policy which sequentially minimizes current single-period expected costs, fully ignoring the impact
of decisions on information collection.

The cumulative cost of the myopic policy, formally defined in (2), is given by

T

t=1
By definition, V3 < Vi and we are interested in qualifying the relative gap between V1" and V7,
that is, the relative additional cost incurred by ignoring the exploration-exploitation trade-off and
applying a full exploitation policy. We refer to this as the myopic optimality gap (MOG), formally

defined as
Vit =Vr

M =
OG v

13



An upper bound on the MOG. The direct analysis of the MOG appears intractable in
general. In the present section, we introduce an upper bound on the MOG that is more tractable.
If demand were observable, the collection of information would be unaffected by the policy used by

the decision maker. We denote by
./_'.f = U(Dl,yl, e ,Dt,yt)

the filtration associated with the full observation process. Let P° be the set of admissible policies
for the full observation problem, that is, policies for which prescribed decisions at period ¢ are

F{_i-measurable. The optimal cumulative cost for the uncensored problem is given by

T
VYQ = 1nf EH’ [L(yt,Dt)] .

nePe P
In the uncensored case, the information collected about the demand distribution is independent of
past decisions and there is no exploration-exploitation trade-off. Hence, in this case, the problem is
easy to solve: the optimal decision at time ¢ is to minimize the current single-period cost. Moreover,

clearly P C P?, and it follows that V7 is a lower bound on V7, that is,
Vi < V7. (5)

We define the myopic cost of censoring (MCC) as

Vi — Vg

MCC :=
Vi

It can be interpreted as the relative increase in cost stemming from censoring, when a myopic policy

is applied and we have
Vit =Vr < Vit —=Vrp

Ve — V¢
That is, the MCC provides an upper bound on the MOG.

MOG = — MCC,

Next, we restrict our analysis to a subset of prior-demand distributions pairs that are conju-
gate to evaluate the MOG and MCC. In Section 5, we focus on characterizing the upper bound,
MCC, through upper and lower bounds. The upper bounds apply directly to the MOG. From an
analytical perspective, this approach circumvents the necessity to determine the optimal solution
to the dynamic program associated with the censored demand problem. Instead, our analysis in
this section relies on the performance of myopic policies (in the censored and uncensored cases),

which are more amenable to analysis. In Section 6, we conduct exact analysis on the MOG.
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4.1 Gamma-Weibull Demand and Dynamic Programming Formulation

Newsvendor distributions. We now assume that a scalar parameter 6 > 0 is unknown. Before
ordering in period ¢, the knowledge about 6 can be summarized by the current prior distribution
density? 7;_1(0) := w(A|F;_1). The current prior is updated at every period, following Bayes’ rule.
One general class of distributions that preserves the conjugate property even under censoring are
the so-called newsvendor distributions. A random variable is said to belong to the newsvendor

family if its cumulative distribution function is given by
F(z|0) :=1—¢%=)  forall z >0, (6)

where d: Ry — Ry, is a differentiable, nondecreasing, and unbounded function with d(0) = 0.
The parameter space is defined to be © := R} and the prior distribution of # is assumed to be a
Gamma distribution with shape parameter S € Ry, and rate parameter a € Ry . Formally, the

prior distribution on 6 has a density given by

Saaa—le—SG

7(0la,S) = T

for all 6 > 0.

It has been shown (Braden and Freimer, 1991) that this family of distributions preserves its
structure even under censored observations, that is, if m;(-) is a Gamma distribution, then so is the
posterior 741 (+|y, ) with or without censoring. In particular, given a demand level z and order
quantity y, the update rules in the censored case for Gamma distribution hyperparameters (a,S)
are given by

a/:a+ﬂ{z<y}7 SI:S+d(Z/\y)7 (7)

where Iy} denotes the indicator function and - A - denotes the minimum. Equation (7) offers a
natural interpretation of the hyperparameters (a,.S): the scale hyperparameter S accounts for the
sum of (a function of) the sales observed in the system, while the shape hyperparameter a counts
the number of fully observed demand realizations. The shape hyperparameter plays a central role
in our analysis as it measures the level of information about the unknown demand parameter 6:

the coefficient of variation of the the demand parameter 6 given hyperparameters (a, S) is

CV(fla, S) = 1/Va. (8)

“In order to keep our notation intuitive, we index prior beliefs using a forward numbering scheme (i.e., we index
by the current time), while we index cost-to-go functions using a backward numbering scheme (i.e., we index by the
remaining time horizon). The choice of indexing should be obvious by the context.
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Hence, higher values of a indicate less uncertainty regarding the value of 6.
Assumptions. For tractability, our analysis will focus on Weibull distributions, i.e., newsven-
dor distributions with
d(z) == 2%, for £ > 0.

For the Weibull family, the Bayesian update (7) is written as a¢y1 = a¢ + [,y and Sy =
S+ (2 A y)g and the predictive distribution (the distribution of demand conditional on the current

belief (a, S) for the parameter §) has density

aS®ezt-1
m(zla, S) = W» (9)
and cumulative distribution S
M(Z|Q,S> :].*m, (10)

for z > 0. The predictive distribution is integrable (i.e., the demand has finite expectation) if and
only if af > 1, and therefore we will assume that this condition is satisfied throughout the the rest
of the paper. Note that it suffices to verify that the initial prior distribution of 6 satisfies af > 1,
since the update rule (7) then guarantees that this will continue to hold at all future times.
Finite dimensional dynamic programs. Given current hyperparameters (a,S) we denote
by Vi(a,S), Vi'(a,S), and Vi (a,S) the optimal cost function under uncensored demand, the
myopic cost function under censored demand, and the optimal cost function under censored de-
mand, respectively. Similarly, we define C(a, S) to be the optimal single-period cost given current

hyperparameters (a, S), that is,

C(a,S) = 1;12161 E[L(y, D)]. (11)
In equation (11), the expectation is taken with respect to the pair (D,#), that follows a newsven-
dor distribution with parameters (a,S). Unless otherwise stated, this will be the convention for
expectation terms in the remainder of the paper.

With this notation in mind, we can decompose the cost functions of interest using standard

5

dynamic programming backward induction.” To begin, the optimal cost function under censored

demand must satisfy the Bellman equation

Vi(a,8) = min {E[L(y. D) +E [ipey Vi1 (a+ 1.5+ D) | + P{D 2y} Vi i (0.5 +4) }

®The existence of an optimal policy in this setting can be shown by applying Proposition 3.4 of Bertsekas and
Shreve (1978).
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for all (a,S) and all T > 1, with the terminal condition V{ (a,S) = 0, for all (a,S). Similarly, the

myopic cost function under censored demand must satisfy
Vi'(a,8) = C(a,8) + E [Lpeym Vi (a+ 1,8 + D) | + P{D 2 y™} Vi (0, S + (y™)"), (12)

for all (a,S) and all T > 1, with the terminal condition V" (a,S) = 0, for all (a,S). In (12), the
myopic decision y™ is defined to be a solution to (11), i.e., ¥ € argmin E[L(y, D)]. Finally, the
y>0

optimal cost function when demand samples are observable must sati_sfy
Vi(a,8) = C(a,8) +E [V (a+ 1,5 + D), (13)
for all (a,S) and all T > 1, with the terminal condition V{(a,S) = 0, for all (a,S). Here, we have

used the fact that the optimal policy in this case is myopic.

5 Parametric Bounds and Structural Analysis of the MCC

5.1 Upper Bounds

We aim to develop an upper bound on V7' (a, S) — V7 (a, S). Rewriting the recursion for the myopic
policy in the censored case (12) in a way that parallels the recursion for the observable demand

case (13), one obtains, for all (a,S) and T' > 1,
Vi'(a,8) = C(a, 8) + E |Vf*, (a+ 1,5 + DY) | + Tr_i(a, 9), (14)

where

Tro1(a,S) = (1— 1)V (a, S+ (y™)) — E [Vfﬂ_l (a+1,5+ Df)ﬂ{Dzym}} .

Combining (13) and (14), one has that
VF(a,8) - V{(a.S) = Ep [Vt y(a+ 1.8+ D) ~ Viy(a + 1S + DY) + Droy(a.S). (15)

The correction term I'r_j(a, S) may be interpreted as the additional cost incurred over the next
period due to the presence of censoring.
As a first step towards bounding the performance difference Vi'(a, S) — V7(a, S), we bound

I'r_1(a,S) as follows.

Lemma 1. Suppose that the demand distribution is a newsvendor distribution. For all (a,S) , and
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all T > 1,

T

(a,8) < Z 1—7) { a,S(1 —r)fk/a) - C%_ji1(a, S(1 - r)fk/a)},
k=1

where Cy(a,S) is the future expected single-period cost, t periods from now, when demands are

uncensored, i.e.,

C°(a, S) ;:E[C(a+t,s+D{+...+Df)}. (16)

Notably, Lemma 1 offers a bound on I'r(a, S) in which all terms depend only on future costs
in the uncensored setting. We next use Lemma 1 recursively to provide an explicit bound on

Vi (a,S) — VE(a, S) by exploiting the Weibull structure®.

Theorem 3. Suppose that the demand distribution is Weibull. Then, for any £ > 0,7 > 1,r €
(0,1),a > 0,5 > 0 with al > 1,

A— 2T T 1
m /0 < 1/¢ 1/¢
VT (CL,S) VT(a7S) < S [Q( a, ’l)] 1— )\ lOg 1+CL*1/£ +(I*1/f ) (17)
where X := (1—7‘)1_ﬁ and Q(a,r,{) is a function depending only on a, r and £, such that Q(a,r,l) =

O(1/a) as a — oo, when r and ¢ are fized.

The theorem provides a bound on the (absolute) myopic cost of censoring as a function of the
problem parameters: the time horizon T', the “uncertainty” parameter a and the service level r.
We first provide a high level overview of the proof of the result and then analyze in detail the
parametric dependence.

The proof of the result is based on two steps. We first develop an intermediate bound that
connects the (absolute) myopic cost of censoring to the difference between the observable demand
cost and the expected total cost when the demand parameter 6 is known: Vi_i(a,S) — (T —
1)C% (a, S), where

C%(a,S):=E r;1>1161 E [L(y, D)|6]

7 The latter difference can be

is the expected optimal single-period cost assuming 6 is known.
interpreted as the increase in cost stemming from the fact that 6 is unknown, in an uncensored
environment. In a second step, we bound the latter difference based on the problem parameters by

analyzing information accumulation and its implications on performance in the observable demand

SIn what follows, given functions f(-) and g(-) > 0 we say that f(z) = O(g(z)) as z — aiflimsup | f(z)|/g(z) < 0o
Tr—a
"Comparing with the definition of C%(a, S) in (16), note that C% (a, S) = Tlim C7(a, S).
— 00
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case. A key feature of the bound is that it captures the dependence on the problem parameters:
the time horizon 7', the economics trade-offs captured by r, the prior information capture by a and
the demand distribution shape, captured by ¢. We analyze some of these dependencies in detail
next.

Parametric dependence. We first start with the time horizon dependence. Note that if

T = 1, information collection does not play any role, the myopic policy is optimal, and we have

Vit(a,S) — Vi(a,S)

ng(avs) when

We now analyze the performance for general time horizons.

Proposition 2 (Time horizon dependence). Suppose that the demand distribution is Weibull.
Then, for any £ > 0,r € (0,1),a > 0,5 > 0 with al > 1,

Vi'(a,S) = Vi(a, S)
Vr(a, S)

= O(T 'logT) as T — oo.

The result captures the dependence of the MCC on the time horizon T. The fact that the
MCC is equal to zero when T' = 1 simply stems from the fact that, in a one period problem, the
censored and uncensored problems are identical, and the optimal decision is myopic. For large time
horizons, the MCC vanishes at rate O(T~!log T'). This reflects that: (i) over time, in the censored
environment, the optimal order will become closer to the myopic order (cf. Theorem 2), as in the
uncensored environment. (ii) The cumulative effects of deviations from a myopic solution in the
censored case can only affect performance minimally, not more than O(T “llogT ) in relative terms.
In particular, the MOG cannot be large in both the extreme cases when T'=1 and T — oo and

converges to zero rapidly.

Proposition 3 (Prior information dependence). Suppose that the demand distribution is Weibull.
Then for any £ > 0,r € (0,1),5 > 0,7 > 1,

Vit(a,S) — VE(a,S)
VP(a, S)

=0(1/a) as a — 00.

In other words, the MCC converges to zero at a fast rate as a — oo. This captures the behavior
of the MCC in a regime in which there is very little prior uncertainty about the demand distribution
parameter #. In this case, the presence of censoring does not affect performance significantly, since

there is little additional information to be captured.

Proposition 4 (Service level dependence). Suppose that the demand distribution is Weibull. Then
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forany £>0,a>0,5>0,T>1 with al > 1,

VT (CL, S) - VT(C% S) -0 <(1 - r)l—l/a[) as r—17,

Vi(a,S)

as r—0v,

Vit (0:8) ~Vi(@.S) _ g ()
Vi(a, S)

The result gives a characterization of the asymptotic properties of the MCC as the service level
r becomes close to 0 or 1, that is, as the holding cost becomes arbitrarily large with respect to the
penalty cost and vice versa.

If the penalty cost is large (i.e., 7 is close to 1), the myopic order quantity will be high (corre-
sponding the r-percentile of the predictive distribution) as the decision-maker attempts to mitigate
the large penalties associated with stockouts. This implies that the myopic policy will often ob-
serve full demand realizations, and one expects that the presence of censoring should not impact
performance significantly.

Note here that when r is close to zero, a newsvendor with knowledge of # would incur optimal
expected cost close to zero. Without the knowledge of 8, the myopic newsvendor will be very often
censored and it is not possible a priori to characterize the magnitude of the MCC as this quantifies
relative performance. Remarkably, however, when r is close to zero, and hence, when the myopic
quantity leads the decision maker to be censored very often, the performance implications of being
myopic are still very limited; the MCC shrinks to zero at a rate O(rl/ %). This stems from the fact
that the holding cost is very high and every unit of unconsumed inventory becomes very expensive,
making exploration (or “ordering more” than myopic) very expensive.

As a corollary of the results above, both the myopic optimality gap and the cost of censoring
become negligible at the boundaries of the input parameters of the problem, namely when T = 1,
T — 0o, a — oo, r — 0, and » — 1. Intuitively, as r — 0, and » — 1, the newsvendor trade-off
becomes weaker and weaker and the one period optimal ordering quantity converges to zero and
infinity respectively. As T — oo or a — o0, there is less and less uncertainty about the unknown
parameter. In Section 6, we quantify more finely the MOG by using an exact analysis to compute

it for various ranges of the parameters of the problem.

5.2 Lower Bound

To complement Theorem 3, we next provide a lower bound on the MCC for the case of exponential
demand (¢ = 1). While this lower bound does not directly apply to the MOG values, it sheds
light on whether the upper bound of Theorem 3 is tight in terms of having the “right” parametric

dependence.
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Theorem 4. Suppose demands are exponential (i.e., £ = 1) and a > 1. Then, for any T > 2,
S>0andre(0,1),

S T -2 1 T-—-1
Vi (e, 8) ~ Vi(a,8) 2 (1 - r)log(1 1) [1og (1 ; ) . +T_1] )

Note that the structure of the lower bound obtained in Theorem 4 is similar to the upper bound

given in Theorem 3. Indeed, by specializing to the ¢ = 1 case in (17), Theorem 3 implies that

Vin(a, S) — V2(a,8) < K(r1) 22 §Q(a—1) [1og<1+a:f1>+ail].

In particular, the logarithmic dependence with respect to the time horizon T is the best possible
dependence one could obtain for Vi*(a, S) — Vi(a, S).

The proof of Theorem 4 is presented in the online supplement. We next describe the key idea
underlying the proof of the result as it leads to additional insights on the extent of information
collection limitation induced by censoring.

The key idea resides in the introduction of an alternative problem with a new information
structure that arises from censoring of a different nature. In particular, we define the random
rejection problem to be one in which, during each time period, either the decision maker fully
observes the realized demand or receives no information at all (this can be interpreted as the
decision maker having access to full demand observations, but lacking access to a fraction of them).
This revelation occurs independently of the order size or the demand realization, and is based
on i.i.d. draws of a Bernoulli random variable with success probability equal to r. Note that the
probability of obtaining no information in any given period is equal to the probability of observing a
censored observation in the original problem when a myopic policy is applied. The main difference
is that, in the original problem every demand realization provides some level of information, while in
the random rejection problem some periods provide less (no) information and some periods provide
more.

We develop a lower bound on the difference V' (a, S) — VP (a, S) as follows. We establish that
the optimal cost in the random rejection case is always lower than that achieved by the myopic
policy in the original censored problem. Given this, one can lower bound V7*(a, S) — Vi (a, S) by
the difference between the cost in the random rejection system and that in the observable case.
The latter two costs are much simpler to characterize as the update rules do not involve censoring.
(Note that, since the information collected at each time period is independent of the decision rule,
the random rejection problem is similar to the observable demand case in that an optimal policy

is myopic and minimizes the expected current single-period cost.) This yields the bound in (18).
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One way to interpret the fact that the performance of the myopic policy in the censored case
is worse than that in the random rejection problem is as follows. In the former, the policy collects
some information in each period but high realizations of demand in the top (1 — r)"* quantile of
the predictive distribution are censored. In the latter, the decision-maker does not collect any
information for a fraction 1 — r of the periods but in the other periods observes the realization
of demand, including those that fall in the top (1 — 'r)th quantile of the predictive distribution.
As a result, in this problem, the decision-maker has fewer observations but those include the high
realizations of demand. The fact that one performs better in this setting suggests that high demand

realizations are more informative than low demand realizations.

6 Exact Analysis of MOG

6.1 Scalability

A notable feature of the problem when demand has a Weibull distribution is that the single period

optimal cost possesses the so-called scalability property, namely that
C(a,S) = SY*C(a,1), foralla>1/¢, S >0.

As observed by Azoury (1985) and Lariviere and Porteus (1999) this property can be extended to
the optimal and full observation cost functions: for any a > 1/¢, S > 0,7 > 1

Vi(a,S) = SV (a, 1), Vif(a,S) = SY'VP(a,1).

This separability allows the exact cost functions to be determined in the optimal and full observation
cases given only knowledge of V7 (a, 1) and V7 (a, 1), respectively, for all values of a > 1/¢. Further,
exact recursions have been developed for these two quantities in the existing literature (Azoury,
1985; Lariviere and Porteus, 1999; Bisi et al., 2011), and we will use those to evaluate these costs.

A similar reasoning yields that the myopic cost function V' (a, S) also possesses the scalability

property, and an exact recursion can be used to compute it, as summarized in the next result.

Proposition 5. Suppose that demand distribution is Weibull. Then, for alla > 1/¢, S >0,T > 1,

Vi (a,S) = SYV (a,1).
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In addition, for all a > 1/¢,

al

al —

Vit(a,1) = Cla 1) + ——= (1= (0 =)' 72 ) Vi (a+ 1, 1) + (L= 1) " V2 (a,1),

In the recursive equation provided by Proposition 5, V;*(a, 1) can be computed exactly given
Vit i(a+1,1) and V7" {(a,1). This implies that V;"(a, 1) can be evaluated using backwards induc-
tion, starting with the boundary condition V{"(a,1) = C(a,1). The value of C(a,1) itself has no
closed form expression, but can be approximated to arbitrary accuracy by numerical integration
for any a. This is analogous to the situation for the value function of an optimal policy in the
censored and full observation cases.

Hence, using the scalability property, the cost functions Vi'(a,S), Vi (a,S), and Vi (a,S) can
be computed numerically using simplified dynamic programming recursions that are exact up to

errors from numerical integration. In particular, no discretization of the state space is necessary.

6.2 Parametric Setup

We are interested in analyzing the behavior of the MOG across a broad range of input parameters.
In the case of Weibull demand, the input parameters are given by:

e the Weibull parameter ¢;

e the shape parameter a of the Gamma prior distribution;

e the scale parameter S of the Gamma prior distribution;

e the time horizon T'; and

e the service level 7.

Given the scalability property discussed in Section 6.1, the value of the MOG does not depend
on the scale parameter S, since both it is a cost difference normalized relative to a baseline cost.
We are therefore left with four parameters that summarize the three relevant dimensions of the

problem: time (T'), cost structure / service level (r), and the demand characteristics (a,l). We

consider ranges for time and service level given by
1< T <100, re€{0.1,...,0.9,0.99}.

The demand parameters (a, ) are more difficult to directly interpret. In order to clarify their

role, it is convenient to consider two measures of demand uncertainty.
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e Conditional on the prior distribution hyperparameters (a,S), we measure the aggregate un-
certainty in the next period demand (with predictive distribution (9)—(10)) through the coef-
ficient of variation of demand, i.e., CV(D]|a, S). Note that CV(D|a, S) is a function of (a, ),

but does not depend on the shape parameter S®. In particular, one may establish that

_ | Eos[D?] (2/0)Beta(2/t,a —2/)
CV(Dle, 5) = \/(Ea,s[D])2 e \/((1/£)Beta(1/£,a —1/0))? b

where Beta(-, -) refers to the Beta function. In the exponential case (¢ = 1), for example, one

has that CV(Dl|a, S) = v/a/(a —2) for a > 2.

e The aggregate uncertainty is in part driven by the fact that, even absent uncertainty regarding
0, the demand realizations themselves are random. This can be quantified by the coefficient
of variation of demand given the parameter 0, i.e., CV(D|f). Here, demand is assumed to
be distributed according to the distribution (6). Note that C'V(D|#) depends on ¢ but does
not vary with 0. Indeed, if the random variable D follows the demand distribution (6) with
parameter 6, then §~'/“D follows (6) with parameter § = 1. Thus, changing the parameter

0 corresponds to a rescaling, and leaves the coefficient of variation unchanged. One may

establish that
V(D) = \/ E[D?6) | _ \/ L+2/6)
(E[D]6])? (D(L+1/0))°
where T'(+) is the Gamma function. In particular, in the exponential case (¢ = 1) one has
that CV(D|#) =1 for all § > 0.

We define the uncertainty ratio (UR) as

_ CV(D|a, S)
UR(a,1) := VD)

UR(a,l) is always greater or equal than 1 and is the ratio of the overall, aggregate uncertainty in
the next period demand, to the uncertainty that would remain if 8 was perfectly known. From the
above discussion, UR is a function of only (a,f). For example, in the exponential case (¢ = 1), we
have that UR = v/a/(a — 2) for a > 2.

We will parameterize demand uncertainty through input parameters (UR, ). Note that we use

UR rather than a because it is directly interpretable as the relative value of uncertainty arising from

®Indeed, if the random variable D follows the predictive distribution (10) with parameters (a,S), then sY¢D
follows (10) with parameters (a,1). Thus, changing the parameter S corresponds to rescaling the random variable,
leaving the coefficient of variation unchanged.

24



the fact that 0 is unknown. For example, if UR = 3, the demand uncertainty would be reduced by
a factor of three if 6 were known.

On the other hand, we interpret the Weibull parameter ¢ as measuring the uncertainty of
demand realizations given knowledge of 6 (Note that the parameter ¢ also affects the shape of
the distribution). From (6), it is clear that larger values of ¢ lead to faster decaying tails for
the demand distribution. Moreover, from the above discussion, CV(D|6) depends only on ¢. If,
for example, ¢ increases, the coefficient of variation of the Weibull distribution (independent of
) decreases, and hence there is less variation in demand realizations. The uncertainty about 6,
however, remains constant, cf. (8). Because 6 can be learned via demand observations, the potential

value of exploration can be significantly affected by changing /.

6.3 Analysis of the Myopic Optimality Gap

First, we consider the behavior of the MOG, i.e., the relative sub-optimality of the myopic policy

as compared to an optimal policy.

6.3.1 Exponential case.

To gain some intuition, we start by considering the case where demands follow an exponential
distribution (¢ = 1). Figure 1 depicts the MOG as a function of the time horizon T', holding fixed
UR =2 and r = 0.8.

We first observe that this curve confirms the results of Proposition 2; indeed the MOG decreases
as T grows. The most striking conclusion of Figure 1, however, is not the shape of the function
(which was expected given the previous results) but rather the magnitude of the MOG: the MOG
never exceeds .15% over all values of the time horizon tested. This says that computing an optimal
policy and finely balancing the exploration-exploitation trade-off stemming from demand censoring
yields at most 0.15% improvements in costs compared to a myopic policy that simply orders the best
quantity given current information. In other words, for all practical purposes, there is essentially
no exploration-exploitation trade-off in this case.

To obtain a broader understanding of the behavior and magnitude of the MOG, we next evaluate
it for different values of the uncertainty ratio UR and service level r. In Figure 2, for varying choices
of (r,UR), we depict the worst-case myopic optimality gap MOGy, over time horizons 1 < T < 100,

ie.,
Mg, 1) —VH# 1
MOGy. := max Vi'(a.1) = Vi(a, 1)
1<T<100 Vi(a,1)

(19)

Observe that the MOGy,. tends to zero for values of the service level r close to 0 or 1, consistent

with Proposition 4. It is also clear that the MOG,. decreases as the uncertainty ratio UR decreases,
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Figure 1: The myopic optimality gap MOG as a function of the time horizon 7. Demand
is exponential (¢ =1), UR =2, and r = 0.8.
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Figure 2: The worst-case myopic optimality gap MOG,,. as a function of r and UR.
Demand is exponential (£ = 1).
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consistent” with Proposition 3. However, as was the case in Figure 1, the most remarkable fact
is the magnitude of the MOGy,: the maximum value of the MOG over all parameters tested is
below 0.3%. It is notable that this holds for any service level r. In particular, even when r is
low and censoring occurs often, there is almost no value of deviating from the myopic policy. In
summary, when demand is exponentially distributed, the value of exploration beyond the myopic

ordering quantity (or of “ordering more”) is negligible independent of the problem parameters.

6.3.2 General Weibull case.

We now consider the general Weibull case. We are interested in analyzing the MOG and, in
particular, understanding the sensitivity of our conclusions in the exponential case to changes in
the shape parameter of the Weibull distribution, ¢. In Figure 3, for different values of the Weibull
parameter ¢ and varying choices of the uncertainty ratio UR and the service level r, we depict the

worst case myopic optimality gap MOGy.

=05
0.06% |- ‘ ‘ ‘ 1 F 3 0.14%
0.03% 0.07%
0% 0%
0 1
3% 10%
1.5% 5%
0% 0%

T r

Figure 3: The worst-case myopic optimality gap MOG,, as a function of ¢, r, and UR.

The results show that, for each value of the Weibull parameter £, the overall shape of the MOGy,.

“Note that, for the exponential case, UR = y/a/(a — 2), and hence a — 0o as UR — 1. A similar conclusion holds
for the general Weibull case.
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curve is similar to the one obtained in the exponential case. The main differences are given by the
location of the worst case service level r value and the order of magnitude of the gap itself. One
observes that the worst-case gap is still below 3% for £ < 3, but the gap increases with the value of
£, with the worst cases in the instances tested given by £ = 7 and UR = 7. Except for these latter
cases, the conclusion of last section on the exponential setting seems to carry on for the general

Weibull case. We explain the intuition behind these results in the next section.

6.3.3 Analysis of MOG results

We now explore in detail the intuition behind the results presented in the last sections. We start
by analyzing, on a sample path basis, the evolution over time of the myopic and optimal order
quantities. We measure the level of learning achieved by either policy as the distance between
the prescribed order quantity and the optimal order when € is known. Specifically, if we let
{y(D 1) }=1.. 7 denote the sequence of orders for a particular sample path DY := (Dy, ..., Dr),
and y(#) := F~1(r|) the optimal order when 6 is known. We quantify errors in ordering quantities

according to

y (DY —y(9)
y(0)

* t—1y\
MyopicError, := E [ yr (D7) —y(0) H .

y(0)

H , OptError, :=E [

To assess the downstream impact that these errors have on costs, we define an alternative error mea-
sure. Let C(y|f) := E[L(y, D)|0] be the expected cost of ordering y, when the demand distribution

parameter 6 is known. We then define

CostError; .= E

C(yr(Di)16) - C(y:(fol)re)] |
C(y; (D7 )16)

In words, CostError; represents the relative distance in single-period cost between myopic and the
optimal policies, in terms of the true expected cost given 6.

For brevity, we consider a subset of the examples given in Sections 6.3.1-6.3.2. In particular
we fix T'= 50, UR = 7, and consider the £ = 1 (exponential) and ¢ = 7 cases for two values of r,
r = 0.2 and r = 0.8. For each case we estimate the values of MyopicError,, OptError, and CostError;
through Monte Carlo simulation. The results are depicted in Figure 4.

Consider first the £ = 1 case. From Figure 4(a) two main conclusions can be drawn: first,
there is non-trivial learning taking place, as there is at least a two-fold reduction in MyopicError,
and OptError, for all cases; since both policies prescribe higher orders for » = 0.8 the learning
rate is faster in that case. Second, the curves of the optimal and myopic policies quickly become

indistinguishable. In other words, both policies learn at very similar rates. This fact is reflected
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Figure 4: OptError,, MyopicError, and CostError; as a function of ¢, for 7' = 50, UR = 7
¢e{1,7}, and r € {0.1,0.8}.

in the cost picture, Figure 4(c). The cost difference actually favors the myopic policy in the first
periods (i.e. CostError; < 0) and then the optimal policy slowly takes over (using better information
gleaned from the initial higher orders) through the rest of the time horizon'®. The result is a very
slight overall advantage of the optimal policy: less than a half percent point in total cost, as shown
in Figure 2.

Consider now the case of £ = 7. Recall that, in these examples, UR = 7 and hence this case
corresponds to the the highest curve in the bottom-right plots of Figure 3. These are the only cases
where the MOG becomes significant. In these cases the problem primitives satisfy two conditions:
(i) there is little noise associated with demand (i.e., ¢ is large) and (ii) there is high uncertainty
about the unknown demand parameter 6 (i.e., UR is large). Suppose that we keep UR fixed, and
hence the ratio between the two sources of uncertainty in the system is constant. When / is large,
the coefficient of variation of the demand distribution is small and hence most of the uncertainty in

the system comes from the prior distribution, that is, from the fact that 6 is unknown. We are then

10While it is not apparent from Figure 4(c) given the scale, CostError; is positive in both cases for ¢ > 20.
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in a situation where, if § were known, demand itself would be highly predictable (roughly speaking,
almost deterministic) and the subsequent demand-supply mismatch costs would be very low. This
is evidenced in the steepness of the learning curves in Figure 4(b): particularly in the » = 0.8 case,
most of the uncertainty around the true optimal order y(#) vanishes after a few periods. Note that,
in contrast to the £ = 1 case, for r = 0.2 the learning rate of the myopic policy is markedly slower
then that of the optimal quantity. This stems from the fact that, even though very few demand
observations suffice to nearly learn 8, the myopic censoring probability is high due to the low r and
hence the optimal policy can make a significant difference by ordering more at the beginning. This
effect is clearly observed in the evolution of CostError; in Figure 4(d): the optimal policy incurs a
substantially higher cost in the first periods (CostError, < —10%) in order to quickly learn 6 and
then this produces a substantial advantage in the following periods, where CostError; > 0. Overall
the total cost difference, for the r = 0.2 case, is no longer negligible, close to 10%, as shown in the
bottom-right picture of Figure 3.

To summarize, the prior discussion shows that the MOG can indeed be significant, but only
if the problem satisfies simultaneously very specific conditions: (i) there is little noise associated
with demand, (ii) there is high uncertainty about the unknown demand parameter 6 and (iii) the
holding cost h is high relative to the penalty cost p. In this situation, there is a high potential
gain from exploring, and hence one may not ignore the exploration-exploitation trade-off. From a
practical point of view, however, when the three conditions above are satisfied, one faces a problem
of a qualitatively different nature than the typical newsvendor problem we started with: in these
cases, demand is, roughly speaking, deterministic and can be essentially learned exactly with very
few uncensored observations. Outside this specific case, the results in this section show that the

MOG is almost uniformly negligible.

6.3.4 The Myopic Policy Versus Other Heuristics

The objective of the paper is mainly to establish that, the myopic policy, while possibly the sim-
plest heuristic, is a viable alternative that performs well over all time horizons and for a very broad
range of parameters. However, one may ask if alternative heuristics could be used. Some heuristics
have been proposed in the literature. For example, in the non-parametric setting, Huh and Rus-
mevichientong (2009) propose a stochastic-gradient based heuristic that one could also apply in our
present setting. However, a comparison of performance to the myopic policy would be highly unfair
as the myopic policy can make use of much more information through the knowledge of the demand
distribution and the prior. A more fair comparison is to heuristics proposed in the Bayesian setting.
Chen (2010) proposes heuristics for the non-perishable inventory case, one of which (proposed in

§5.1) applies to the perishable case. In particular, it suggests to solve an equation based on the
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observable case to obtain a prescription for the censored case. The ordering quantity prescribed

should solve
Eos[L(y, D)) +E [V 1(a+1.5+D)| = 0 +p)VR(@S), st y>y’@s), (20

where p > 0 is a tuning parameter. We will call it the p-inflation heuristic. By definition, the
prescribed ordering quantity is greater than the myopic ordering quantity.

In Figure 5, the uncertainty ratio UR is set to 3 and for different values of the Weibull parameter
£ and varying choices of the service level r, we depict the worst case optimality gap for the myopic

policy and the p-inflation heuristic for two representative values of the tuning parameter p.

£=0.5 {=0.7
- - \ \ -

0.14% N — R R 0.14%
0.07% |+ -1 -1 0.07%
0% | L L L L L L 0%
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

r r

300 |- N 5%

1.5% 2.5%

0% 0%
0 1

Figure 5: The worst-case optimality gap for the myopic policy and the p-inflation heuris-
tic as a function of ¢, r for UR = 3.

We observe that the p—inflation heuristic appears to perform better than the myopic policy for
high values of ¢ (¢ = 3 and ¢ = 7) but that for smaller values of ¢, there is no uniform dominance.
In particular, for p = 0.001, the myopic policy performs uniformly better and for p = 0.001, the
myopic policy performs better for low values of r and worse for high values of r. More important
than the relative performance is the fact that both policies achieve very small optimality gaps

uniformly over the parameter space. This further reinforces the viability and appeal of the myopic
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policy given the fact that it does not require the computation of any value function to implement

it, and that it possesses strong convergence properties as established in the earlier sections.

7 Analysis of the Cost of Censoring

The current framework and paper analysis can also be used to quantify the impact of censoring
on the performance compared to what would be possible if demand samples were fully observable.
This would be of interest if, e.g., a firm is considering investments in technology to track lost sales.

In order measure the impact of censoring on performance, we introduce the Cost of Censoring
(COC), defined as the relative difference between the optimal costs in the censored and uncensored

systems, that is,
Vi — Ve
coC:.=-L__T,
Vr

One may note that
Ve - Ve _ Vi - Vr

| 7
and hence the MCC bounds the COC and all the upper bounds developed on the MCC in Section
5 apply to the COC.

We next assess the cost of censoring, that is, the relative cost of going from an uncensored to a

COC =

censored environment. As in Section 6.3, we will consider the worst-case cost of censoring COCy,
over values of the time horizon 1 < T < 100, i.e.,
Vi(a,1) — Vi(a,1)

COCwe = max Ve(a, 1) (21)

In Figure 6, we plot COCy, as a function of the uncertainty ratio UR and the service level r, for
different values of the Weibull parameter 4.

Figure 6 shows that the overall shape and the behavior in extreme cases of the cost of censoring
is similar to that of the myopic optimality gap . The main difference between the results in Figure 6
and those shown in Figure 3 is given by the magnitude of the gaps. The COC,. appears to be
much larger than the MOGy..!' To make a clearer comparison, Figure 7 combines the results of
Figures 3 and 6 in single plot: the red lines represent the worst case cost of censoring COCy. and
the blue areas represent the worst case myopic optimality gap MOGy,., displayed as an increment

over the cost of censoring. As we can see from the results, the MOG is not only low in absolute

'1As in Section 6.3, one can observe that the most extreme cases are given in the lower right plot of Figure 6,
particularly with higher values of UR. One can apply the same reasoning as before to explain the high gap values in
this context: if there is high 6 uncertainty and very low demand noise, an uncensored demand observation essentially
reveals future demand values, leading to a problem of a different nature.
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Figure 6: The worst-case cost of censoring COC,. as a function of ¢, r and UR.

terms, but also relative to the COC.

Implications. At a high level, most practitioners are well aware of censoring but rarely fully rec-
ognize the exploration-exploitation trade-off, focusing more on attempting to record lost sales. The
comparison above is informative in the following sense. It shows that the exploration-exploitation
trade-off and the need for forward looking policies introduced by demand censoring (with the com-
putational complexity that might be associated with it) is, for all practical purposes, a second order
problem compared to the value that might be generated by investing in processes and technology
to uncensor (even partially) demand. An interesting future research direction would be to quantify

analytically the differences between the MOG and the COC.

8 Concluding Remarks

In the present paper, we study the implications of demand censoring in inventory problems on
optimal or near-optimal decision-making, focusing on the perishable, or newsvendor, case. In par-
ticular, we study how censoring affects decisions, and in particular how the exploration-exploitation

trade-off introduced by censoring affects an (otherwise optimal) myopic policy. Through a com-
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Figure 7: Comparison of the worst-case cost of censoring COC,, and the worst case
myopic optimality gap MOG,,. as a function of ¢/, r and UR. The red lines represent the
COCy. and the blue areas represent the MOGy,, displayed as an increment over the COCye.

bination of long-run asymptotic analysis of decisions, and finite time analysis of performance in a
more restricted family, we find that, for practical purposes, there is virtually no trade-off between
instantaneous performance and information collection in this case: being myopic is “essentially” as
good as optimal. Operationally, this surprising fact implies that there is no need to develop and
apply optimal policies. The myopic policy is one of the easiest policies to apply in practice, and
the present results suggest that it is a viable heuristic to apply in general, yielding near-optimal
performance. Furthermore, it is worth noting that in general cases with non-conjugate families
of distributions, the dynamic optimization problem becomes infinite dimensional and obtaining an
optimal policy is highly intractable, so it is not clear what other alternative one could use. An
interesting avenue of future research would be to characterize finite time performance of the myopic

policy for such general cases.
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Technical Appendices

A  Proofs for Section 2

Lemma Al. Suppose demand D € Ry is a random variable with cumulative distribution function
F(.), where F(-) satisfies

1. F(-) is continuous over R.
2. F(-) is strictly increasing over Ry. That is, for all 0 < z <y, F(x|0) < F(y|0).

Then, there exists an order quantity y* € Ry that uniquely satisfies

Fy") =, (22)
y* = 81‘5;1(1)111 E[L(y,D)]. (23)

Proof. Clearly F(0) = 0 and $h—>nolo F(x) = 1. Since F(-) is continuous, applying the intermediate
value theorem, there exists exists y* € Ry with F(y*) = r. Since F(-) is strictly increasing, y* is
unique.

Now, since F(-) is strictly increasing, the distribution of D has no atoms, and hence L(y, D) is

differentiable in y for almost every D. Further, for such D,

’aL(y,D)’ <14

oy —r
By the dominated convergence theorem,
0 r Fly)—r
—E[L(y,D)] = F(y) — 1-F = —
SeE[L D) = Fly) = 7= (1 = Pla) = 2=

Therefore, since y* uniquely solves (22), y* is the unique value of y satisfying the first order
conditions for the optimization problem in (23). Since the objective is convex, y* must also be the

unique global minimizer. O

Proof of Proposition 1. First, consider the informed policy. Under Assumption 1, the cumu-
lative demand distribution F(-|f) satisfies the hypothesis of Lemma A1l for almost every 6. The

result immediately follows.
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For the myopic policy, define the conditional cumulative demand distribution

Fy1(z) := P(Dy < x| Fio1) = E [I{p, <z} | Fe1]
=E [E [I{p,<z}|Fi-1,0] | Fiz1] = E[F(x]0)|Fi-1],
for z € R,. Since, under Assumption 1, F'(-|0) is almost surely continuous and strictly increasing,
the dominated convergence theorem implies that F;_i(-) must also be continuous. Now, consider
0 < z < y. From Assumption 1, F(z|#) < F(y|f) almost surely. Taking expectations over 0

conditional on F;_1, Fy_1(-) must be strictly increasing. Therefore, we can apply Lemma A1l and

the result follows. O

B Proofs for Section 3

B.1 Asymptotic Rate of Censoring

Proof of Theorem 1. Define the process

Observe that W; is F;-measurable, and that by Proposition 1, W; is a martingale.
Moreover, since |W;| < t, we have that E[W}?] < t*. Then, W} is a square integrable martingale,
with quadratic variation process
¢
(W)=Y E[(Wr = Wra)?|Fra] =t-r(1—7).
T=1

By the martingale strong law of large numbers, as T" — oo,

Wr

——— — 0 almost surely on the event that (W)r — oco.
(Wr

This implies that Wr /T — 0 almost surely, and the result follows. ]

0N
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B.2 Strong P-Measurability

Assumption 2 requires strong P-measurability of the random demand measure pg. In other words,
g is the pointwise limit (in B, i.e., under the total variation metric) of a set of simple measure-
valued functions, each taking finitely many values. If the parameter space © is discrete, this is
obviously trivially true. More generally, if © is not discrete, this requirement forces a mild degree
of regularity between the demand distributions for various values of 6, and mainly serves to rule
out pathological cases. For example, the following theorem illustrates a simple sufficient condition

to ensure strong P-measurability in the case where the parameter space © is finite dimensional.

Theorem B1. Suppose that © C RX, and that for almost every 61,05 € O,

1o, — posllrv < L ([|61 — 62]]) (24)

where L: Ry — Ry is a continuous, nondecreasing function with L(0) = 0. Then, the random

measure pg: ) — B is strongly P-measurable.

Proof. As required, we will construct a sequence of random measures (f,) for n > 1 with each

fn: Q — B taking finitely many values. Given n > 1, define the set
O, :={0cO : |0 <n}.

Since ©,, is a bounded set in R, it is contained in a compact set. Then, by the Heine-Borel
property we can construction a collection of disjoint sets AY,..., Ay, C R that covers ©,,, such
that each set A} has the property that the distance between any two points is at most 27 ". Select
b;' to be any point inside A}’ N O,,, and define

@) = 3 g @B
=1
Then, for almost every w € 2 with 0(w) € 6, by (24),
[ fn(w) = pgyllTv < L (277).
Since every 6 € © will be contained in ©,, for all except finitely many n, clearly
Timn || fu() — oy = 0.
for almost every w € €. O
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We illustrate Theorem B1 by establishing strong P-measurability in the setting of classical

newsvendor distributions defined in Section 4.1:

Corollary B1. Suppose the cumulative demand distribution takes the form
F(z|0) :=1—e7%)  for all z > 0,

where d: Ry — R4y is a differentiable, nondecreasing, and unbounded function with d(0) = 0,
and 0 takes values in the parameter space © := Ry (under an arbitrary prior distribution). Then,

the random demand measure Ly is strongly P-measurable.

Proof. First, consider 0 < 01 < 65 < 0o. Define

z¥:=1inf S >0 : d(:c)zw .
0y — 6,

It is easy to verify that the demand density f(z|0) := 0d'(2)e’*) satisfies
f@l0h) < f(z]b2), Va<az o f(xlfy) = f(zlf2), V="
Applying this, we have that
[0, — poz || Tv = 2 sup 1o, (A) — o, (A)]

~251p /A [F(2]61) — f(x]62)] du

= 2[F(2*|62) — F(2*|61)]
=2 [exp <m> — exp (fcigg?//:;)ﬂ .

Define the change of coordinates 0; := log 6;, for : = 1,2. Then,

g, — ng,lltv =1L (\51 - 52\) ;

for all 01,05 € © := R, where

We can now apply Theorem B1. O
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B.3 Convergence of Beliefs

In this section, we will provide a proof of Theorem 2. This proof builds on the theory of convergence
of Banach space-valued martingales, so we begin with some definitions. Let L;(Q2, F, P;B) be the
space of Li-bounded B-valued strongly P-measurable random functions, where the norm |[|v||; is

defined for v: 0 — B according to

Il = / () vy Pldeo).

Note that if v(w) € B is a probability measure for almost every w € €, ||| = 1.
Define s to be the the random measure corresponding to the posterior distribution of demand
at the time t, i.e.,
pe(A,w) := P (Diy1 € A|lF),

for all A € ¥ (we will sometimes suppress the dependence of p; on the sample path w). We have

the following lemma:

Lemma B1 (Martingale Convergence of Beliefs.). Define

Foo =0 U]:t . Moo = E[pg|Fosc] € Li1(Q, F, P;B).

t>1

Ast = 00, Ut — oo pointwise in B almost surely. In other words, for almost every w € , we
have that

lim sup [p(A, w) = poo (A, w)| = 0.
t—00 gy,

Proof. The result is an immediate consequence of the martingale convergence theorem for Banach
spaces (Theorem 3.3.2, Hytonen et al., 2016). To see this, first observe that since pyg is a (random)
probability measure and is strongly P-measurable by assumption, we have py € L1(Q, F, P;B).
By Proposition 2.6.3 and Theorem 2.6.23 of Hytonen et al. (2016), the conditional expectation
iy := Elug| Fi] exists and fi; € L1(Q2, F, P; B). However, Now, observe that using the tower property
of expectation, for A € 3,

pit(A) = P (D1 € A|FR) =E [E [Iip,,,cay|F, 0] | Fe] = E [ug(A)|F] = u(A).

Therefore, u; = Elug|F;]. By applying Theorem 3.3.2 of Hyténen et al. (2016), we have, almost
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surely, the pointwise convergence

proo := B [ Foo] = lim E [pg]F]

[ DN |

Note that a standard, scalar martingale convergence theorem would establish that u:(A4) —
loo(A) for any set A € ¥. Lemma B1 leverages a Banach space martingale convergence theorem
to establish that this convergence occurs uniformly over all sets A according to the total variation
metric. This will be important in what follows.

While Lemma B1 establishes convergence of the posterior random measures u; to a random
measure (i, it may be the case that u. # pug. However, as the following lemma establishes, con-
vergence to the the limiting measure guarantees in the total variation metric guarantees convergence

of the myopic order quantity.

Lemma B2. Almost surely, there ezists a (random) order quantity yso € Ry such that
lim 4" = Yoo.
Jim g = Yoo

Proof. For x > 0, define the cumulative demand distribution

Foo(@) = p1oo ([0, 2]) = E[pa ([0, 2])| Foo] = E[F (z[0)| Foo]-

Applying the same argument as in the proof of Proposition 1, there exists a unique (F-measurable
random variable) yo, € Ry satisfying Fuo(yoo) = 7.

We would like to establish that y;" — yoo. Define the conditional cumulative demand distribu-
tion after time ¢ by Fy(z) := ([0, z]), for x > 0. Suppose that for some w € €,

lim sup ;" > Yoo- (25)

t—o00

Define
1
€=3 <lim supy;" — yoo> > 0.

t—o00

Then, for infinitely many ¢, we have that y;" > y + €, so

r=F1(y") = Fr1(yso + 6),
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where we have applied Proposition 1. For such ¢,

r> thl(yoo + E)
> FOO(yoo + 6) - |thl(yoo + 6) - FOO(yoo +€)|
> Foo(Yoo +€) — sup |ug—1(A) — proo(A)] .
Aex

Taking a limit along this subsequence and applying Lemma B1, we have that
T > Foo(Yoo + €).

Now, note that Fio(-) is a non-decreasing function, and that y is the unique solution of F(y) = 7.
Then,
r> Foo(yoo+€) >Foo(yoo) =T

By contradiction, the set of w € Q for which (25) holds must be of measure zero. By a symmetric

argument for the liminf case, it must be that y;" — Yoo almost surely. O
HE 0N

Now, we are ready to prove the main result.

Proof of Theorem 2. First, observe that conditional on 6, the demands {D,} arei.i.d. Applying

the Glivenko-Cantelli theorem, we have that

hm sup ZH{Dt<x} F(z]0)| =0, almost surely. (26)

T—o0 rzeRy

Now, consider a sample path w € € such that Theorem 1, Lemma B2, and (26) hold (such
sample paths are of measure 1). Fix € > 0. Along this sample path, there exists a time 7 > 1 such

that, for all t > 7, |y;"* — Yoo| < €. Then, for T' > T,

1 T 1 T—1 1 T
7 2 o<y < 5D Tpisypy + 7 D lpi<ytar
t=1 t=1 t=T1
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Taking limits as T" — oo,

1 T
“ZfEZMmgm}
t=

< F(yoo +¢€/0) + hm T ZH{Dt<yoo+e} F(yoo + €]0)

=7

< F(Yoo +€]0) + lim sup

T—o0 reR

ZH{Dt<Z‘} .’E|9)

= F(yoo + €/0).

Here, the first equality follows from Theorem 1, while the last equality follows from (26).
By a symmetric argument, we can establish that for this w, r > F(y. — €). So, for this sample

path, we have that
F(yoo — €l) <1 < F(yoo + €]0),
for all € > 0. Since F'(:|f) is continuous, we must have that F(y.|#) = r. By the uniqueness of

() in Proposition 1, we must have that y., = y*(f). O

0N

C Parametric Bounds and Structural Results

In this appendix, we will provide proofs for the results in Sections 5 and 6. In what follows, we will

use the following notation conventions:

e E[-] will denote expectation with respect to the pair (6, D), where 6 ~ I'(a, S) is the unknown
parameter of demand, and D ~ F(:|¢). In some cases, in order to avoid ambiguities, we will

specify the hyperparameters a and S in the expectation as Ea,g[ . ]

e ((a,S) = m>161 E[L(y, D)} denotes the single period optimal cost.
y>

e C7(a,S) represents the future expected one period cost, ¢t + 1 periods in the future, when

demands are observable. That is, C{(a,S) :=E [C(a +t,S+D{+ ..+ Df)}.

e C(0) := mlg E[L ’ ] denotes the single period optimal cost when 6 is known. We also
y>

will denote C% (a, S) :=E[C(0)].
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e The myopic order quantity y™(a, S) is defined as 3™ (a, S) := M ~*(r|a, S). The myopic order
quantity when 6 is known is denoted as y™(6) := F~1(r|6).
In the Weibull case these can be explicitly written as 4™ (a, S) := S/¢ ((1 —p)le 1>1M
and 3 () := 07 Y*(—log(1 — r))"/* respectively.

The proofs rely on a set of shorter technical lemmas presented in Appendix C.3.

C.1 Proofs for Section 5

Proof of Lemma 1. We will establish the result of Lemma 1 for general newsvendor distributions.

Define, for this proof only,

F(z]0) = 1—e %@,
Sa@a—le—SB
W(@‘G,S) = T,

where d: [0,00) — [0,00) is a differentiable, increasing and unbounded function with d(0) = 0.1

In the general newsvendor distribution case, one has
Vit(a,S) =C(a,S)+EqsVit(a+ 1,5 +d(D))] +T'r_1(a, S), (27)
where
Pr_1(a,8) == (1 =r)Viti(a, S +d(y™)) — Eq,s[Viti(a+ 1,5 +d(D))Lipsymyl,

and " represents the myopic order quantity. Here, with some slight abuse of notation, we keep the
same notation as in the Weibull case in the main text. To lighten notation, we omit the dependency
of y™ on a and S; in what follows, y™ always represents the myopic order quantity with respect to
a and S, that is y™ = d~*(S[(1 — r)~Y/* = 1]).

First note that, by Lemma C3,

Eas [Vi"(a, 8 +d(D))|D = y™] = Eq sya@m) [V (a, S +d(y™) +d(D))] . (28)

2Note that d(-) is defined to be nondecreasing in page 15 of the paper. To make the exposition more clear in this
proof, and that of Lemma C3, we assume d(-) to be strictly increasing, though the proof can be extended to the more
general case by defining, for example, dil(z) = inf{y|d(z) = y}.
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Next, note that

Pr(a,8) = (1=n)V(a,S+dy™) = (1 - NEysVf(a+1,5 +d(D))|D = y"]
= (1=7)|Cla, S +d(y™) + B spam Vi (a+ 1,5 + dy™) + d(D))] +
Prla,§ +d(y™) — Eas[Vf(a+ 1,5 +d(D)|D = y™]]
= (1-7)[C(a, S +d(y™) + By sam Vs (a+ 1,8 + d(y™) + d(D))] +
Y™) = Ea s Vi (a+ 1,5 + ™) + d(D))]], (29)

where the second equality follows from expanding V7' (a, S+d(y™)) according to (27) and the third

inequality follows from applying equation (28) to the last term in the second equation. Define
Cci"(a,S) =V (a,8) - V{"(a,S), for t=0,...,T.

C{"(a,S) represents the future expected cost t + 1 periods in the future, if the myopic policy is

applied, and we start with hyperparamters a and S. One can then rewrite (29) as

T'r(a,S) = (1—7) [C(a, S+d(y™) + Tr_1(a, S + d(y™))
~ o staym [CFoa(a+ 1,8 +d(y™) + d(D))]]
— (1-1) [C’(a, S =) 4 Ty y(a, S — )~
B, s0_n)-va[CFi(a+ 1,51 =)~ +a(D))]]

where the last equality comes from the fact that S + d(y™) = S(1 — r)_l/a. By repeating the

argument, one obtains
Ir(a,S) = S 1-rk|c (a, S(1 - r)*’f/a) —E, 5(1-r)-t/s [cgb_k (a F1,8(1— )R d(D))”

:c (a, S(1 - r)*’f/a) —E, 5(1_r)-te [c;_k (a F1,5(1— )R d(D))H

IN
1= [0~ T~
i
=
B

(1- r)¥ :C (a, S(1— r)*k/a) —CP_pt1 (a, S(1 - r)*k/aﬂ ,

The inequality is due to the fact that for any ¢ > 1, C?(a, S) < C{"*(a, S), a fact we formally prove
in Lemma C4. This completes the proof.
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Proof of Theorem 3. The proof is based on first bounding the difference V7' (a, S) — V7 (a, S) by
the difference V7_,(a,S) — (T'— 1)C% (a, S) properly scaled. We then derive a bound on the latter

difference.

Specializing the bound on I'p(a, S) given in Lemma 1 for the Weibull case, one obtains

T
Pr(a,8) < S(1—n)*[Cla,5(1—r) %) = Cfpa(a, SO —r) /)
=1

T
(a) al—1 o
S Sl/é E (1 _ T)k al [C(CL, ].) - CT_k+1(a7 1)]
k=1

—
INS

T
[Zu - >’f] (C(a, S) - C%(a,S)]., (30)

k=1

where (a) follows from the scalability property and (b) follows from the fact that C7(a,S) >
C° (a,S) for any t =0,...,7.13
By equation (27), page 46, specialized to the Weibull case, we have

Vi (a,8) = VR(a,S) = Eus [V;ﬂ_l(w 1,5+ D) = VR_i(a+ 1,S+Df>] +T7-1(a,5).

If we denote l/jf = D{ +...+ Df and proceed recursively, we obtain

S

-2
Vﬂm(av S) - VYQ(CL? S) =

(]

Ea,s [FT—l—t (a +t,5 + ﬁf)}

)

t=0
T 0 T-2
< |- | Y Bas [Cla+ 4,5+ Df) — Cola+ 1,8 + Df)]
Lk=1 1 t=0
T 1 T-2
= Y- | Y (6, S) — C(a, 5))
Lk=1 1 t=0
- .
= Y a-nHa | (Vi@ S) — (T —1)C%(a, S))
Lk=1 _
)\ _ )\T—i—l
= T (VA_1(a,S) — (T = 1)C%(a,S)), (31)

31t is not hard to derive this fact from the definition of C¢(a,S) and C2%(a,S). Intuitively, if 0 is known there
is always less demand uncertainty than if 6 is unknown (even after any number of demand observations) and hence
C%(a,S) is smaller than Cf(a, S).
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where the inequality follows by (30).
We now bound the difference V7_,(a, S)— (T'—1)CZ (a, S). For that we rely on lemma C5 that
bounds the difference Cy(a, S) — C%, (a, S) of costs in the observable case.

T-2
VP_1(a,8) = (T = 1)C(a,8) = ) [CP(a,8) = C5(a, 9)]
t=0
Cexp{1/(a — 1/0)}]7 =2 1
< Sl/fK(r,E)_ p{a/( 1/5/ 4 ;aﬂl/f
< st [TPEA O fogla 17647 - 2) ~togta— 1/6) + (a - 1/0) ")
< SK(0 :exp{z/ial—/gl/z)}:  Hlog(1 + . —Tl/f) +(a—1/)7"]. (32)

Let us now define

cexp{1/(a—1/0}

Q(a,r, l) == [K(r,0)] o170

Note that, because exp{z} <1+ (e — 1)z for any = € (0,1), we have that

wmymjfﬂnzo<a1Ue+@61;v)zo<i> as @ — co.

Therefore, Q(a,r,¢) = O(1/a) when r and ¢ are fixed.
By substituting Q(a,r,¢) in (32) and combining the inequality with (31), we obtain the result
of the theorem and the proof is complete.
O

[ BN |

Proof of Proposition 2. As stated in the proof of Theorem 3, it is not hard to show that
C{(a,S) > C(a,S) for all t. Therefore,

T-1
VR(a,S) =Y CP(a,8) > TC(a,S) := TEqs[C(0)].
t=0

Combining the latter with the result of Theorem 3, one obtains

Vit(a,S) — Vi(a, S)
VP(a,S)

MNHog(14+T/(a—1/6)) + (a—1/1)7!
11—\ TEa,S[ (9)]

< SV [Q(a,r, 0]V 2

Since the right side is O(T ' log(T)) as T 1 oo, the proof is complete. O
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Proof of Proposition 3. Note that, since the myopic value of information is independent of S

(cf. the scalability property), the statement is equivalent to

Vit(a,a) — VP(a, a) _0 (1
a

VTO(a,a) > as a — 00.

We start by showing that V7 (a,a) is lower bounded by a positive constant for any a. Since
T—1

Vi(a,S) = Z Cy(a,S), it suffices to show that each term C7(a,a) is lower bounded by a positive

t=0
constant itself,

Cla,a) = C(a,a)
1

i/ " et~ [P

m(g)

= Euq [9*1/4] [1 i - /;(1) xf(z|1)dx — /OOO F(:c\l)da:]

- Ea,a

> Eqa [9]—1/2 llir/ g;f(a:|1)dac—/ F(x]l)dx]
y™(1) 0
S / xf(m]l)dm—/ Flal)dz > 0,
1—7r ym(l) 0

where the first equality follows from Lemma C1 and the second inequality is a result of Jensen’s
inequality applied to the expectation term. The last equality follows from the fact that E, , [6] = 1.
We then have shown that

Vi(a,a) > TCS (a,a) > T

! / zf(z|l)dx — / F(z|l)dz| =:m > 0.
1—r y™(1) 0

Using Theorem 3 one obtains

Vit(a,a) — VE(a,a) A AT+

Vi(a,a) ~—m(l—\)

[aQ(a,r,0)]"/* [log(l ) ! } :

a—1/€)+a—1/l
and since aQ(a,r,¢) = O(1), the right side is O(a™') as a 1 oo and the result is established. O
[ DN |

Proof of Proposition 4. Following the inequality given in (31), in the proof of Theorem 3 (page
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48), it suffices to show that

A — AT Vgﬁfl(a, S) B (T B 1)E[C(9)] 0 (1 - T)l_l/az> as r— 17,

1-A Vf_l(a,S) B 0] 7‘1/8) as r— 0T,

(33)

where A := (1 — r)l_ﬁ.
Note: for this proof, all expectations are taken with respect to hyperparameters a and .S, that is,
E[] = Eqs[].

i.) We start with the case r — 17. Let us start by noting that (A—AT"1)/(1—X) = O((1—r)' /%)
as r — 17 and hence, it suffices, for example, to show that the ratio involving the value functions

in (33) converges to a constant. In particular we will show that

(T —1E[C(9)]
VP_i(a,S)

—0, as r—1".

It is not hard to see that both numerator and denominator converge to infinity as r — 17. We can
therefore apply L’Ho6pital’s rule and differentiate both terms with respect to r. Using the expression

for C'(0) given in Lemma C1 one has

E[C©)] = E|— /Oo :Uf(:v|0)dx—/oooF(x]0)dx

1—17r m(g)

— E|ym0) + — /OO F(z|«9)dz—/oooF(z|«9)dz]

- E 9—1/€ 9) )
- E 9*1/4] (—log(1 —r))/* + H/ e *dz—E [/ eazldz] .
— L—r  J(Clog(1—r)1/t 0

By differentiating with respect to r one obtains

0 r 0 1 00 .
) — Elo- 2 | (Z10e(1 — r))/! / .
87“ [C(Q)] .0 :| 87“ [( Og( T)) + 1—r (—Iog(l—r))l/f € dz
I 1 & ¢
= E|§/¢ / e % dz
L :| (1 - 7‘)2 (— log(lfr))l/e
1 & ¢
= E / e %% dz |,
_(1 — 7’)2 y™(6) ]

where the second equality is a result of the chain rule and the fundamental theorem of calculus

o1



applied to the integral term.
A similar argument applied to Cy(a, S) yields that

1 /oo —
— M(z|ag, Sp)dz| ,
(1 - T)Q ym(at,St)

where S; := S5 + D{ + ...+ Df and a; := a +t. Then one has that

0 o B
EE[Q(G’S)] = E

S
N

o (- DE[C(H)] . (T -1)E [fy‘ii(g) 0" dz}
=t Vi (@ S) T R S 50 M (el Sz
Lo (T-na- r) 2R [y™(0)]
=1 SR (1 = 1) ZE [y™(ar, Sy)]
© i (T -1E [9_1/4] (—log(1 — 7‘))1/5_1(1 —r)~!
YRR S (=) e - )Y G (1 = )t

—~
=
=~

—
Q
~

where (a) follows from applying L’Hopital’s rule, (b) follows from applying L’Hopital’s rule and
interchanging differentiation and expectation'* and (c) is a result of applying L’Hopital’s to the
right side of (b) . Elementary calculus (in particular, repetitively applying L'Hépital’s rule to the
ratio) yields that the last limit is equal to 0, and hence the » — 17 case is complete.

ii.) We now analyze the case » — 07. Let us start by noting that, following (33) and noting
that (A — A1) /(1 = \) = T as r — 0T, it suffices to show that

L VEa(a.8) — (T~ DE[C(0)]
ros0t r/Ve_ (a, S)

exists and is finite.

Defining the following notation
f@r) = Vi_i(a, ),  g(r) = (T -1)E[C(0)],

we aim to establish
i 1) —9(r) (34)

r—0t /L f(r) = oo

By following similar arguments as the ones used in i.) one can show that

[e o]

4
Y The interchange in the numerator is justified by the Dominated Convergence Theorem: e % dz <
y™(0)

e~ dz for any r € (0,1) and 6 > 0, and E [/ eiezzdz} = E[E[D|0]] = E[D] < co. A similar argument
0

0
justifies the interchange in the denominator.
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a) Both numerator and denominator in (34) converge to 0 as r — 0.

b) lim f'(r) = lim ¢'(r) = (T — 1)E[D].

r—0t r—0+t

c¢) The second derivatives of f(-) and g(-) are given by

1'0) = o)+ g )
§'0) = ) + o ),
where
T-2 o
fir) = Y /ymmt,st) (z|at,5t)d],
g(r) = (IT'-1E ” _ezédz,
i) = (T-1) [/ymw) ]
and
_ 2| |5} " _
Py = %Z [ }( o) Ty
Jr) = (Tg )E[G*I/"] (—log(1 — )/,

By item b) above and L’Hopital’s rule, one has that

lim 7~ 1f(r) = lim r—'g(r) = (T — 1)E[D]. (35)

r—0+ r—0+

This implies that, if we take derivatives in (34) both the numerator and denominator converge to

0. By taking second derivatives one obtains

im 1"(r) = g"(r)
0 A (= D) 17) + 3770 + () %

Next, we establish that

lim £ =9 g (37)

r—0t ri/t-1
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Let us start by noting that, by elementary calculus,

(~log(1 )/~

g S — -1 "
1/ay 1/0-1 1

lim ((1 —) Var — 1) (1—7) v/ . 1/a1/€—1

r—0t rl/e-1 B t ’
and therefore

~ ~ T—2 1/¢
i) =g () _T—=1 7, 15 Se | _
lim T = EP ]—Z?E@M K € Ry,

where K > 0 follows from Jensen’s inequality and the law of iterated expectations (see page 62 for
a detailed derivation of this fact). This implies that

i 1O =) T —g0)

r—0+ rl/t-1 r—0+ ri/t-1

Note that if £ > 1, and because [f(r) — 5(7’)] — 0, the proof is complete. If £ < 1, we can apply
L’Hopital’s rule to obtain

=g ) _ 2 [ -7 )
rg%l‘*‘ ri/t-1 N rlir(r]l"" % —1 rl/t=2

+ K=K,

where the second equality follows from applying (38) and the expressions for f'(r) and ¢'(r). Hence
(37) is established.

Now, by combining (37) and (35) above, one obtains that the limit in (36) is finite. This
completes the proof. ]

[ BN |

Proof of Theorem 4. Suppose demands are exponential and @ > 1. The proof relies on an
alternative informational system. In the random rejection system, at each step the decision maker
obtains either a full demand observation, independently of the order quantity y and with probability
r, or no observation at all, with probability 1 — r. Because in this case the information collection
is independent of the decision process, a myopic policy is optimal, and the optimal cost is given by

the solution to the Bellman equation
Vi(a,S):=C(a,S)+rE [Vf_l(a +1,8 + D)] + (1 =r)Vi_i(a,95).
It is not hard to show (by, for example, following similar steps to those in the proof of Proposition

o4



5 for £ = 1) that the cost function for the random rejection system also satisfies the scalability
property, that is,
Vi(a,S) = SVy(a,1), forany T'>1,5>0,a> 1.

By using this fact and the fact that, for the exponential case, E, g[D] = S/(a — 1) one can rewrite

the recursive formula for V7 (a, S) as

a

Vi(a,S)=C(a,S)+r Vi_1(a+1,8)+ (1 —r)Vi_i(a,S). (39)

a—1

To establish Theorem 4, we will establish the two following inequalities.

a) V'(a,S) = Vr(a,5) = Vi(a,S).

7a+T—2

b) V:F(a,S)—V:ﬁ(a,S)2(1—7")(—10g(1—r))2a7§1 [1og<1+T;2> -2 ]

a) The second inequality follows directly from the fact that full observations is a more infor-
mative system than random rejections. We prove the first inequality, V7" (a,S) > Vi (a,S), in two
steps.

Step 1. We first establish the following cost relationship in the rejection system.

a

Vi(a,S) > Vi(a+1,5).

a—1

We proceed by induction in 7. The case T' = 1 follows from the fact that V| (a,S) = C(a,S) and
(Bisi et al., 2011, Lemma 1). Suppose V;_;(a,S) > a Vi_1(a+1,5) for all @ > 1. Using the

a—1
recursive equation for V7 (a,S) one can write

a

Vr(a,5) = C(a,5) +r—Vr_4(a+1,5) + (1 -r)Vr_,(a,5)

a a a (a+1)
A 1 = — 1
a_1VT(a+ ,S) a—lc(a+ ’S)+Ta—1(a+1)—

a r
+ a— 1(1 — T)VTfl((I‘f‘ ].,S)

1VT’"_1(a+ 2,5)

The base case implies that the first term on the right side of the first equation dominates the first
term in the right side of the second equation. Similarly, by the induction hypothesis, the two last
terms in the right side of the first equation dominate the corresponding terms in the right side of
the second equation and hence the inequality is established.

Step 2. We now prove the inequality we are after, V;*(a, S) > Vr(a,S), by induction on 7. If
T =1 the result follows from the fact that V" (a, S) = V{ (a,S) = C(a, S)

95



Suppose that V72 (a,S) > Vi_i(a,S). Then

a

Vi@, S) = Ca,8)+——= (1= (1 =1)'"2) y(a+1,8) + (1 - )5V (a, 5)

a —
a

> Oa.8)+ —= (1= (1 =)""8) Vi (a+ L.S) + (1 =15V (0. 9),

a —

where the first equality follows from Proposition 5, page 22, applied to £ = 1.

Using the inequality above and Bellman’s recursion for V7 (a,S) in (39)

Vi'(a,8) = Vr(a, S) =

=)= (1= =2 Vala+ 1.9+ (1 =) (1 =17F = 1) Vi (a.S)
> (-1 (1= =r)7) e+ 18+ (1 -n)—= (1-r)7 1) Vi, (a+1,5)
=0

where the second inequality follows from step 1 above. This completes the induction step and a)

is established.

b) We first rewrite the full observation and random rejection value functions for the exponential

case:
VR@.S) = Cla.8)+ —“VE(a+1.8)
Vi(a,S) = Oa,8)+r——=Vi(a+1,8)+(1-1)Vi(a5)
= 0(a,9) + 15 1(a,8) + Vi i(a+1,S),

a

where I'_(a,S) :=(1—7) |V7_1(a,S) — ]

Vi_i(a+1,9)].

Therefore,
Vi(a,8) = VR(@,S) = Tp(a.8)+—= [VF 1(a+1,9) - VR i(a+1,S)].

By proceeding recursively one obtains

T—2
” o a+k—-1_.
Vi(a,S) = ViR(a,8) =) —— Tra(a+k,S). (40)
k=0

Lemma C8, presented in Appendix C.3, states that
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1-—
I (a,S) > ]

[(a—1)C(a,S) = (a+T —-1)C(a+T,95)]. (41)

By combining (40) and (41) one obtains

T—2
]__
Vi(a,S) — VE(a,S) > a_; (a+k—1)Cla+kS)—(@+T—2)Ca+T—1,8)]
k=0
(@) - 2
g (1_r)log (1 rS 1
(a—1) P atk a+ T —1
< (1_r)log (1-r)S = T-1
- 2(a—1) kzoa—i—k a+T -1
log?(1 —1)S 1 T-1
> (1-r———-—-71—11 T—-2)—1 -
> (1-r1) 2a=1) og(a + ) —log(a) + — — ———— 1.
where (a) follows from Lemma C9.c) in appendix C.3. This completes the proof. O

0N

C.2 Proofs for Section 6

Proof of Proposition 5. We proceed by induction. For T' =1 we have V{"*(a, S) = C(a,S) and
the result holds by Lemma C2.
Suppose that the result holds for T'— 1. Then

Vi'(a,S) = C(a, S)+
(@8)
[ e 1S + mela, S)ds + (1= Vi (0,5 + " @, S)))
0
= C(a,S)+
"(@:5) NV e
[ s o, ) V(a1 + (- 0[5+ B 8] v Ga)
0

y™(a,S) Sayg /—1
= C(a,S)—i—/O Mdz Vit (a+1,1) + (1 =) SV =) v (a,1)
z ]
Se 1
(a—3) (S + 2%~
Sl/z 1-1/at 1/¢ 1-1/at
(a— 1) [1—(1—r)‘/“} Viti(a+1,1) + Y51 =)=V vty (a, 1)
a1
L

al
al —1

y™(a,S)
VP (a+1,1) + SV — )by (a,1)

= SYC(a,1)—a

1
1o

= SYC(a,1)—a

- S“ﬂOMJ» (1 =] V(a1 0) 4 (1) Y (a,1),
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where the second equality follows from the inductive hypothesis applied to Vi {(a + 1,5 + zz) and
VI (a, S + [y™(a, 9)]°), and the third equality follows from the definition of y™(a, S). We deduce
that the result holds for T'; this completes the induction argument and the proof. ]

0N

C.3 Technical Lemmas
Lemma C1.

1
C(a,8) = —EDpzymsyl - ED],
1

Proof.

C(a,8) = E[L(y"(a.S).D)]
= E[(y"(a,9) ~ D)l + 1 El(D - y"(a.5))"]

r

— (7@ -ED)+ (14 ) B[ - (@ s)]

= ("(0,5) ~ E[D]) + 1 [E[DIpzynusy] - (1= 1)y™ (e, 5)]
= 7 i "E[DLip>ym(a,s)] — E[D]-

- T

This completes the proof for C(a,S). The proof for C'(6) is analogous. O]
O N

The following Lemma has been proven in the literature (see, for example, Azoury (1985)), but

we include a proof here for completeness:

Lemma C2 (Scalability). Suppose demands are Weibull and al > 1, then

C(a,S) = SY*C(a,1).
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Proof. By Lemma C1,

1
C(a,S) = ﬁE[DH{Dzym(a,S)}]—E[D]
= ! / zm(z|a,5)dz—/ M (z|a, S)dz.
1—r ym(avs) 0

1/¢
The myopic order quantity is given by 4™ (a, S) = $/* ((1 — )M 1) and hence y"(a, S) =
Sl/éym(a, 1). Also, one has that

0o 0o aSafZE
zm(zla,S)dz = / ———dz
]CWOLS) (e 5) ymia,s) (S + 207

/OO alzt
= P L
s1/tym(a1) (14 %)+t

00 l
= Sl/z/ 7(%2@ dz
y™(a,1) (1 +z )a

= Sl/e/ zm(z|a, 1)dz.
y™(a1)

Similarly, it is not hard to show that

/ M (z]a, S)dz:Sl/Z/ M (z|a,1)dz,
0 0

and hence

C(a,S) = SY* [1/ zm(z|a,1)dz — / M (z|a, 1)dz] = 5YC(a,1).
Y 0

=7 Jyman
This completes the proof. ]
HE O N

Lemma C3. Let (D,0) follow a Newsvendor distribution with parameters (a,S), and (D’,0) a
Newsvendor distribution with parameters (a,S + d(y)). For any z,y > 0,

P(d(D) > z|D > y) = P(d(y) + d(D') > z).

In words, this lemma states that the conditional distribution of d(D), given that D is greater
than y, is equivalent to the unconditional distribution of d(y)+d(D"), where D’ follows the resulting

distribution after having one censored observation at y.
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Proof. We start by showing the following equivalence:

P(d(D) > z|D >y) = P(d(y) +d(D') > x) Yo,y >0 (42)
& P(dD)=d(2)|D>y) =P(dy) +dD') > d(z")) Va',y > 0. (43)

To show necessity note that, given x, if there exists 2’ such that d(z') = z the result follows
immediately by setting 2’ := d~'(z) and 3 := y. If no such 2’ exists, this means, since d(-)
is increasing and unbounded, that = < d(0). But this implies that the events {d(D) > x} and
{d(y) + d(D’) > z} equal the entire sample space, and hence both sides of equation (42) equal 1.
This completes the proof for the necessity implication; the sufficiency can be proven by analogous
arguments.

We now give a proof of equation (43). If 2’ < 3/ both sides of equation (43) are equal to 1 and the
result holds. Suppose that ' > 3. Then

P(d(D)
P(D

_ [
o P

_ [ R
o P(D

where the first equality comes from the fact that the events {D > ¢/} and {d(D) > d(y')} are

)

P(d(D) > d(a")|D >y') = /(

\_/&

b|\/ |\/

)
D
)

dlz )/)|0)7r(9]a, S)df
d(2)|0) P(D > y'|0)m(0]a, S)
y'10) P(D > /)

—~

do, (44)

”\D
I\/ I\/ I\/ I\/

equivalent, and 2’ > 3 implies d(z’) > d(y).
Note that the second fraction inside the integral in (44) is equivalent to the posterior distribution

of 0, given a censored observation of D > y. That is,

P(D > y'|0)w(6]a, 5)

Dy =Tl S +dw),

where the equality follows from the Bayes update rule of a censored observation in the Newsvendor

family. By replacing this expression in (44) one obtains

P(d(D) 2 d(a")|0) P(D 2 y'10)n(0]a, S) ,, _ [ PUD) 2d@)|9) :
/e P(D > y'|0) P(D > y) = /@ P(D > y'|0) (Bla, S +d(y)))dd

_ / e~ =AW N7 (Gla, S + d(y'))d6
(S

= /@IP’(d(D) > d(z') — d(y')|c9)7r(9|a, S +d(y"))do
= P(d(y)

") +d(D') > d(z')),
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where the third equality comes from the fact that the distribution of d(D) conditional on 6 is

exponential with parameter 6. This completes the proof. O
H O N

Lemma C4. For any t > 0 we have
Ci"(a,S) > C{(a,S).

Proof. To simplify the exposition, we will write the proof for ¢ = 1, that is, one period in the future.
The extension to general t follows with similar reasoning.

Suppose D; represents the demand realization in the first period. One can write the future costs

C(a,S) = E[mym[E[L D)|Dy Ay™ ]]
C9(a,8) = E[mymE[ |D1]} (45)

Note that if we condition the outer expectation in (45) on the event {D; < y™} we obtain

E [mymE[ D)|D ]

D1<y] E[n%mE[ \DlAy]’D1<ym]. (46)
Conditioning on the complementary event in (45) one obtains
E [rrgnE[L(y,D)]Dl]‘Dl > ym] < myinE [E[L(y, D)’Dl]‘Dl > ym]
= myinE[L(y,D)|D1 >y
= E [myinE[L(y,D)|D1 > ym]‘Dl > ym]

— & | BlLG DD A D2 )

where the first equality follows from the tower property; the second equality follows from the
fact min E[L(y, D)|Dy A y™, D1 > y™] is measurable with respect to the sigma algebra generated
by Dly > 4", and the last equality follows from the fact that on the events where Dy > y™,
E[L(y, D)|D1 Ay™] = E[L(y, D)|D1 > y™]. By combining (46) and (47) one obtains

CY{(a,S)=E rrsz[ |D1}] <E[mmE[ D)|Di Ay™]| = C1"(a, S).
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This completes the proof. ]
HE U N
Lemma C5. Suppose Demand is Weibull, with al > 1. For any a, S, I, r andt=1,...,T

exp{l/(a—1/0}1"" 1
a—1/¢ a+t—1/0

Cf(a,S) — C2(a,S) < SV K (r,0)

where K (r,0) is a constant depending only on r and l.

Proof. Let (Dy,...,Dr) denote the vector of demands, over the time horizon, and let S; := S +
D+ ...+ Dfand a; :=a +t.
By Lemma C1 one has

o0

C7(0,5) = 1o Fus / m(zlas, $1)dz | — Ea s [Ea, D]
ym at,St

Co.(a,9) — / (210)dz] ~ E, 5 [E[DIF].
ym

Note that the last terms on the right side of both equations above are equal to E, g[D] by the law

of total expectation. Therefore, by subtracting both equations one obtains

(1-r)[CP(a,S)—C2(a,S)]

/ |at,St)dx] —Eq s [/ xf(:v|9)da:]
ym(at,St) y™(0)

= Ea,S
o) Sate /—1 o)
/ at Zxa +1d / 10zt le 02" 4y
ey (St + at)e y™(6)

- Ea,S

= Ea,S [
1/¢

_ U/t u I 1t —u
atfqs5 |5 }/ = (1+u)at+1d —Equ5 [9 }/log(lmu e “du, (48)

where the last equality follows from the change of variable u := 2 /St and u := z° in the first and
second integrals, respectively.

Note the law of iterated expectations and an application of Jensen’s inequality yield that

Bus [07] = B B ] > B [ 0] = s | B |
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Returning to (48), one obtains

(1-1)[C2(a, 8) = Cola, S)) <

t 1/e] 1/0+1 o ul/t > 1/¢
Ea,S <> ay / 1 Mdu—/ u / e “du
\at/ | (1—r) o -1 (1 +u)% —log(1-7)
1/0] 1/£+1 1/¢ 0
= Eos <t> < > ) “uaﬂdu_/ WM ety
L\ | [\a+1 (at+1)((1 r) ‘thl) (T4 257)™ —log(1—r)
i . 1/¢7] ul/t )
< E,s5||l— / ———du —/ ut e du
7 L at ] “ )aﬁ-l —log(1—7)
r 1/67 —(ar+1)
= Faus (t) / ul/t (1 + ) e | du
i at | [/ —log(1~7) ar + 1
[ . 161 [ poo U —(as+1)
< Eus || — / w1+ —e ¥ |du
’ Q¢ 0 Q¢ + 1
i S, ivam . 00 wl/t 00 B
= E, = 1 /E+1/ v _/ 1/€ ,—u _ 4
E, s (at) (ar + 1) ; (1+u)at+1du ; u /e Udu (49)

1

The second inequality follows from the fact that a;/(a;+1) < 1 and the fact that (a;+1) |[(1 —r) * —1

1
ay [(1 —7r) o — 1} > —log(1 —r) > 0 (see, for example, Lemma C9.a). The last inequality follows

from the fact that the integrand is non-negative (noting that e™* < e~ (@) In(l+u/(a;+1))

using that
In(1 + z) <z for all z > 0), and the last equality from a change of variable.
Consider now the last term in square braces. One can rewrite the integrals using the Gamma

function as follows

> 1/t > L(1/¢+ DT (a; — 1/¢)
1 1/£+1/ u _/ 1/¢ —u _ 1)1/e+1 t 11 1
(ar +1) ; (1+u)at+1du ; u’ e du (ar+1) T(ar 1) (1/¢+1)

(a; + DY (ap — 1/0)
I(a; + 1)
1
ag—1/0

-1

= T(1/0+1)

< T(A/+1)K(1/0+1) (50)
where the first equality follows from basic properties of the Gamma and Beta functions'® (see, for
example, Abramowitz et al. (1964), Chapter 6) and the last inequality follows from Lemma C6. In
particular, K (+) is defined in (52).

5In particular we are using the definition of the Gamma function: I(z) := / u® e "du, the following properties
0

[e5S] z—1
of the beta function: B(z,y) = % = / (uj_wdu, and letting x :=1/0+ 1 and y := a; — 1/¢.
0
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Therefore (49) and (50) yield

r1/t+1)K@1/t+1) 1
1—r ar—1/0

5\ /e
(&)
Furthermore, it is possible to show (see Lemma C7) that

%, [(S)”] . [Sexp{l/w— 1/6)}}%

Cf(a7 S) - Cgo(avs) < Ea,S

ag a—1/¢

and hence, by setting

K(r.0) = r(1/¢+ P—K:W + 1)7

one obtains

ex a — 1/e
C7(a,9) ~ % (a,8) < $Y'K(r ) | FPLL WW)} ar . v

This completes the proof.
HE 0N

Lemma C6. Let a,b be positive real numbers such that a > b. Then

a’T(a — b)

where K (+) is given by

R(z)={ 4 (f((x— 1)+ 1) ifz €N,
K(|z])+z—|z] ifzeR\N.

(51)

(52)

Proof. i.) If 0 < b < 1 the results follows directly from a traditional bound on the gamma function,

first developed by Wendel (1948) (a proof can be found in Qi and Losonczi (2010)).'

ii.) Suppose b = n € N, the result follows from the inequality (53) we establish next and the

factorial property of the gamma function: I'(x) = (z — 1)I'(z — 1) Va > 1.

z " < T'(z+s)
T+ s - z°T(x)
from this bound by letting z :=a — b and s :=b.

5 The original bound is written as: (
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Let n € N and a € Ry such that a > n. We establish the following inequality by induction on

n

=)

“ _ (n)
@-D@=2. (a-n) Sa-n (53)

3

where K (n) was defined in (52). The base case, n = 1, is trivial. Suppose the inequality holds for
n — 1, then

(I?(n—1)—|—a—n+1)a—(a—n+1)(a—n)
(a—n+1)(a—n)
aK(n—1)+(a—n+1)n
(a—n+1)(a—n)

U R ) - 4]

(¢) —
¢ 1 R,

a—n

where (a) is a consequence of the induction hypothesis, (b) follows by the recursive definition of
I/(\'(n) and (c) is a result of the fact that a/n < a—mn+1 for all a > n > 0. This concludes the

induction argument.
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i7i.) Finally, suppose b € R\ N and b > 1. Let n := [b] and € := b — [b]. Then

aTa—b) _ a™Ta-—n-¢
T'(a) I'(a) ] 6

- (a:l)(a _ag)...(a—n)arr(?a_—nn; :
< (o)
< (fﬁ"ﬁﬂ) <1+a_;_6>
KM a—n
_ Rwee,,
CEaw,
= ffbi—i-l

where in the first inequality, we have use (53) and in the second inequality, we have used the fact

that € < 1. This completes the proof. O
HE 0N

Lemma C7. Fiz S >0 anda > 1/0. Let Dy,..., Dy be i.i.d. random variables, Weibull distributed

with parameter 8 ~ Gamma(a,S). Then

. <S+D{+...+Df>w] . [Sexp{l/(a—l/ﬁ)}]}.

a+t a—1/¢

Proof. First, recall that

o0 [o¢]
Ep[(S + D)/ = / (S + 2Dm(z|a, §)dz = SV/* / (14 2Ym(z|a, 1)dz = SW%.
0 0 at —
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Therefore, one has that

E{(S+D{+...+Df)w] - E _E[(S—FD{+...+Df)w‘Dl,...,Dt_ln

I /6] [

= E (S—l—Df—i—...—f—Df_l) }/ (1+29Ym(zla+t—1,1)dz
L 0
[ e (a+t—1)¢

- E (S+D{+...+Df_1) }(a—I—t—l)(—l'

Continuing recursively one obtains
1/t 1oal (a+1)¢ (a+t—1)¢
E|(S+ D! +... 4+ Df = S
[( +D{+ ...+ D) ] ‘A 1(at =1 (ati-—1i-1
a a+1 a+t—1

a+l—3 a+t—1-3

[
3

IN
nn
)
D
»
T
—N— —N— N I
M1
—
N
S
|
— | =
Jr
)
oy
——

k=0
1 1 1
< 7 - _ _ _ _
< Stexp 7 log(fa — 14 £4(t — 1)) —log(fa — 1) + o 1/€] }
1 (t—1)]¢ L 1i
_ a—1/¢
St [1 tac 1/5] =]
And hence
S+ Dl ...+ DAY cTatt—1-1/077 1 1 1% [ exp{l/(a—1/0)}]7
E - 1 t SS@ |:€a—1/£:|l S S ,
b a+t (a—1/0)(a+1t) a—1/¢
which concludes the proof. O

[ BN |

Lemma C8. Suppose demand are exponential. Let

a
a—1

I (a,S):=1-r)|Vi(a,S) — Vi(a+1,9)|.

Then, for anya>1,T>1,5 >0 andr € (0,1)

1—r

I (a,S) > [(a—1)C(a,8) — (a+T —1)Cla+T,8S)].

a—1
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Proof. We proceed by induction on T. The base case, T' = 1, follows directly from the definition
of I (a, S). Suppose the result holds for T'— 1. Then

TS via,s) - i+ 1.9)

= C(a,S)HQf1Vf,1(a+1,5)+(1—r)thl(a,S)—
p— C(a+175)+razIVT?"_l(a+2,S)+(1—r)v;_1(a+1,5)

- Fg(i’f)+1irail r-1(@+1,8) +Tr(a,9)

= ail[(a—l)C(a,S)—aC(a—i—l,S)]Jrail[aC(a—i—l,S)—(a+T—1)C(a+T,S)]+
(i::) (a—1)C(a,S) — (a+T —2)C(a+T —1,5)]

= ail[(a—1)0<a,S)—(a+T—1)C(a+T,5)]+
L (0= 1)00.8) ~ aCla+ 1.8) + 0+ T~ )C(a+ T.8) — (a+ T~ 2C(a+ T~ 1.8)

> ail[(a—1)C(a,S)—(a—i—T—l)C(a—i—T,S)],

where the first inequality follows from the inductive hypothesis and the second inequality follows
from the fact that the function f(z) := (z —1)C(x, S) is a decreasing convex function (see Lemma

C9 below). This completes the induction step. O
RO n

Lemma C9. Let f: (1,400) = R be defined as f(a) = a [(1 —pyHe 1} and note that f(a) =

(a —1)C(a,1) when demand is exponential. Then, for every a > 1

a) f(a)+log(l—r)= i (—10g(];— r)* akl_l for any a > 1.
k=2 ’

b) f(-) is decreasing and convez.

21 —r
c) f(a)—f(b)Zlog(;)[i—ﬂ,foranybza.

68



Proof. a)

fla)+log(l—r) = a[(l — r)*l/a — 1] +log(1 —r)
_ a[e—log(l—'r)/a 1 _log(l - 7‘)}

where the third equality follows from the Taylor exp of e”.

b) Follows directly from a), since the terms in the sum are positive, decreasing and convex functions.

c¢) Follows from a) by subtracting the two series and discarding all terms except k = 2.
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