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Abstract

We focus on the problem of adaptive estimation of signal singularities from indirect
and noisy observations. A typical example of such a singularity is a discontinuity
(change—point) of the signal or of its derivative. We develop a change—point estimator
which adapts to the unknown smoothness of a nuisance deterministic component and
to an unknown jump amplitude. We show that the proposed estimator attains optimal
adaptive rates of convergence. A simulation study demonstrates reasonable practical
behavior of the proposed adaptive estimates.

Résumé

Nous étudions ici le probleme d’estimation adaptative de singularités d’un signal a
partir des observations indirectes et bruitées. Par exemple, cette definition de singu-
larité inclut des points de discontinuité (points de rupture) du signal ou de ses derivées.
Nous proposons un estimateur du point de rupture qui s’adapte a une regularité incon-
nue du parametre de nuisance et a ’amplitude inconnue du saut, et dont la vitesse de
convergence est optimale. Nous illustrons les propriétés théoriques de cet estimateur
par quelques résultats de simulation.
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1 Introduction
Consider the following model in the space of sequences
yr = aexp(2mikl) + gr + eopé, k € N, (1)

where a € R, 6 € [0,1] are unknown constants, g = (gx) € CN is an unknown nuisance
sequence, 0 = (o) € CN is a given sequence, and ¢ = (&) € CN is a sequence of
independent standard complex-valued Gaussian random variables, (R&x, S&) ~ N(0,1).
The goal is to estimate 6 and a using observations yi, k € N.

We consider the above problem under the assumption that the nuisance sequence (g)
belongs to a Sobolev ellipsoid

o
1
Go(L) = {g€ CN| Y lguf2k™ < L7}, 5> . (2)
k=1
In addition we assume that
Assumption (A). Forsome f>1/2and0<g <7
okP < |on| <TKP, VkeN. (3)

The motivation for considering model (1) under assumptions (2) and (3) is provided
by the fact that various problems of change—point estimation from indirect observations
can be stated in the form (1). In particular, the frequency 6 in (1) corresponds to the
change—point, while the amplitude a relates to the jump amplitude. The following three
change—point estimation problems illustrate this relationship.

Estimation of a change-point in derivatives. Consider the Gaussian white noise
model

dY (t) = f(t)dt + edW (L), t € [0,1], (4)

where f is an unknown periodic function on [0,1], € > 0, and W is the standard Wiener
process. Assume that f is o times differentiable, and f(® is smooth apart from a single
discontinuity of the first kind at the point 6 € [0,1]. We are interested in estimating the
change-point 6, and the amplitude a of the jump. When « is not integer then f(® is
understood as the Weyl fractional derivative of f. Let m = [a| (where |a] stands for the
integer part of a). We then say that (™) has a cusp of the order o — m at 6.

If £(® has a single discontinuity of size a at 6 € [0, 1], then it can be uniquely repre-
sented as

FO@) =aV(t—0) +q(t), telo,1], (5)

where V(t) = 1/2 —t — |t] is the “saw-tooth” function, and ¢ € G4(L), s > 1. We
note that (5) is the standard way of representing discontinuous functions in the theory of
Fourier series [see, e.g., Zygmund (1959, p. 9)]. Then the model (4) is equivalent to the

sequence-space model (1) where

g€ Gs_1(2nL), and o} = (2rk)?* "2, (6)



Indeed,

o (@2mik)7 k=1,2,..
Vi = { 0, k=0,

and, due to the periodicity of f, go = 0, the Fourier coefficients of the function f(® in (5)
are
fka) = a(27rik:)_162mk9 +qr, keNT, and féa) =0.

On the other hand, the model (4) is clearly equivalent to
2z = fr+em, k=0,1,2..

where z = 01 e?™ktdy (t), and n are ii.d. standard complex-valued Gaussian random
variables. Note that
£ = (“2rik)*fy, keNT.
Thus we obtain for v, = (—1)*(27mik)* T 2s, g = (2mik)qx and & = (—1)%F oy,
yp = ac®™ + gy + opeéy, ke NT

with (ok) and (gx) which satisfy (6).

Change—point estimation in the convolution white noise model. The white noise
convolution model is given by the equation

dY (t) = (Kf)(t)dt + edW (t), t € [0,1], (7)

where f is a periodic function on [0, 1], € > 0, W is the standard Wiener process, and the
operator K is that of the periodic convolution on [0, 1]:

1
(K F)(t) = / K(t— s)f(s)ds.

The function f is assumed to be smooth apart from a single discontinuity at 6 € [0,1]. The
goal here is to estimate the change-point # and the jump amplitude a.

Suppose, as above that the decomposition f(t) = aV (t —0)+¢(t) holds, and ¢ € G4(L).
Assume that the Fourier coefficients (K}) of the kernel K do not vanish, moreover, assume
that for some a > 1/2 and 0 < ¢ < C < oo the kernel K satisfies:

ck® < |(Kp)7Y < Ck°.

Using the same arguments as above, we conclude that the model (7) can be equivalently
rewritten in the form (1) with

o =27k |(Ky) 7', ke NT; g€ Gs1(27L).

Observe that the relation (3) holds with =« + 1, ¢ = 2wc and 7 = 27C.



Delay and amplitude estimation. Let S be a known periodic signal. Assume that we
observe the trajectory Y = (Y (t)), t € [0, 1] where

dY (t) = [aS(t — 0) + q(t)|dt + edW (1), t € [0,1], (8)

a € R\{0} is an unknown nuisance parameter, 6 € [0,1], ¢ is an unknown smooth periodic
nuisance function, € > 0, and W is the standard Wiener process. We are interested in
estimation of the delay parameter 6 and the signal amplitude a.

Suppose that in the model (8) g € G4(L) and for some § < < sand 0 <c¢ < C < oo

ck® <|S Y <Ok, keNT.
Obviously, the model (8) is equivalent to (1) with
or =15, ke NT, g€ Gs_o(CL),
and with ck® < o, < Ck*.

In the companion paper Goldenshluger, Judistky, Tsybakov and Zeevi (2006) (referred
to hereafter as Part I), we studied the problem of minimax estimation of # and a in the
model (1). Our estimators of the jump amplitude and of the change—point were based on
the so-called contrast functions

~ 2N 12

Int) = | >0 me ™[ tefo] ©)
k=N+1

R 2N 2N ' )

Hy(t) = 2mi Y Y (k—jypgze ™D = —Jyt), te[0,1],  (10)

kE=N+1j=N+1

where N > 1 is a window-size parameter to be chosen. The estimator ay of the jump
magnitude |a| is given by
an = N7', [ max Jy(t 11
N max N (1), (11)
while the estimate 6 of the change-point 6 is defined as a root of the equation H N(@)=0
on the interval with endpoints 8 and 6_, where

~

0, = arg tIEH[g,)l(} Hy(t), 0_=arg tIEI[l(i),Ih Hy(t). (12)

These estimators are based on a characterization of a and 6 in terms of deterministic
counterparts Jy and Hy of Jy and Hy that are obtained from (9) and (10) by substi-
tuting a exp(2wikf) for yi. In particular, 6 is the unique global maximizer of Jy, and
the corresponding maximal value equals a?N?. Furthermore, if 6, and §_ are the unique
global maximizer and minimizer of Hy, then 6 is the unique zero on the segment with the
endpoints _ and 0 (it is also the midpoint of this segment). In Part I it was shown that
the functions J; v and H N converge to Jy and Hpy uniformly on [0, 1].

The choice of the window parameter N in (11) and (12) is crucial to achieve the optimal
estimation accuracy. In Part I we have shown that if parameters s and L of the class G5(L)
are known, then N can be chosen (depending on s and L) in such a way that ay and
fn possess optimal minimax properties. In particular, if N = ¢(L/(eVIne=1))Y/(#+9) with
some constant ¢ = ¢(3,s), then the estimator ay is rate-optimal. On the other hand,



construction of rate-optimal estimators for the change-point # and the optimal rates of
convergence are different for two zones: 1/2 < 3 <3/2, and § > 3/2. When 1/2 < 3 < 3/2
then the optimal choice of N depends on the amplitude |a| of the jump but does not
depend on the regularity parameters s and L of the nuisance deterministic sequence (g ).
If 5 > 3/2 then the optimal choice of N depends on s and L but does not depend on |a].
We believe that the case § > 3/2 is more interesting because here the estimation problem is
“truly inverse.” Furthermore, in the case 1/2 < # < 3/2, in order to construct the adaptive
estimator it suffices to substitute an estimator @ of the amplitude |a| into the estimator of
6. For instance, one can use to this end the adaptive estimator a of |a| described below.
That is the main reason, as far as the change-point estimation problem is concerned, that
we limit our study to the case g > 3/2.

In this paper we develop adaptive estimators of |a| and 6 which do not require prior
knowledge of the parameters of the class G5(L). We show that these estimators are rate
optimal in the sense of Lepski (1990) and Lepski and Spokoiny (1997). The main results of
this paper are given in Section 2. Simulation results, presented in Section 3, show reasonable
practical behavior of the proposed estimators. The proofs are relgated to an appendix.

2 Main results
We start a description of the adaptive jump amplitude estimator.

2.1 Adaptive jump amplitude estimator

The construction is based on the general adaptation scheme by Lepski (1990). In order
to implement this scheme in the context of the jump amplitude estimation we need to
control the stochastic error of the estimator ay defined in (11). It was shown in Part I,
Section 4.1 that the stochastic terms are determined via the complex—valued stationary
Gaussian process wy(t) = ZiﬁNH op&re 2™kt € [0, 1] with zero mean, and variance

2N
(N)=2 > o (13)
k=N+1

In view of Assumption (A), there exist constants ¢y < Cg < oo depending only on 3 such
that

cga NP2 < 5, (N) < CpaNPH2 for any N e N*. (14)
Put N = |e72]. For N =2,..., N we set
Fw(N) = Cso NP2, (15)

Let A > 1 be a parameter to be specified. Consider the following iterative procedure:

Algorithm 1

1. Compute the estimate ay with the window parameter N and the values

ag =ay —10eANTG,(N), af =ay+ 10eAN"15,(N).



2. For N = N —1,...,2 compute the estimate ay with the window parameter N. If
Ay San + 10eAN 17, (N) and ay — 10eAN 15, (N) < a]J\r,+1,
declare N admissible and compute the brackets

ay = max{ay,;, aN — 10eAN 17, (N)}

af = min{aEH, an + 10eAN "1, (N)}.

3. Define the adaptive estimate a. as any point of the segment [a]}[, at] (eg. @ =

N
(a; + oz]_v) /2), where N is the smallest admissible N.
Note that the adaptive estimator a. is well-defined as the set of admissible window pa-
rameters N is non-empty (barN is always contained in this set). We also note that our

construction depends only on a design parameter A; it will be chosen in the sequel.
For A > 1 define N,, where

N, = min{N : 2sAN"'5,(N) > V3LN—"1/2}, (16)

Note that N, depends on the parameters s, L of the class G4(L). If we knew the true values
of L, s (and could choose N = N, with A = O(vIne~1)), that choice of N would lead to a
rate-optimal estimator of |a|; see Part I, Section 3.2.

The next statement establishes an upper bound on the accuracy of a..

Theorem 1 Assume that Assumption (A) holds with 3 > 1/2. Let A\ > 1, and let g €
Gs(L), with s > —1/2 and L > 0 such that

ed <min{27Y2, [cgo(20) V@2 D  [(CyT) L) (17)
Then there is a set Aj(\) C Q such that
P (As(N) 2 1= c(B)ANZe >, (18)

and for any w € Aj(X),
|a. — |a]| < 20eAN 17, (N,). (19)

The result of Theorem 1 shows that under proper choice of the design parameter A, the
event A4 ;()) is of large probability, and on A;(A\) the estimation accuracy is controlled by
the expression on the RHS of (19). An immediate corollary of the above result is as follows:

Corollary 1 Leta. denote the adaptive estimator given by Algorithm 1 and associated with
A = c(f)VIne~l. Let g € G5(L) with parameters s > —1/2, 0 < L < oo such that (17)
holds. Assume that 3 > 1/2. Then there ezists a constant C' = C(f3, s) such that

26-1 2l
(Ela. — |a| |)Y? < C L3s+25 (Egvhw*l) B0 for any a € R. (20)

Comparing (20) to the results of Theorems 1 and 2 of Part 1, we conclude that the adaptive
estimator a. is rate—optimal.
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Figure 1: “Typical” zone of estimation and zone of detection.

2.2 Adaptive change—point estimator

Let us start the presentation of the adaptive change-point estimator with some informal
discussion. As we have emphasized in the introductory section, the optimal choice of window
parameter N depends on the regularity parameters s and L and does not depend on the
jump amplitude |a| when 3 > 3/2. However, recall that when the jump amplitude is small,
consistent estimation of the change-point is impossible. This is the case, in particular, when
(cf. Theorem 5 of Part 1)

26-1 (1) %3
=5 — S
la| < cL2+28 <a€ ln5—1>

for some constant ¢ > 0. If we recall now the definition of N, in (16) with A ~ VIne~!, we
notice that the the “critical” amplitude value, i.e. the minimal jump amplitude for which
consistent change-point estimation is conceivable, satisfies

la| > ¢ X\eN; ', (N.).

In other words, the properties of the minimax change-point estimator 9, are quite different
in two zones of the (N, |a]) “plane” (see Figure 1). In the zone of detection, which lies under
the plot |a] = cAe N5, (), the estimator is not consistent. In the zone of estimation
above the graph, the estimation of the change-point is feasible. Clearly, an adaptive change-
point estimator will exhibit an analogous behavior. We expect its zone of estimation to be
“comparable” to that of the minimax estimator, and its rate in this zone to be (up to a log
factor in €) the same as the minimax rate.

The following construction of the adaptive change-point estimator 0 depends on two
design parameters, A and s; they will be specified in what follows.

Let N and N, be defined as above, and let a. be the adaptive estimate of |a| defined in
the previous section. For N € {2,..., N} we define

Y(N) = 20eAN 15, (N), 9. = (N.). (21)



Now, fix »r > 1, and define 7 as a subset of {2,..., N},
T={Ne{2...,N}: a.>2x)(N)}. (22)

If 7 is non—empty we denote Ng = maxye7 N, N, = minyer N and put 7 = {No, N1, ..., Ny, }
where Ng > Ny > --- > N, (here m +1 < N — 1 is the cardinality of 7).

If the set 7 is empty we set the adaptive estimator @\5 = 0, otherwise we perform the
following iterative procedure:

Algorithm 2

1. Compute the estimate 0y, with the window parameter Ny and the values

Tng = Oy — TTreXa; "Ny *5w(No), T4, = O, + T7meda; ' Ny 2w (No).

2. For N; € T,i=1,...,m compute the estimate 6y, with the window parameter N;. If
T, SO, + TTmeXa; "N 26, (N;) and Oy, — TTreXa; 'N; 26 (N;) < 7, declare
N; admissible and compute the brackets

Ty, = max{ry 0N — TTmela; ' N, 26, (N:)}

T]J\?i min{Tf\Z_l, On, + TTmedas ' N, 25, (N:)}.

3. Define the adaptive estimate 6. = (T]i\; + TJ%)/Q) as the center of the interval [’7’]%, TJ%],

where N is the smallest admissible N eT.

Observe first that the estimate é\s is well-defined: if 7 is non-empty, the set of admissible
window parameters always includes Ny, else, we have 6. = 0.

A reader familiar with Lepski’s adaptive estimation procedure will notice an interesting
characteristic of the proposed method. In the original Lepski procedure, in order to choose
the adaptive estimator # from an ordered family of estimators 6;, i € I, each estimate 6; is
to be compared with all subordinated estimators 6, 0 < k < i. However, in Algorithm 2
above only the estimates y, with N; € 7 are compared. This modification of the Lepski
method can be briefly justified as follows: suppose for a moment that the exact value
la] of the jump amplitude is known. For each 2 < N < N we have two possibilities:
either |a| > »(N) = cAe N~15,(N) or |a| < s(N). Let consider in more detail the
second possibility. Suppose that the window parameter N is the “optimal” one. Than
la| < 5¢p(N) implies that the corresponding minimax estimator is in the zone of detection
where consistent estimation of # is impossible. In this case any estimate 6. € [0, 1] is rate-
minimax. Now, if the window parameter is not the “optimal” one, excluding the estimator
On from the set of tested estimators would not alter the properties of .. Hence, in both
cases, one can safely exclude such 6y from the set of candidate estimators. Now it suffices
to substitute the pilot estimate a. for the true value |a| to obtain the proposed adaptive
algorithm.

The next statement establishes an upper bound on the accuracy of the estimate é\g.

Theorem 2 Suppose that Assumption (A) holds with 3 > 3/2. Let X > 1, and let g €
Gs(L), with s > —1/2 and L > 0 such that (17) is valid, and

eA < 67 L(Cho) (23)



Let 2 > 80w, and assume that
la| > 3sc1),. (24)

Then there exists a set Ag(\) C Q of probability at least 1 — c(ﬁ))\NZe*”‘Q, such that on
Ap(X) one has R
0. — 0] < 155meX|a] LN %5, (Ny).

Corollary 2 Let Assumption (A) hold with 3 > 3/2. Let 56 denote the adaptive estimator
given by Algorithm 1 and associated with X = 2VIne~! and » > 80w. Assume that g €
Gs(L) with s > —1/2, 0 < L < oo such that (17) and (23) are valid and let

2s+3

/@_
w:(s,L,a) = ]a\*lL;ﬁﬂi (GeVineg=1)2s+25, (25)

Assume that for some constant ¢y = c1(s, [3)

2s+1

28—1
la| > ¢ L2s+25 (55\/111 5*1) e (26)

Then there exists a constant ca = ca(s, 3) such that

(E|6. — 022 < cape(s, L, a). (27)

Corollary 2 is an immediate consequence of Theorem 2; its proof is therefore omitted. Let
us compare the bound of Corollary 2 with that of Theorem 3 of Part I. One observes that
the two bounds coincide (up to a different choice of constants) if one substitutes ¢ in the
bound of Theorem 3 of Part I with eVIne—!. Following Lepski and Spokoiny (1997) we refer
to the factor VIne=! as the price of adaptation. We now prove that in the change-point
estimation problem, this price cannot be avoided even in the simple case when the class G
contains at least two nuisance sequences with different regularity parameters.

Theorem 3 Let Assumption (A) hold. If > 3/2 then for any so > —1/2, s1 > —1/2,
S0 # s1, any a # 0 and L > 0, there two signals

such that g € Gy, (L) with the following property: for any estimator 9 of 0 € {6© g
from observation (yx) as in (1), one has

max - Y(s,L,a) (E|6—0*)"/* > c.

Pe

fe{f @, fM}

Here ¢(-) is defined as in (25) and c is a positive constant depending only on 3 and sg
and sj.



3 Simulation results

We have conducted a simulation study in order to evaluate practical performance of the
adaptive change—point estimation procedures. The algorithms described in Section 2 de-
pend on constants that guarantee adaptive optimality. These constants are derived from
upper bounds on the stochastic terms that characterize the contrast functions J, n and H N-
Note that jN and H n are quadratic functions of observations. In Part I we remarked
that the change-point and jump amplitude estimation in model (1) can be based on the
following contrast function that is linear in the observations (yx)

2N
]/\/I\N(t) = 3‘%( Z yke_%ikt).
k=N+1

This contrast is an empirical counterpart of the function

2N

My(t) = a@%( > ykexp(—%ik(t—@)))
k=N+1
_ QW cos|(3N + 1) (t — 0)].

Although theoretical analysis of the bias of estimators based on M, ~(+) is much more in-
volved, tight bounds on the stochastic error terms are easily derived. This is especially
important for adaptive estimation because adaptive procedures use bounds on the stochas-
tic error terms. Therefore in our experiments we implemented the estimators based on the
function My ().

The observations y, k = 1,...,Ng = 72| are generated in the frequency domain
according to the model (1) for three different noise levels ¢ = 0.1, 0.5, 0.25.. Via the
inverse Fourier transform, this scheme is equivalent to a nonparametric regression model
with regular design of step size 1/Ny, and Gaussian zero mean errors with unit variance.
The sequence oy, is chosen to be o = (27rk)f8 . For instance, the value 8 = 2, as explained
before, corresponds to the problem of estimating a change-point in the first derivative. The
nuisance sequence (g) is chosen so that it belongs to the ellipsoid Gs(L) [see (2)]. Below
we present results of an experiment with 3 = 2 and s = 3, L = 60. The nuisance sequence
gk € Gs(L) is chosen to mask in the best way the change-point. The detailed description
of such a sequence is given in the proof of the lower bound of Theorem 6 of Part 1.

Figure 2 displays a time domain observation corresponding the setup described aobve
for £ = 0.1. The pure jump signal is the integral of the saw—tooth function; it models the
jump in the first derivative. The combined signal represents the sum of the pure jump
signal and the worst—case nuisance component from G3(60).

In Figures 3 and 4 we present the results of an experiment with M = 100 randomly
generated observation samples (the values of 6 are drawn from the uniform distribution on
[0,1]). We present in Figure 3 the the mean square error of the estimator @. of |a|, and
that of the estimator 6. of 6, as a function of €. In Figure 4 the corresponding boxplots
are provided.
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Figure 2: The pure jump signal, combined signal and noisy observations.
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Appendix

3.1 Proof of Theorem 1

Let us first recall some notations used in Part I. The complex—valued Gaussian process
{wn(t),t € [0,1]} is defined as wy(t) = ZiﬁNH op&re” 2kt and

AN N) ={weQ: sup |lwn(t)] < 20, (N)}.

te[0,1]
Let
2N 2N
pr(N)=2( > gk)*+20alN > gxl-
k=N+1 k=N-+1
We also put

N
AN =[] As(AN).

N=2

The bound (18) for the probability of A;(\) is readily given by Lemma 6 of Part 1.
Following Part I, we denote by Jx(t) the “ideal” version of the contrast function

2N 9
In(t) = a2’ S exp(=2rik(t — )| -
k=N-+1

It was shown in Part I that if the event A;(\; N) occurs, and if g € G5(L) then
sup [In(t) — In(t)] < Ay(A;N) = ps(N) + 8220202 (N) + deX|a| Now(N)
te[0,1]

< GLENT2! 4 9V/3]a| LN 75732 1 8e20262 (N) + 4eX|a| Noy, (N). (28)

For the sake of completeness, we also reproduce the following result from Part I.

12



Lemma 1 Let ay be the estimate of |a| associated with the window parameter N. Then
for any A > 1 on the set Aj(X\; N)

A;N) AN
N2(la|] Vay)’ N

lan — lal| < min{ }, for any N > 1.

Note first that under the premises of Theorem 1 2 < N, < N. Indeed, by definition (16),
N, < [V3(2¢50) " L(e\) 71/ (B+9) 4 1. Then the assumption (17) implies that this upper
bound is < (eX)72.

Step 1. Observe that by definition of N,, we have from (28) that for any N > N, and
w e .AJ()\):

Aj(\;N) ps(N) 5 202 (N) ow(N)
<
N2 S N2 + 8\ e + 4e)|al i
i2 J—
2 2Uw(N) Uw(N)
< 16 e + 8eM|al N

Suppose now that for a given N the “true amplitude” |a| satisfies

la| > 8eAN 17, (N).

Then
Aj(\ N 1 1 1
5\[2) < 2|aleAN "1, (N) + 8lale AN 15, (N) < 10eX|a| N 717, (N).
Then by Lemma 1,
Aj(\ N
lay — |a| | < M < 10eAN 17, (N).

N?|al
On the other hand, if |a] < 88 AN 15, (V) then

Aj(\ N)NT2 <162 2N 252 (N) + 64e® A2 N 252 (N) = 802 2N 252 (N).
Again, by Lemma 1,

AY2(00N)

lan = la]| € =L < 9:AN 1, (V).

We conclude that on A;(A), for N, < N < N the following holds:
lay — |a]| < 10eAN 17, (N). (29)
Step 2. Let us suppose for an instant that N, which is defined in (16), is admissible.
Then N < N, and, by definition, a. belongs to the intersection of segments
Sy = [any — 10eAN TG, (N), any — 10eAN "5, (N)]
for all N, < N < N. In particular, a. € Sy,, and, due to (29),

G- —lal| < [a: —an.|+ lan, —lal | < 10eANT'Tw(N) + lan, —|a] |
< 10eAN; 1T, (Ny) 4 10eAN, 15, (N,) < 20e AN, 17, (N,).

It remains to show that NV, is admissible for any w € A;(\), or, what is exactly the same,
that the sets Sy for N, < N < N have a common point. But (29) means precisely that
la| belongs to the intersection of all such sets Sy. |
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3.2 Proof of Corollary 1
Let A = ¢(B8)VIne~1. We use the decomposition

E(. - |al)? = E(@. — a2 1{A;(\)} + E(@. — a) 1{AS(V)}. (30)

For the first term of (30) we use the bound of Theorem 1:

281 2s+1

E(@. — |a))?1{A;(\)} < 20eAN; 17, (N,) < C(B, s) L2720 (55\/111571) 2
Let now 2 < N < N. By the definition of the estimator ay, (cf. Lemma 1)

An(T,J) AN*(T,J)
N2|a| N

lan — |a| < min{ }, for any N >1,

where

An(],J) = In()]| - JIN()] ]
W7 7) = | mas 1T(0)] = mas x (0|

We now use the first of the above inequalities to bound the error in the case of “large” a,
namely |a| > 1. The corresponding bound for the case of |a| < 1 can be obtained in the
same way using the second inequality above. We write:

lay —a| = |a| 'N"2AN(], J) < |a|] "N 2 max |Tn(t) — In(t)].

te|
Thus,
lay —a| < Ja]"'N? [pr) +2 sup [wy(t)]2 + elal N sup |wN<t>]
te[0,1] t€[0,1]
< N2 [6L2N2 +2vV3LN? + 2% + ECN} ,

where we denoted (n = supycjo1) [wn (t)| and used the bound of Part I for p;(N) (cf. (28)).
Now, assume that 45(\) holds. We have:

Ela. — a?1{A5(\)} < F ( max_|ay — a\Ql(Aff(/\)))

2<N<N
< 2(6L%+2V3L)2P(A5(N))

+2¢4F ( max _ N4CEA§71{ALCI(/\)})
2<N<N

+2¢2E < max N—4C?V1{A?,(A)}>
2<N<N
= L+1IL+ 13.
Our goal is to bound [;, i =1,...,3. By (18) we have
I < 2(6L% 4 2V3L)2P{AS(\)} < c1(L* + 1)AN? exp{—2)?}. (31)

Furthermore,

N N
I <24 3T NTECHHAS (D) < 26 0 NUB(CHL{AS (N N))).

N=1 N=1

14



On the other hand, by Lemma 6 of Part 1,

BEEHASO MY = BCHC > 2u(VN)) = /(Oj RGEDE

— 4(2A0u(N))! /1 T BPCy > 2ow(N))dt

e.¢]
< CQUfU(N)N)\/ the 2 qt < 03031(]\7)]\7)\36_2)‘2.
A

Because 0, (N) < 7,(N), and 7, (N) is monotone in N
I < C3€454M(N))\36_2)‘2. (32)
In the same way we obtain the bound for I3:
I3 < 0452a2512u(]v))\e_2’\2.
Along with (31) and (32) it implies that
Ela: — a?1{A5(\)} < cs[(L* +1)AN? 45 (N)A? + 8253](]\7)]672)‘2.

When taking into account definitions of N, &, and inequality L < $Cga(eA)~! [see (17)]
we finally obtain

Ela. — al?1{A5(\)} < c[oe A + ote8H4N2 4 o252 H2)\ ]2V,

Now one can easily exhibit a constant ¢(8) such that for A\ = ¢(8)vIne~! the right-hand
side above is bounded with 2. |

3.3 Proof of Theorem 2
Again, we start with notations and results of Part I. The set Ay (\; N) is defined as follows:
Ag(AN) = A;(MN)N{w: sup |on(t)| < 2Xo,},

te(0,1]
where vy (t) = ZiﬁNH kop&re 2™kt and o2 = 2 ZiﬁNH k?c2. Also
02(N) = N*¢2(N) + N?62(N).
The following bounds on ¢,(N) and o,(N) in terms of o,,(/N) can be easily derived:
Noy, < o0, <2No,, 2N?%c, <o, <3N?s,, VN. (33)

Define also Ag(A) = NN_,Ax(X; N), and put

2N 2N 2N
pr(N) =81 > klgel Y gl + 167(alN? > gjl.
k=N+1 j=N+1 j=N+1

It was shown in Proposition 2 of Part I that if ¢ € G5(L) then on the set A (A\; N)

sup |Hy(t) — Hy(t)] < Ag(A; N)

tel0,1]

pr (N) + 321e® X206, (N) o, (N) 4 167|aleAoy (N)

< 16m(2L2N~2%2 1 2L[a|N7575/2 4 262026, (N)ou(N) + |aledoy(N)).  (34)

The following result has been proved in Part I.
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Lemma 2 Let 5]\7 be the estimate of the change-point associated with the window parameter
N. Let \>1 and N > 6 be such that

Ap(\;N) < a®>N3/4.

Then )
On — 0] < <Za2N4) Ag(AN), Ywe Ag(AN).

Step 1. We start with the following lemma.

Lemma 3 Suppose that Assumption (A) holds with 3 > 3/2. Let g € G4(L) with s > —1/2
and L > 0 such that (17) holds. Let s > 1 and (24) is valid. Then for any w € Aj(\)

1. N.eT;

2. N¢T if Ne< N <N and »(N)(25c — 1) > |al.
Proof: We first note that (17) ensures 1 < N, < N. Now we check that (22) holds for
N = N, when A;()\) occurs. It follows from Theorem 1 that |a. — |a|| < ¥, < ¥(N), for
any w € Ay(\) and N, < N < N. This along with (24) implies that @. > |a| — 1. >

(3¢ — 1)ty > 23e1),. Hence N, € T as claimed. a
On the other hand, on A;(\), when N, < N < N and |a| < ¢(N)(2s — 1),

@ < at+P(N.) < Y(N) (2 — 1) + $(N) < ep(N),

and such N ¢ 7. [

Step 2. Assume that Ay () holds and recall that A;(\) C Ag(A). By Lemma 3, N, € 7.
We will show that NV, is admissible. By definition of Ay (\; N) and by (33) we have

1
oA g N) < 2L2N72%2 L oL[a|N755/2 4 222020, (N) oy (N) + |aledoy (N)
T

< 2LANTEF2 L oL|a|NTF/2 4 42 X2 Na2 (N) + 3|ale AN T, (N).
It follows from the definition of N, that for all N > N,
QLZN-2512 < %82A2N—1EI2U (N),
2L|a|N—5+5/2 < %s)\\aﬂ\fﬁw(]\f).
Thus, for such N,

1
oA g\ N) < 72X2NG2 (N) + 66X\ |a| N2G, (N). (35)
s

Recall that ¢(N) = 20eAN~'7,,(N), hence for all N > N,, N € T

la|

-5 < —
EANTTW(N) = 555 21
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Now we have from (35):
7 N3a? 3N3a?
Ag(\N) < 16
n(A:N) < 167 (400(2%— 0z T 1002 - 1)>

127167 5 4 2l¢
et N3 < 2T
10022 — D" = (@1
for s > 417w + 1/2. On the other hand, we can estimate Ag(\; N) as follows:
7eAN2|a|5,(N)

20(2 — 1)
We conclude from (36) and (37) that the conditions of Lemma 2 are satisfied for N > N,
and

2N3

(as 3 > 1) a?N3 < QT (36)

Ap(N\N) < 167 ( + 65)\\a|N2ow(N)> < (967 4 1)eN|a|N%G,(N) (37)

967 + 1)

5 - 4
Oy — 0| < <4a2N4> Ag(AN) < ( 51l eAN2G,(N)
< TIreAN~%G,(N)az . (38)
(recall that due to (24) @. < 32 {al on A;(N)).
Now define

Sy = [On — TTreda; "N %G ,(N), Oy + TTreXa. ' N~ %, (N)], N cT.

Then (38) implies that on Ag(A) the intersection of the segments Sy with N > N,, N € T
contains (at least one point) § and N, is admissible.

Step 3. Thus we can write

(cf. (38))
’é\a - 9| < |§a - GN*‘ + ‘QN* - 9’
< TTreXa; ' N %G, (Ny) + TTre|a| ' N7 %5, (Ny)
33 AN 25, (Ny)
(35— 1)]al
< 1557eAN, 2G4 (Ny).

(as @ > 3 1La]) < 77 + TTre|a| ' N %5, (N,)

This completes the proof. ]

3.4 Proof of Theorem 3
We start with the study of the minimax risk R. of a 2-point estimation problem:

R. = sup ¢;(c) "L Ei(0; — )%
i=0.1

Here 6y = 0, 61 = 6, Py and Py are the corresponding probability distributions, ¢;(g) = 62
and ¢g(g)¢p1(e)~! = 6. The following result is fairly known (see, e.g., Brown, Low (1996)),
we present it here for the sake of completeness.

Lemma 4 Let Z; = g—% be the likelihood ratio and K (Py, Py) = — [In Z1dP, the Kullback-
Leibler distance between Py and Py. Then

R, > max {e_K(PO’Pl)_‘S, 1-— (5E0Z%}

17



Proof: Clearly, R. is minorated with the Bayesian risk 7., which corresponds to the prior
distribution P(i =0)=P(i=1) =1/2:

do(e)!

-1 . -1 N
re = inf {2&)52 + qz’l(;)El(e - 9)2} _ 91 inf Eo[67'6% + (0 — 0)%Z1), (39)
7 7
Observe that 6* = 16+9§ZZ11 is the minimizer of (39), so that
(l)l(&?)*l 2 (5922% ¢1(€)7192 Z1 1 VAl
e = Ey |02 — = E = —F
' 2 U T 1z -1 2 146z 2 1+

Now by the Jensen inequality,

Z
1nE01+# > Ey(In Z1) — Eo(In(1 + 0Z1)) > Eo(In Zy) — §EgZy = —K(Py, Py) — 6.
1
On the other hand,
4 2 2
E > FoZy — 6By Z} =1 — 0EyZ
01+5Z1 = Q41 041 041

Now consider the following 2-point problem (cf. Proof of Theorem 6 of Part I): given

observations y = f,gi) + eokék, @ = 0, 1 we are to estimate the parameter (change-point)
0 c {6 0}, where

f9—a, vEeNt, and fIV = a4 gl vk e N*
where h > 0, and

1) _ { a(l—e™ M) 0<k<n
9, =

~ o0, k>n

for some integer n to be chosen in the sequel. The hypotheses correspond to the model (1)
with a(© = M) = ¢, 90O =0, pO) = p, g,(;)) =0,Vk € NT, and gl(;) as defined above.

Let us put for the sake of definiteness sy > s; and L = 1. Clearly, ¢*) € G, (1). We
will select n in such a way that (g,(gl)) belongs to G, (1). We have

o n
Z ‘gl(cl)‘QkZﬁ < a2 Z ‘1 o eQﬂ'ik’h‘ZkZSl < 01a2 min{h2n25+3, n251+1},
k=1 k=1
where ¢; depends on s; only. Choosing
n=n,= 02(|a|_1h_1)2/(251+3)
we obtain that (g,(:)) € Gs, (1), provided that n, < h™L.

Let Py and P; denote the probability measures associated with observations (yx) in
model (1) with (fx) = (f,go)) and (fx) = (f,gl)) respectively. Note that the likelihood ratio
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1= gp satisfies

0 ,
|y — ae®™ 2 — |y — af?
Z1 = —
1 eXp Z 25202
k=n.+1
B =~ a(l — ¥ g 4a(1 — e 2Ry a?(1 — cos 2mkh)
- SR Z 2e07, + 202
k=ns+1 k
i ank(1 — cos 2wkh) + aly sin 2kh  a?(1 — cos 2wkh)
= ex —
P 0, 202

k=ns«+1

where 7 and (i are i.i.d. standard Gaussian random variables. Thus,

B2 20> = 1 - cos2nkh _ 40> X sin? wkh
1 =exp | — Z — 2 | == | = —
k=ns+1 k k=n.«+1 k

We can estimate the exponent as follows:

4a? X sin’ wkh 40> S~ o5 . o
15?272§ Zk‘ﬁsmﬁk‘h

2.2
k=n.+1 Gk g-e k=n.+1
A2 [(1/mh)] o 5
2,2 —26+2 —2
< 0222 <7T h Z k + Z k )
g j—) k=|(1/7h)|+1
2
< gy (W3n7PH 4 )
= Ve * :

Let us choose for some small c¢3 > 0,

2543
h = 03(1_27"&/3_352 ne™! & h= C4|a’_1(5\/]n5_1)2ss+2,8,

I

In view of (40), for € small enough, I < ¢51n e~ ! with some small constant ¢5. We conclude

that for such choice of h and n.
EoZ? < e7%.

Let us now use Lemma 4. We set

2s51+3

2s0+3
() = colal " (eVIne1)F078 | () = cgla| " (eVIne 1)=i727,

so that oo :
0(8) _ (o\ineT) TN E T < pecs(0—si)

0= o1(e) ~

(recall that § > 3/2). We can now choose the constants in a way to obtain dEyZ; < 1.

When applying Lemma 4 we get the required statement.
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