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Abstract. We study the estimation of tail probabilitics in a queue via
a semi-parametric estimator based on the maximum value of the work-
load, observed over the sampled time interval. Logarithmic consistency
and efficiency issues {or such estimators are considered, and their perfor-
roance is contrasted with the {(non-parametric) empirical tail estimator.
Our results indicate that in order to “successfully”™ cstimate and cxtrap-
olate buffer overflow probabilitics in regenerative queues, it is in some
sensc necessary to first introduce a rough model for the behavior of the
tails, In the course of developing these results, we establish new al-
most sure limit theory, in the context of regenerative processes, for the
maximal extreme value and related first passage tlmes.

1 Introduction

Consider a [nite-huffer queue Lhal is being monilored over Lime, and suppose
thal we wish to exerl some conirol over {he input process %0 as Lo cnsure Lhak
{he proportion of jobs arriving to a [ull buffer is loss (han some given value. For
example, in a communicalion network, we may wish Lo implement some form of
admission conlrol so as (o ensure thal the long-run [raction of dropped packels
(or cells] at ihe buflers feeding ihe switches is acceptably low. In such settings,

2000 Mathematics Subject Clossification. DPrimary 60070, 60K25; Sccondary 60K 30, 62G040,
62G20,

Peter Glynn was supported in part by Army Research Office Grant #DAAGAAR-97-1-0377-
0001 and National Science Foundation Grant #DMS-89704732-001,

Assaf Zeevi was supported in part by JSEP Crant #DAAHO04-94-G-0058 and National Science
Foundation Grant #NCR-D628143.

GO2000 American Mathematical Hociety



136 P. W. Glynn and A. J. Zeavi

we expect that the admission control policy would need fo, either explicitly or
implicitly, estimale the fraction of time that a buffer is full based on the observed
traffic. 1n particular, it is natural {o agsume that this estimate will be based on the
observed buller occupancy; sce [20] and [6] for examples of such admission control
policies,

In this paper, our goal is to develop some insight into this estimation problem
where “exiremal statistics” arc nsed as the statistical vehicle by which fo estimate
the bufler loss probabilities. By “extremal stafistics”, we mean here that wo shall
hase our estimator on the hehavior of the chserved maximum (i.e., the maximal
extreme value) of the workload process associafed with the system.

We ghall simplify this problem in several different ways. First, we shall deal
only with a single-station network. lurthermore, we shall replace the finite bufler
syslem with its infinite capacity analogne. In particular, rather than consider the
problem of estimating the probability that a fuile bufler system is full, we shall
instead consider the problem of estimating the probability that the workload of an
infinite capacity systerm is greater then some level b, For large b, it scems reasonable
to expect that the cstimator we consider here has a qualilatively similar behavior
in the finite and infinite capacily scttings.

The workload process to the single-server queue is regenerative under quile
modest agsurmptions on the inpul processes to Lhe queue. For example, the workload
is regencrative in the context of renewal input processes in which the inter-arrival
and processing times are i..d. Buf regeneralion is alse a uselul theoretical tool in
quenes with dependent inputs. For example, il the arrival streamn to the queue is
generaled by a Markov-modulated [oisson process with a finite-state irreducible
conlinuous Lirme Markov chain ag a modulator we can expect the workload process
to be regenerative. Since virtually all of the theory developed here requires only
the existence ol regeneration structure, we have phrased most of the theory in this
paper in terms of general regencralive processes.

We prove Lthat under sharp conditions on the regenerative process, Lail proba-
bilities [or ihe marginal distribution of the process may be estimated [rorn the max-
imal extreme value. We introdnce the notion of logarithmic consistency, and prove
that ithe maximal extreme valne can be nsed to construct an estimalor of the tail
probability thai is logarithmically congistent when the stationary marginal has an
exponential-like tail (Theorem 2.5). We also prove logarithmic consistency for the
corresponding tail estimator that can be construcfed when the marginal is Parcto-
like {Theorem 2.8} or Weibull-like (Theorem 2.10). 1’art of this stndy concentratoes
on conbrasting the performance of the extremal based cstimator, which will be seen
o be essentially semi-parametric, with that of the obvions non-parametric empirical
tail estimator. Ohr results prove that extremal statistics can potentially do a better
job of roughly predicting vanishingly small tail probabilities than the empirical tail
cstimalor, at least when thoe observed time horizon is of “small”® to “moderate”
size; see Section 2. However, the rate of convergenee of the extremal tail estimator
i slow. Tn Section 2 we infroduce an extrapolation based empirical tail estimator
that has a better theoretical convergence rate than the exlremal tail estimator. Re-
scarch into additional improved tail estimators is ongoing. We note, however, that
the extremal estimator has positive characteristics in that its specification docs not
require any user-defined tuning constants {as opposed to our extrapolation-basced
eslimator} and it is logarithmically consistent under relatively mild assumptions on
the observed process.
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In the course of our investigalion of Lhe exlremal estimator, we developed
several new results regarding extreme valnes in the context of regeneralive processes
{and, hence, for a large class of regenerative queueing systems):

1. Almost snre limit theorems and associated TP convergence (Theorems 2.5,
2.8, and 2.10} for regenerative exireme vahies when the tail is exponential-
like, areto-like, and Weibull-like {Glasserman and Kou [11] prove a similar
result in the exponential-like case, but under different. hypotheses than ours;
Theorem 2.8 and 2.10 are extensions of the lmit theory to Pareto-like and
Weibull-like tails).

2. A compound Poisson limil theorem for the amount of Lime thal the work-
load process for a single-server queuc spends above level b,

3. An almost sure limit theorem [or the passage time required for a regenerative
process to exceed level b, when b is large {again, Lhis is an extension of the
results in [11] to Pareto and Weibull tails).

The paper is organized as follows. Section 2 introduces the extremal tail es
timmator in the context of exponential-like, Pareto-like, and Weibull-like tails, and
establishes its basic logarithmic consistency properties. Tn Section 3, we compare
the extremal estimator to its most obvions non-paramelric compelitor, namely the
empirical tail estimator. Section 4 discusses Lhe implicalions of our limit theory
for first passage times of regencrative processes. Finally, Section 5 {s concerned
with some explicit compntations when the underlying observed process is reflecting
Brownian motion.

2 Consistency results for extremal statistics

We start this seclion by briefly reviewing some basic terminology and theory
associated with single server queues.

Tet T'(#) he the curmnlative amonnt of work to arrive Lo a bufler over the interval
[0,%]. Tn communications applications we think of I'{¢} as the Lolal amount of pack-
ets or cells arriving in [0,¢]. Then, T' = (T'() : ¢ » 0) is a real-valued non-decreasing
process with T'(0) = 0. Assume in addition thal 1" is right-continuous with lelt, limn-
its, and has stationary ergodic increments guch that EI'(1) < so. Withoul loss
of generality, we may presume that the deterministic server works al a unit rate.
Given any right. continuous T' with left imits we can represent the workload Wt}
present in the gystem at time ¢, if W(0) = 0, as

Wiy ="10)—t— Uinf T(s) -s|;
<asit' '

see, for example, Harrison [18] for this representation of the workload.

TTET(1) < 1, it is easily shown that

W) = Wico)

as t—oc, where W{oo] is a proper random variable. In fact, we can construct a
probahility space supporting both the process I' and a stationary process W* =
(TW*(t): ¢ = 0) such that

1) W) 2 W(oo) for all ¢ = 0, where Z denotes “oguality in distribnfion”;

ii.) W*(t) = (T{t) —t) + W0} L*(t) where L*(t) := — infycs<i[I'(s) — 5], for

t >0
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sce Konstanlopoulos, Zazanis, and De Veciana [22] for details. Thus, W* is a
stationary version of the workload process, for the system with inpul process I'.

Our goal in this paper is Lo develop an efficient means ol estimating a(b) =
P(W*{0) > b), based on the observed frajectory of thie process W™, In other words,
we are concerncd in this paper with a special case of the [ollowing more general
problem:

Jiven a real-valucd stationary process X = (X(t) : t = 0), eslimate
al(b) = P(X (0} = b) [rom the obhscrved trajectory (X{s): 0 < s <¢).

Mosl of the analysis in fthis paper will focus on this {morc general) cstimation
problem. Tn this setting, the most natural estimator of a(b) is the empirical tadil
estimator

\ 1t
aultit) =5 [ Txosnds
A

Lot Ay be the sel of probability measures on the path space of X under which
X is stationary and crgodic; for simplicity, in the [ollowing discussion we assume
that the underlying probability space supporting X is its path space. An imnediate
consequence of Birkholl’s ergodic theorem is ihe [ollowing {strong) consistency
result for d (¢ 8).

Proposition 2.1 IfP € M,, then &1{f;b)—a(b) almost surely (n.5.) ast—oc
for each b = 0.

Remark 2.2 When I has stationary ergodic incroments then it [ollows that
the stalionary version ol the workload process W must necessarily be crgodic as
well {cl., for example [22]). Tt follows [rom Proposition 2.1 that ¢&i{#; 4} is sirongly
congistent in the queueing contexi {where the stationary version of the workload
process W* plays the role of X).

However, alternative estimators [or the tail probability become pertinent if
we have reason to believe that the tail probability may be suitably modeled. Tn
particular, suppose that the fail is asymplotically exponential in the [ollowing sense:

1
Al 3 log a{b)— — #*  as b—oo
for 0 < 8* < oo,

Remark 2.8 In a queueing context, there is a long history of resulls thatl
oller sufficient conditions [or the validity of Al. The carliest such resull is Lhe
classical Cramér-Lundberg approximation for the fail of the steady-state waiting
time distribution associated with the single server quenc with “light tailed” renewal
inputg; see Asmussen [2] for details. More recently, very general results gnaranteeing
A1 have been developed by Glynn and Whitt [15] and Duffield and O'Connell [7].
These results include quenes in which the inpul process I' can exhibit complex
dependeney structure. Under certain conditions, these results extend from a single
node fo an intree network, which is a useful model ol “real-world” high spced ATM
nelworks; the reader is referred to Chang [5] [or details.

The use ol extremal statistics is one means of taking advantage of Al. To
illustraie this point, consider a discrete Lime real-valued stationary sequence {X, :
n > 0) for which the tail probability satisfies A1. Tf M,, = max{X,; : 0 < j <n-1}
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and £,(-) is fhe empirical distribution function corresponding to (X, : 0 < j <
n — 1}, then Al suggests that
%{n log F, (M, —)— — ¢*
as n—o, where F,(z) = 1 - F,,(z), and M,, is the largest order statistic, such that
Fo{M,—) = 1/n. Thus, onc might expect that under suitable conditions on the
X, '8, it ought to be that

M, 1

=

logn  6*

as n—oc, in some suiiable sense. As a conscquence, we are led Lo consider the

estimator
blogt
A -

where M{t) = sup{X(s): 0 € s < ¢}, Because Al asserfs only thal f* caplures
the principal behavior of the logarithm of the probability «{b), we cannol expect
dioft; b) to be strongly consisient for afb) in gencral. Instcad, we demand that
fea{£; b) satisfy a weaker type of consistency.

Definition 2.4 We say thal &(t;b) is logarithmically consistent lor a(b) il for
every {deterministic) function b(£)—oo as t—oo, we have that

log &(i; B(£))
logalb(t))

as t—oo.

Roughly speaking, {ogarithmic consistency is a rcasonable demand to place
upon an estimator when only the order of magnitude of the probability is required.
Note that assamption Al only provides a rough measure of the tail decay, i.e., only
logarithmic esymptotics of the tall are given. Thus, in some scnse, logarithmic con-
sigteney is the natural measure of performance to capture this model specification.
In the communications networking context, this scems like a reasonable minimal
requiremoent to expeet from an cstimator.

We now furn to cstablishing logarithmic consistency for é,(t;b). Now, given
that log &a(t; b)/ log a(b) = —(logt/M{£)){(b/log a{b)) it is clear that the ovly is-
gue remaining here is obtaining conditions that make rigorous the limit theorem
M{t)/ logt—=1/0% as t—o0.

To precisely state the main result here, we let My be the set of probabilities
under which X = (X {f) : ¢ = 0) is a stationary process and classically regencrative
with regpect to random thnes (T'(n) : n = 0) salisfying 0 < T(0) < T(1) < T{2) <

- and in which [£77 < oo for all p = 1, where 7, := T(n) — T(n — 1). By
clagsically regencrative we mean that the cyeles ((X{T(j — 1)+ 5) : 0 < 5 < 75}, 74}
are independent for § > 0, where T'(—1) := 0, and arc identically distributed for
izl

Theorem 2.5 Suppose that P € M, and that under the probability measure P:
i) X safisfies Al;
ii.) there exists € > (} such that

lim inl P (/ H{X('I‘{U)+s}>b}d3 >
0

h—oe

ﬁl>b)2£.
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Then,

ﬂf{t)_}i P - a.s.
logt O*

as t—oo, and in LP for any p € [1, oc).

Proof We break the proof up into several steps. Iu the first step we show that
the ¢ycle-maxhnum r.v. has the same tail behavior {in logarithmic scale) as the
stationary marginal. The second step reduces the problem of studying the behavior
of the maximumn value M (¢) to the maximum of a sequence of cycle-maximmm r.v.’s,
for which the asserted asymptotics are cstablished. Finally, the last step proves the
Ir (:onvergcncc result. We now turn to the detailed derivaiion.

10 Lot 8; = C;up{X( g):T{j — 1) < 9 < T(§)} be the maximum of X over the

4'th regencrative cycle. We first show thal under the conditions of the theorem,

? logP(3; > b)— — 0" (2.1}
3
as b—oo. By the ratio formula for regeneralive processes {cf. [2, p. 126]),
_ 1 .
PO >0 = o8 [ Tixerorosnds (22)
»r 0

By assumption ii.} in the theorem, and Markov’s inequality we have also thal

IE; 1/: Ly x (2 (uysy>0) 08 = lE, ——P(3 > b)

for sufficiently large . Hence,

h?isolip b log P{E > b} < o+ (2.3}
On the other hand, for p > 1 and ¢ such that p~! +¢7! =1,

EnE/ Lix(r@©)+s)=018 < ﬁl----fﬁ‘ﬁﬂ{@lm}
< —ﬂ ()PP (B1 > b)

by Holder’s inequality. So, (2.2) yields

li,}ﬂ_in_‘f 5 log]P’{ﬁ1 >b) > m (2.4)

by letting p—oo and ¢ | 1. Relation (2.1) now follows from (2.3} and (2.4).

20, We now reduce the problem to the study of the maximum of the #; sequence.
Let S, = 3070 01, set N(#) = sup{n > 1: 85, < t}, and let M(t) = sup{X{s)
€ (0,1]}. Note that by definition of the stationary workload X with dynamics
following ii.} in the theorem, we have

ViDs _me s VYT S (25)

logt ~ logt ~ logt logt o
where 3y = sup{X(s) : 0 < s < T(0}} is due to the delayed regenerative process,
and T(0} has the distribution of the forward recurrence time in the associated
stalionary renewal process. In particular, 8,/ logt = o{1) a.s. It suffices Lherefore to
prove that the normalized maximum of a random number of copies of §, converges
as asserted. We will do this in two steps.

Eatimating 14ail Probahilities in Queues via Exiremnal Statistics 141

1.) Upper bound: We first obscrve that duc to the strong law of large numbers
{SLLN) for renewal processes we have that N(t,w)/t—1/Er for P almost all {a.a.)
w & §). Now, for any 4 > 0 we have

S P(B, > (1+0)logn)/6%) = 3 Plexp(0" 1 /(1 + 8)) > n)
=1 n=1

< Eexp{#"8,/(1+4))
<o,

where the last step follows since (2.1} implies thal Ecexp(€/3,} < oo for all §# < .
Thus, 3./logn < {1+ §)/0* a.s., for all but finitely many n. Fix an w € § such
that the above holds, and such that N(f,w)/t—1/FEr. Then, there exists K{w} such
that

VN(! ) ﬁk{w) < VkK—[TJ ﬁk:{w) N i\\t/u)} ,@k( )
log N(t,w) — log N{t,w) R log &
f(f Belw)  (1+4)
1og N(t,w) A

Since & > 0 is arbilrary, and since N{t)/t—Er, we conclude that for P—a.a., w €

W (k)
lim sup \/7;@&(&)} < L

b o log ¢ g (26)

it.] Lower bound: Fix é > 0, and observe that

P (\/ g < _Mﬂ_'}) = P4 = ((1 - 8)logn)/8")
k=1

0*—
< exp(—nP(H > ((1— §)logn)/0™))
S exp(—--no_) ®

where the last step used again (2.1). Thus, v ;5 /logn > {1 — 4)/0* for all but
finitely many n. Since 4 > 0 is arbitrary

T 1
hminf Ve1P s Lo o (2.7)
n—cc  logn 7+

To extend fthis to the case where n 1s randomn, we use again the SLLN for renewal
processes. Specifically, fix w €  such that N(t,w}/t—1/Er. Now, fix d > 0
sufliciently small. Then, for £ > K (w), say, it follows that |N{(t,w)/t — 1/E7| < 4.
This in turn implies that

Nt w 1/
(i i ( ) Vk( JET —8)t] 33:(01‘)

logt - logt
for t > Ki(w). But according to {2.7) for ¢ > Ky(w), say, it holds that
(\/ LB}/ log|t] = 1/8*. Thus, it follows that for P a.a. w

M{L,w)
7\/ By lw > 1/6* (2.8

liminf
oo
which concludes the derivation of the lower bound. Putling together {2.8) and (2.6}
with (2.5) in Step 1Y coneludes the proof that M(t)/logt—1/8* almost surely.
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3%, To prove the LP convergence, it suffices (o show that {(M(L)/log )P} 4=z
is a uniformly integrable family of r.v.’s. To Lhat extent, it suffices to prove that
for all p = 1, sup,-... B{M(t)/logt)? < co. Recall that T(0) denotes the time of the
first, renewal in the delayed renewal process. Then,

2 : A . o
R [M]r ‘E [MT(OJ)FW [vézlﬁ?} |
log ¢ logt logt

where M(T(0)) = sup{X(s): s & [0,T(0}1}. We first deal with the second term on
the righl. hand side. Define

Ky =inl {y = (}; such thal w < & }
£

3 Yo =y

and note that K, < o0 follows from assumption Al and (2.1). Finally, sel K =
max{K,,4/0*}, Then,

. . 2]
\/ =1 ’Oj ‘| /0‘3 =1
py P |\ B > ylogt | dy
[ log # S0 i—1

<G+ [ R (8 2 ylog) dy
A

® >
2o+ / o™ expllog[¢]) cxp(—(8°y log £)/2)dy
K

(b} oo
< —|—/ P L exp(-(0*ylogt) /4)dy
0

Oy + Co /(8" og 1)

<00

|

where the first inequality follows from the union bound, and (a) and (b) follow from
the choice of K, and € = K7

Turning our allention to the first term on the right hand side, by crgodicity of
X we can appeal to a “path” version of the regenerative ratio formula (sce, c.g.,
[12]). In particular, with M(T(0)) = sup,eq 7oy X (¢) we have that

»
) 1 o
B [M(TO) = =, TF‘U/ sp X(5)| ds
E Tl 1] tels,m
where E*{'} and E’{.} denote espectation w.r.t the stationary, and zero delayed
versions of X respectively. Thus,

p [MTO))” LBl

logt — E%ry (logt)®

and by assumption EY7] is finite for all ¢ > 1, and (2.1) ensures the same is fruc
for ;. This concludes the proof. O

Corollary 2.6 Under the condilions of Theorem | Gyt b) ds logarithmically
canststent for o(b).

Remark 2.7 From Theorem 2.5 it follows siraighiforwardly that if X is a
discrete-time sequence salislying Al, then &s(#;4) is logarithmically consistent for
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afbh) over the class of probability measures M3, The waiting time sequernce associ-
ated with the single server queue typically satisfies the conditions of Theorem 2.5.
For example, il the queue has i.i.d. inter-arrival times and i.i.d processing times
(with finite moment generating function in a neighborhood of the origin and with
Lhe mean processing time strictly less than the mean of the inter-arrival time), then
A1 is generally satisfied, and Ev¥ < oo for all p > 1, is guarantced to occur; see,
e.g., Gul [17].

Hypothesis ii.) asserts that conditional on the process X hitting level b over
a cycle, the process X spends a unilormly positive amount of time over that lovel
within a cycle. This type of behavior i Lypical of queucs whose service ratle does not
depend on the number of customers in Lhe queue. In particular, in great generality
one ray expect a conditional weak convergence of the following form

1
P (/ Tix(T@)+s) >0} 35 € <| By > b) =PZc)
Jo

ag b—oo, with Z a positive random variable. See Section 3 and 5 [or related,
and more explicil, computations. Related resulls on weak convergence of extremal
sbatistics In regenerative processes can be found in {24], while almost sure results
in the i.ld. conlext are derived in [10]; see also [8, §3.5] [or a recenl survey.

We next Lurn to consideration of other models [or the tail probability a{d). Tn
parlicular, suppose that a(h) decays, roughly speaking, as a power ol b.

log e (h)

A2
log b

— —8* g8 b—oo

for 0 < §* < oo. In this setting, an argumeni similar to the one following Al
suggests that woe may cxpect
log M(t) 1
SENN
logt +
as t—00. This suggests thal in the presence of A2, we ought bo consider the tail
probability estimalor

(2.9)

d:_#,(r':; b) — b----{].og b Lo MY

The logarithmic consistency of @&a(f;h) as an estimalor of a(b) requires preciscly
that we verify (2.9).

Theorem 2.8 Suppose that P € Ma and that under the probability measure P:
i.) X satisfies A2;
i) there exists ¢ > 0 such that

liminl (/ ]T{X(T(D)—i-s):nb}ds > C|,.'31 e b) =
0]

fr— e

Then,
log M :
logh(t) 1 .,
logt 0~
6s L—o0, and in IF for any p € [1,20).

The proof is gimilar to Lhal ol Theorem 2.5 and is omilted for brevity.
Thus, Theorem 2.8 provides an a.s. extremal resull [or real-valued regenerative

processes wilh a Paret.o-like stationary marginal distribution. It covers, [or example,
ii.d. sequences in discrete time having power law tails, and basically establishes
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the logarithmic consistency over My for discrete time regeneralive processes. 3uf,
unfortunately, the result is nof. typically applicable to queueing problems. The
difficully is that a “fal {ail” in ihe marginal stationary distribution of the queuc
goes hand-in-hand with a “fat tailed” cycle length, 7;. Consequently, for a queue
satislying A2, it generally is [alse that E7) < oo for all p > 1. Thus, when A2
holds in the queueing setting, P is typically not a member of Mj. In [act, the
cEn(:lusions ol Theorem 3 do nol. generally hold in queues. Rather, one may expect
Lhat
log M (f) 1
—

logt f* + 1
as t—00. The reason for this behavior is that under suitable conditions on Lhe queue
(e-g., single-server quene with renewal input and sub-exponential processing times),
the tail of 8 1= sup{X(s) : s € (0, 7]} is lighter in logarithmic scale than ax(h); see
Asmussen [3] for further details. In particular, when A2 holds for the waiting time
sequence marginal, evidently log P(8, > )/ logb— — (#* + 1) as b—oo,

1.5,

Example 2.9 Consider, the GI/G/1 queue, when the associated random walk
has tncrements X such that Fz) 1= P(X, > z) ~ L{z)z~? with 6* > 1 and
where Lz} is a slowly varying [unction, Then, it is well known that the stationary
version ol Lhe waiting lime sequence (W) : n > 0) has

. L =
P(Wy > x) ~ EX, Fy)dy

see, e.g., [3]. On the other hand, Meath, Samorodnilsky and Resnick [19] have
shown recently that
P(8y > x) ~ En F(z) .

A simple calculation shows that the tail of the stationary marginal is one power
“heavier” than that of Lhe cycle maximum.

The previous discussion suggests that in the presence of such queucing struc-
Lure, the estimator ds(¢;b) should be modified to

O (t; b) — b].—(log L/ log M(E)} )

In the inferests of completeness, we conclude (his scction with an a.s. extremal
result in the context of Weibull-type stationary tails.

Theorem 2.10 Supposc that P € My and that under the probebilily measure
P;

1.} there exist postiive finite constants v and 0% such that
log a(h)
B

— =

s b—oo;
i) there exists € = 0 such that

oo

T1
liminf IP (/ Lix r(op+a)=e1ds 2 €|B1 > b) >e.
0

Then,
log M{(¢) L\ M7 _
W—» (9—*) P 0.5,
as t—oc, and in LP for eny p € [1, c0).
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The prool is similar to ihai of Theorem 2.5; the details are omitled.

From a queueing standpoint, ihe most obvious poiential applicaiion of Theorem
2.10 is {0 the siudy of ihe workload process of a queue fed by [ractional Brown-
ian motion (BM) inpui. This process has recently been proposed as a suitable
model for network traflic in Ethernet and wide arca networks (el [9] for further
discussion). Ii. is known that such queues have Weibull-type tails; see [25] and [7].
However, therc is no obvicus regencrative structure to which one can appeal in
the MM setting. Moreover, {BM cxhibits loug-range dependence which precludes
“siandard”™ mixing Lechniques. Other methods are therelore needed 1o study Lhe
extremal behavior of such queues; sce Zeevi and Glynn [27] for details.

3 Rates of convergence

The most imporiant class of queueing models for which extremal cslimalors
appear relevant is the class ol processes for which the marginal tail probabilities
sabisty Al. Tn this scetion, we consider rales of convergence [or the exiremal
estimators of Section 2 in the setting of such exponeniial-type tail models.

We start by staling a general resull [or regenerative processes thal can be
expecled Lo cover a broad class of queueing systems. Lel My be the class ol prob-
abilities under which X is stationary and classically regenerative with regeneration
times 0 < T(0) < T(L) < 2'(2) < -+, with Ery < o0, In what [ollows we write
F(&) = Oh(z)) i |f(#)/R({L)] is bounded above and below by [inite positive con-
slanls, as {—oco.

Theorem 3.1 Suppose thel IP € Ms and thol under the probability measure P:
1) logalh) = —0"5+ (1) as b—oc for 0 < 8% < o)
11) E “‘r:—l ][{X{'_I‘(g) |—:s)>b}d“‘-"|)31 > b] = 6(1) .

Then,
M) 1 1
loge 0% T O (Iogt)

Proof The assumption combined with an application of the regenerative ratio
[ormula easily yield

as f—0c.

logP(F) > b) = —8"0 4+ O(1) . 3.1
Now, reeall that standard convergence of {ypes theory for extremes asserts that for
{X,} a scquence of Lid. r.v.'s with P(Xy > z) ~ nexp(—~{*z) onc has

* ; —logn — | =

8 lrélﬁ(ﬁXi ogn—logn =2 ,

where Z has a Gumbel or iype | distribution, i.e., P(Z < z) = exp(—2~"), z € R.
The “coarser” Lail asymptotic that we assume ini.), resulting in (3.1), does not allow
us Lo conclude a similar weak convergence [or the scaled and (ranslated maximum
value, howover a simple calculation shows that it is sufficient [or the asserted rate
of convergence in the Lid. context. The tail resull in (3.1) together with an
application of Leruma 1.1 in [3] conclude the proof for the regenerative case. [

Remark 3.2 Hypothesisi.} of Theorem 3.1 is known to hold in a wide variety
of queucing settings. For example, the Cramér-Lundberg exact agymplofic guaran-
tees i.) in the contexi of the slafionary waiting titne sequence of the single-server
queue [ed by renewal input; gee [2, p. 269]. A similar exact asymptotic is known [or
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the stationary workload of the samme queue. As for ii.), the amount of time spent
by a quenc above level b, conditional on altaining level b, is typically ©(1) in b, due
to the random walk siructure implicit in queues. For a related calenlation, see the
proof of Theorem 7.5.1 of Glyun and Torres [13].

Evidently, Theorem 3.1 implics that the rate of convergence at which the ratio
log &, {t; b)/ log ae(b} tends to one (i.c., the rate at which logarithmic consistency is
attained) is very slow, namely {log £) 7! in the observed 1ime horizon [0, ¢]. The slow
rale is at least in part a consequence of Lhe fact thal we are demanding logarithimic
consislency over an extremely broad class of models, namely all models satislying
the hypothoses of Theorem 2.5. An obvious competing estimator, which we now
study in further delail, is & (¢; b), namely the empirical tail estimator.

We shall study this estimator in a specilic model sctting, namely that of a
single-server queue with [rst-come [irst-serve gueue discipline, i.i.d. inter-arrival
titmes (I/; : ¢ = 1) and independent ii.d. processing times (Vi : ¢ = 0). Lel
& = Vi — Uiy and assume thal the £s are bounded, nou-lattice r.v.’s for which
there exists #* > 0 salislying the equation Bexp(0£;) = 1. To avoid trivialities, we
impose P(£&; > 0) > 0. Under the above conditions it is woll known that there exists
a slationary version of the waiting time sequence and a(b) = P(W{ > b) satisfies
the hypotheses of Theorem 3.1. A key Lo our analysis is the following compound
Poigzon limil theorem for the single server queue’s waiting time sequence. LFor a
heuristic explanation of this limit theorem see [1], while a more rigorous statemen,
in the contexi of regenerative processes is given in [24, Theorem 2.6.1]. 'We note
however Lhal the conditions appearing in [24, Theorem 2.6.1] require verification,
which in itsell constitutes much of the proof below.

Proposition 3.3 Suppose thel ny, T oc so that ng, exp(—0"h)—n for some 1 €
[0, 0¢) 6s b—oo. Under the above condilions on (W} : j = ), there exists o non-zero

r.u. 7 such that
T —1

Z Liw:spy = CP{A; Z)
—0

as b—oo, Here CP(X\; 7) is o compound Poisson r.v. that can be represented as
Zi\; |7 with N a Poisson r.v. with mean :\ = pCo/Em [Cy is an erplicit
constant, thot is identified explicitly) and 7y, 7o, ... is an independent sequence of
i.i.d copies of Z. The distribution of Z, the compounded r.v., is given in terms of
its Lapince-Stieltjes transform in {3.7).

Proof Lot T'(n) = inf{m > 1,1 : W, =0t forn > 1, and =, ;=17 — T} _1.
Note that 20} is the duration ol the first (delayed) cycle, Put £(n) = supl{k >
0: (k) < n}, so that 2(n) counts the munber ol completed regeneralive cycles in
[0,7]. Also, let Sp = D_7 ;& with Sg = 0 be the random walk associated with W.
In what [ollows we will use n = ny to represent Lhe sample size, suppressing the
index b for clarity, where no confusion arises. The proof proceeds by [irst observing
that

fn)—1 n—1 2(n)+1
Y Zib) < Zh_w;w} < Tab)+ Y Zilb)
i=1 =0 =1

with {Z;(b)},>1 & sequence of independent copies of 7, (b) := ZIL_D] Lig wpy, since
W is idenlical Lo the random walk S until time 7 := 7. Now, noting that Zy{h) <
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TO){max{W7 : 0 < j < T(0)} > b) is follows that Zo(h)—0 as. as b—oa. The
key Lherelore is to cstablish that Zj{i"l) Zy(b) = CP{A;Z; a compound Doisson
process. Establishing the latter, together with an application of the converging
together lemma will couclude the proof. We now proceed Lo verify this asymptotic,
and identily explicitly the rate A and compounding distribution of 7 that together
characterize the weak limit. We break the proof up into several steps.

10, The first step establishes that instead of the random time é(n) one can
consider #{n) = n/lET;. We now make this stalement rigorous. Fix € > 0. Then on

the event A = {w: |£,(w)/n — 1/En| < ¢} we have

|7y - en [l | T Ty em]
Yoz < 3 amtEam < > L) (3.2)
i1 i1 i1

with &,(#) the crror term arising [rom the approximation of £, on the event A. Fix
x € By so that

£(n]

Py 7z <a| =
i1

£(n) £(n)
#(n) Mny 1
= ; e B <3| —L - ——| >
=P ;Z«b(h)éx, w | St ;7%(1})_9;,‘ el eed B
| lEry | )
= 43 T =, - <e 1
P : Z:(b) + En(b) < @, | m| S + of1)
Ty
=P| Yz +E&B)<w
i=]
|1 fErq | ’ i
— 7. ) < e | 22— = - 1
P 2_; Zi(b) + En(B) <, | Bl + o1
nfim |
=P| 3 Zm)+E&0) <z | +o(1)
=1

where a, = o1} if @, —0 as n—o0; these terms equaling o{1) follows from the SLLN
[or renewal processes. Thus, the problem is reduced to considering a deterministic
number of summands, and a (random) error term.

99 This step derives the weak limit of 321%™ 7,(p), Fix s > 0. Then,

|ref 7y |
ou(s) = BEexp|—s > Zib)
i—1

_ (E[e—sztb}; B> b+ 1 BB > b)])LWT'J

—aZib). Ty
o (1 +P(B > b) [Mf_b] _ D

P(,@l > b) (33)
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where ] = max(Sp, S1,...,5,_1}.- The main effort is to show that for each Axed
g >0

E [e—”z“ﬂ;,@l > b] ~ h(s) exp(—07D) . (3.4)
The rcader may now notice that with (3.4), and (3.3) it is clear that @s(s)—p(s)
as b—o0, under the premise that nyexp(—6*b}—1n. The limit ¢(s} will be identificd
in the sequel as the Taplace-Stieltjes transform of a compound Poisson distribution
function,

The key step en route is to establish (3.4). We now define a change-of-measure
on the paths of the random walk (5, : n > 0). To be precise, for 6 > 0, let
T(b} = inf{n = 0: 9, > b}, and define the measure P(-} via the identity

E[; T(b) < o0 = B[ exp(6” Sy ); T(b) < ]
for all non-negative r.v.'s {. Tt [ollows that
E[¢;T(b) < o0 := E[{ exp(—0"Sr(y); T(B) < o0

Consequently,

E [e‘sz(h);ﬁl > b} =

M -1
= ] cxXp (—8 Z ]I{Jgj b} (‘,X]’)(—g* Sj(b)),T(b) < Tl.,T(b) < C)O]
_ ’l=U

- o
= |exp (~5 ]I{,g__j;_,.;,}) exp(—8" Sy ) T(h) < 11 < oo:|
i (&)

i=t
— e O [g(S-T(;,) by by Srn=h, () < ﬁ} (3.5)

with ;) := Elexp{—s 15" Tgs, 20350 = ], and T(~b) = inf{n > 0: §, <
—b} for —b < 0, Tt is a well know fact that under the “twisted” distribution
P&, € dx) = exp(—8*z)P(&; € dz} the random walk will have positive “drift” for
0 < n < T(b), and thus T(b) < o0 P- a.s. Subsequently to crossing level b the
random walk has (the original) negagive drift again, under P, thus 7 < oo P- a.s.
Now, bounded convergence guarantees that

g3 6} | glz) :=F l:eXP (_SZ]I{SJ-ZD}) |SU = &]

F==0

as b—oo. In addition, I{T(b) < 7) | I{r; = o), and under the non-lattice hy-
pothesis on &'s the “overshoot” W({b) = Spgy — b = ¥(o0) as b—oo (see, e, [2,
p. 168]). Now, note that {T(b}} is a uniformly bounded family of r.v.’s since by
assumption & < K [or some K € RY. Also, since g{x;b), g(z) < 1 for all &, b, it fol-
lows that g(a;b)—g(x) unilormly on [0, K], as b—oo. Combining these statements
we observe that |g(T{b};b) — g(T(h))|—0 a.s. as b—oo. Thus, we can substitute
g{T(h}} for (T (b}; ) in (3.5). Tn addition, observe that

g(0 (b)) exp(—07T (b)) = g{W(o0)) exp(—0"¥(c0)}

since g(-} is non-decreasing and thus has at most a countable number of disconfin-
itics, and since ¥(00) is a continuous r.v. (see, [2, p. 168]). Bounded convergence
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thoorem and Stam's Lemma (cf. [2, p. 271]) arc used to conclude that
B [g(W(B)) exp(—8"T(®)); T(8) < 7] —E [(¥(20)} exp(~8* ¥(o0))] B(ry = o0)
as b—o0, Going back to (3.5} we conclude that
E [e_az(b);{)’l > b} ~ exp(—8*b)hi(s}
with
h(s) = E [Elexp(~sZ(00))|Sy = T (o0)] exp(—0" ¥ (00| P = 20) (3.6)

and Z(C}O) = Z;)C:(j ]I{S_?-?U}-
Now, for the GI/G/1 queue it is well known (cf. Tglehart [21]) that

P > b) ~ Coc exp(—67b}

with Coe 1= cP(r = 20) and ¢ = E exp(—¢*W(co)). Then, by choice of ny, ~
nrexp(#*b} we have following (3.3) that

o (s)— exp (_?ET (] - fé‘(—:j))

as b—oo. Moreover, a closer inspoction reveals that the limit is continuous from
the right at 5 = 0, thus the limit is a Laplace transform of a bona fide distribution
function, which by inspection is compound Poisson with rate A = 5 /En and
compounding distribution that has Laplace transfortn

h(s)
Cu

L(s) =

- exp(—8" U0
_ B [Blexp(—sZ(o0))|Sh = W(oo)] SPCEYED g
E exp(—8*P{c0))
[ollowing the expression derived for A(s}) in (3.4).
3°. We have just shown that
L7/ |
> A4k =P )
i=1
that is, the weak limit is compound Poisson with compounding random variable Z
characterized via its Taplace-Stieltjes transform L{s}. The same reasoning applies
to the lower and upper bounds in {3.2). Combining steps 17 and 2°, sending ¢ | 0
and using the continuity of the distribution function CP(-; Z) gives
Tp—1 B
Liw:»01 = CP(A 7)
§=0

which proves the result. ]

With Proposition 3.3 in hand, we can establish the following rosult.
Theorem 8.4 Under the conditions of Proposition 3.3 we have the following:
i.} if nyoxp(—0*b) = 0(1) as b—oo then

npdey (N B) = 0

as b—oo;



150} P. W. Glynn and A. J. Zeevi

L.} #f ny exp(—0*0)—n € (0,00) as b—oc then

log &1 (np; b) 140 (])
= Ny

log a(h) b
as b—oo;
ii.) i{lnb exp(—8"b)—o¢ as b—oo then there exists o constant r € (0,00) such
that
(ny exp(—0*b)}/* (m - 1) = r2N(0,1)
a(b) ’
as b—oo.

Remark 3.5 Note that in case iii.} if ns &= exp{(#* + c}b) then

logdy{ny; b) —ebf2
logatd) O (8 )

Thus, the critical growth. rate, exp{#*b), of the observation window n; defines the
breakdown of (log) consistency on the one hand, but on the other asserts that in
the regime where the estimator is log-consistent, the rate of convergence is very
rapid.

Proof Parts i.) and ii.} of Theorem 3.4 follow immediately from Proposition
3.3. For part iii.) we appeal to Theorem 7.5.2. of Glynn and Torres [13]. J

Theorem 3.4 asserts that o (ng;8) is not logarithmically consistent for af{b)
when ng = olexp(§*h)) as b—oc. In other words, if one is estimating the order
of magnitude of a buffer overflow probability from an observed time horizon [0, 7]
where ng is not enorrous (i.e., ny = o(exp{0*h)}), the extremal cstimator is superior
to the emapirical tail estimator & {ny;5). On the other hand, if one has available
an cnorroous amount of data {Le., ny 3 exp(0*d)), then the empirical estitnator’s
superior convergence rate (sec Theorems 3.1 and 3.4) suggests the use of & {ng; b)
in preference to the extreroal cstimator Gu(%; b).

At an intuitive level, the reason that the extremal cstimator is better suited for
“small sample sizes” has to do with the fact that it takes explicit advantage of the
assutnied tail behavior of the marginal distribution of X. In fact, one may consider
this estimator serpi-parametric in that respect, as opposed to the non-parametric
counterpart. Moreover, the presence of a model for the tail probability allows us to
extrapolate the loss probabilities out to bufler sizes b for which no losses have yot
been observed.

The discussion above suggests an obvious extrapolation-based alternative to the
extremal estimator, based not on the cbserved maximur but on the the observed
empirical tail probability. In particular, note that for v > 0, Al suggests that
afb) = a7} as b—oo. Hence, an alternative tail probability estimator under the
model Al for the marginal tail is just

G (85 8) = dn (t54(1))

where {+(t) : ¢ > 0} is non-decreasing deterministic function of the observed time
horizon f.

Theorem 3.6 Under the conditions of Theorern 3.1, &3(t;b) is logarithmically
comsistent for a(b) if (1) is selected so that () T oo and t oxp(—H* (1)) —oc.
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Proof Suppose b(f)—oc ag t—oo. Then,
log &s(t;b()) _ b(t)  daltv(t))

Tlogalb(t)) ) —0*b{E)1+ o(1))
_ d(t;v(t)
log a{+(#))(1 + o(1))
=1

as t—o0, where we used part ii.) of Theorem 3.4 for the last step. L

Remark 3.7 One obvious variation on the above theme is to fix a finite collec-
tion of positive real numbers {b;} and correspondingly form ¢ = — (b)) log{da (t; b)).
One can then form. an estimator of the buller overflow for buller level & by judicious
choice of the b's, and by taking an {possibly weighted) average of the ay’s. The
behavior of this estimator will be qualitatively identical to that of the extrapolation
estimalor studied in Theorero 3.6. In particular, the convergence rate will be no
better than that of the extrapolation estimator. However, it is possible that the
above estitnator may affect multiplicative constants in the convergence rate.

Because &1{t;y(t)) obeys a central limit theorern (CLL) with an associated
convergence rate that is typically faster than that of &z (#; ). one expects that the
extrapolation-based eropirical ail estimator &(t; b) will generally be superior to the
extremal estimator é{#;h) that we have proposed. Tt should be noted, however,
that the extremal estimator ag{i:d) is very casily implerented. Tn particular, it
does not require the specification of “tuning parameters” like y(2).

‘We closc this section with a brief description of a rclated, but diflerentf, es-
timation problem. Suppose that we are intcrested not in estimating steady state
tail probabilities but in predicting the extremal behavior of the process X over
a long time interval. Tn particular, we wish to estimate P{M(c) < v} for large
¢, baged on observing X over [0,¢]. When the process is regenerative, note that
P(M(c) < ») = P(M{e¢/En) < v)+ o{l) as c—oo uniformly in v, where M(t) =
mwax{f; : 1 < i < [t|}; sec [3, Lemma 1]. Suppose we obscrve X over n cycles.
Then, we may form the empirical distribution of the 3;'s, namely

1 ™
Gulz) = — > Tzt -
i=1

Given that P(M(#) < p) = P(¢ < v)Il, a natural estimator for B{(M(c} < v) is
therefore
., (U) ol T
where 7, :=n 130 7.
The following result gives conditions under which the above estimator predicts
the extremal behavior of X over [0, ¢l

Proposition 3.8 Suppose that X is a classically regenerative process Jor which
E*‘rf‘ < oo, and lel v, be given sequence of posilive real nunbers. If cp—o0 in such
g way that lim sup,,_, . caP(8) > 1) < 0o and c,/n = o(l}) as n—oc, then

b | £/
(V) 1
Pﬁﬂ’f(cn) < U-n-}

asg n—0,
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Proof Since ¢,—o0, P(M(c,) < v) — P(81 > ) lE™] 50 as n—oc. Bul
P(3; < v.,,,)L‘:“/ETlJ = oxp {|en /B ] log(1 — P(8) > 1,)))

= exp ( r “P(B > ) + o(l)) .

where we have used the fact that limsup,,_, ., ¢.P(51 > 1) < o0 in the last step.
Sot Gr(z) = 1 — Gu(x), and Glz) = PG > =), G(z) = 1 — G(x). Fix
¢ > 0 and note that Chebychev’s inequality implies that there exists x = z(¢) such

that
Crm)Glrn

G*(un.)c(vn.)} ‘

» (}@?L(Vﬂ.) - (_;(V.”,)

On Lhe event

:{|Gn(yn)—é(un)| <z "

we have Lhal

G-u(Vn)Lc”{TnJ Ca s = Can iy
POM (e <) exp LT—”J log(1 — Gy es)) + Er G() + o(l))

~ o (— 1) ((*() +0 (6t} + w\/-n—lé(vﬂ.))z) "

T
Cr,

= En G(va) + o(l))

:exp(_]gn](l (n=17%)) ((( ( ic(vn)))
_ ‘lo((, (v, m) Vu)—FO(IJ)

= exp (Op(l) +o(1))

where the last step used the fact that e, \/ Glig)/n = \/ cnG (Vn)-\/ e/ = ofl).
Consequently, for 4 > 0,

Gn(vn) Le/7» 3
— =1 =84
(‘TP(JM(CR) < vp) n) =0
as n—o0. Letting ¢ | 0 then cstablishes the result. |

The mosl important consequence of Proposition 3.8 is that this non-parametric
estimator does not give good relative accuracy for the Lail prababilily of the exireme
value M(c) unless ¢ is sinall relative Lo the observed time horizon n. Tn other
words, Lo oblain good relative accuracy for tail probabilities of extreme values wilh
¢ large, one musl assuine some structure on Lhe tail of M({c). The need to model
tail structure is therefore a consislent theme of this paper. Berger and Whiit [4]
adopled a similar philosophy in their elfort Lo use exireme value limit theory to
model the exlreme value Lails Lthat they were atteropting to predict.
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4 First passage time limit theory for regenerative processes

In the previous scetion, we have studicd issucs related to the bhehavior of the
maxinnim value taken on by a real-valued regenerative process over an expanding
time horizon. Tn this scction, we briefly describe the implications of these results
for passage times. lu particnlar, we study the first passage time

T(b) = inf{t > 0: X{t) > b}

to a level b, as b—oo. Because {M () < b} = {T(b) > t}, il is relalively straightfor-
ward to derive such resulls based on the limit theory we have already established
for M{t).

Our main result is the following.

Theorem 4.1 Suppose that P € Mo and thet there exists € > 0 such that

m
lim inf P (/ H{X(TLO} I—s}“b}d" > (|IJJ_ > b)
0]

b—e o

Then,
1) iflogalb)/b— — 8% for 0 < §* < oo, then logT(h)/b—8* TF-a.s. as b—oo.
ii.) if loga(b)/ logb— — 8* for 0 < (* < o0, then log T(b)/ logb—8* P-a.s. as
b— oo,
iii.) 4 loge(b}/6Y— — 8* for 0 < ~,0% < oo, then logT(b) /7 —0* P-a.5. as
b—oo.

Proof Nole that Theorem 2.5 proves that for ¢ = 0, there cxists @1 = 2,(¢)
such that for ¢ > =z, M(1) < (1/0* 4 €)logt. But, T(h)—o0 as., so lor T(b) >
r1, b < M(T() < (1/8* + e)log T(h), and hence (1/8* + €)™ < logT(b)/b a.s.
for 4 sulliciently large. On the other hand, there exisls xp = xg(e) such Lhat
M(t) > (1/0* — €)logt as. for t > my. Then, for T(b) > xy, b > M(T(b)7) >
(1/6* —¢)log (%) a.s. and consequently, (1/6* — )~ = log T(b)/b for b sulliciently
large. Since this holds for arbitrary ¢ > (0, i.) is proved. The prools ol il.} and
iii.) are sinilar, and take advantage of Theorems 2.8 and 2.10, in place ol Theorem
2.5, d

Remark 4.2 While a large class of stationary stochastic processes are clas-
gically regenerative, this assumption in some zense limils the applicabilily of the
theory developed in this paper o gencral state space Markov chains and processes.
In particular, it is known that the class of Harris recurrent Markov chains and pro-
cesses are one-dependent regenerative, in the sense thal there exists a sequence of
random times (T(n) : n > () such that 0 < T(0) < T(1) < T(2) < --- for which the
cycles [((X(T(j-1)+8):0<s<T()—-T(G—-1)),TH -T(—1 } are identically
distributed and onc-dependent for 7 > 1; see [26] for details. However, note that

L T

M(T(2n}) = max \/ B2, \/ Bojr1 o

J=0 j=0

where 3 = max{X({s): T(k—1) < s < T(k)}. The theory developed in this paper
can be directly applied on an individual basis Lo the {F; } and {F2;41} sequences,
and their maxima, since each of them is respectively a sequence of iid. rv.'s.
(3iven the normalizations Lhal are present in our limit theory, a simple sample path
argumenl exlends the conclusions of Theorem 2.5 throngh 2.10 and Theorem 4.1
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to the one-dependent setting. Consequently, the theory applics to a broad class of
Harris chains and processes.

Glasscrman and Kou [11, Theorem 1.1] prove a resull similar fo part 1.) of
Theorem 4.1, However, Lheir theorem imposes the hypothesis directly on the Lail
of the rov. 8, the maximum of X over a regeneralive cycle, On the olther hand,
our resulls place Lthe assumptions directly on the Lail of the X(¢} itself. It should
be noted that the theory presented in Glynn and Whitl [15] and Duffield and
O’Connell [7] establishes Al for the tail of X and not for the rv. 8, making
our limil resulis easler to apply Lo the examples presented in those papers, The
key condition that guarantees that the tails of 7 and X(t} are equivalent in the
sense that logP(X (£} > &)/ logP(8, > b)—1 as b—oo is the fact that the class M,
requires thal Erf < o for all » = 1. Il turns out thal our assumplion thai all
the ¢yecle moments are finile is, in some sense, a sharp result. Our nexl examples
show that if Ev] = oo for some p = |, then there exists a stationary classically
regenerative process X for which log P(X (¢} > 6)/logP(/3 = b) does not converge
to one as b—oo. This, in turn, provides a counterexample to the conclusions of
Theorerns 2.5 through 2.10 as well as Theorom 4.1.

Example 4.3 Woe restrict attention to discrele time; an ohvious modification
will give rise to a contimious time regeneralive process wilh paths that are right-
continuous with left limits. Suppose there exists a posilive real numboer ¢ = 1
for which Er{ = oc. Set T(0) = 0. Draw M, ~ Exp{1), and conditional on M,
get T = exp{M/q¢), i.e., a poinl mass al exp(y/q} condilional on M, = y. Let
T(1y = T(0)+ 7. Sel Xg =0, and put (X, : 1 € n < 7} equal to M, and set
Xpy = 0. Repeal this conslruclion Lo generale the remaining cycles, with M
taken each timne as an independent copy of an Fxp(1) random variable, and T(k} =
T(k — 1)+ 7, and 7 = exp(My/q). Clearly Lhe resulting process is regenerative,
with regeneraiion set equal to {0}. Moreover, Er? < oo for all p < g and diverges
for the gth power. Now, since this process is classically regenerative aperiodic, with
Er < oc then il follows thal a statlionary version of X, say X* = (X2 :n > 0}
exisls, with X Zx =0y Where the distribution of X, is given hy the regoncrative
ratio formula (cf. Asuinssen, [2] for details). Specialiving this argument, the tails
of X, are found Lo he

|_ o T—1
P(Xw>2) 1= 5= E [Z Texsnp | M = 'y] Pyr{dy)
W= i—0
_ i > E[Mi’—"]J_yd
= & o T =y|e 1
I [y
= E . ey/qc_ydy
T R CER P2
(1 —1/Er

On the othor hand, it is evident, that
P(h > a)=e"
with 8 = max{X,, X(,..., X, 1} Clearly,
logP{ X > 9:)_\ L
booe logP(B1 > ) g
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A more siriking “mismaleh” of the tails can also oceur. Supposc that we only
have Er < o¢, Fix p > 2. Then we can repeal Lhe ahove construction of X hut
conditional on M we sel 7 = exp{M}/M?. Then, it is clear that (X . > x} =
cfzP7', ie., X has a heavy tailed distribution for ils stationary marginal, while B
has “light” {exponcntial} talls. Note, thal for Lhe process X we have Er < o but
Er't® = oc for all § = 0.

It should further be noted that in the absence of Lthe hypothesis

T
P (/ Lixgrysy=nyds 2 f|g’31 > b) >c
4]

it is cagy to construct examples in which log P(X (£} > b}/ logP(3, > &) does not
converge to one, showing that a condition like this is, in some sense, also necessary.

5 An illustrative example: Reflecting Brownian motion

Reflecting Brownian motion (RBM) is an approximation to the single-server
queue that has a long history. In particular, RBM provides an approximalion Lo
the dynamics of such a gueue that depends only on the mean and the variance
characteristics of the input processcs to the queue, and it is guaranteed Lo be
agymptotically accurale as the server utilization converges to one; see, for example,
Glynn [16]. As such, the behavior of RBM can he expected to be representative of
many queles,

Stalionary RBM is the process W™ obtained when ' is a Brownian motion with
drifi less than one. Denoting stationary RBM by X = (X (¢t} : ¢ > 0}, the distribu-
tion of X is completely determined by the drift —g < 0 of the “free process” T'(#) —¢
and its Brownian variance parameter o%. Specifically, the stationary marginal is
exponential; a(h) = P(X{E) > b) = exp(—6*h} with 6% 1= 2/

Because of Lhe analylical tractability of RBM, we can easily computo the ox-
plicit distribution of eycle maxirmum & ; Lo avoid cycles of zoro length, a regencrative
cycle is defined as the path traced oul by X thal starts from zero, hits level 1, and
subsequently returns Lo 0, thereby completing the cycle. A simple computation
verifies thal the tail of the distribution of the ¢ycle-maximum is asymptotically

P(G) > b) ~ (e — 1)exp(—6*h) . (5.1)
Extreme value theory establishes Lhal
1

1 .
max X{s) - —logt = pm Z+log(e?” — 1) {5.2)

Ot (o
where Z i3 a Gummbel r.v. with distribution P(Z < 2) = exp{—e™*) for 2 € R (see
[4] for details). Our Theorem 2.5 proves thal in faci

M) 1

—_— &, 5.7
logt  6* . (5-3)

as t—oo, where M (#) :=sup{X (s} : s € (0,¢]}. Note that here the explicit distribu-
tion of the cycle maximum is available, and iz equal up Lo a constant with the tail
of the stationary distribution. ‘'he limit theorem {5.2) proves thal in this example,
the rate of convergence in (5.3) s roughly of order {log#)~'. In other words, the
rate of convergence is as predicted in Section 3,
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The agsymplotics of the empirical Lail estimator for RBM can also be computed,
and the performance of Lhis eslimalor can then be contrasted with the extremal
based estimator. Specifically, if iy, exp{—#"b}—o0 as b—co, Lhen

\/t_;,cxﬁ{ —6*b) (Et—l{—fbi) - 'I) = V2o /1N (0, 1)
a(b)
ag b—oc; see [13, Theorem 7.3.2] for this caleulation. The above limil theorom

provides the exact value of the constant » appearing in part ii.} of Theorem 3.1.
Consequently, il ¢, ~ exp{{0* + <)b) [or some € > 0, then

logdi{ny; b} —cb/2
log () 140 (P )

analogously to the resull obtained for the G1/G/1 quene following Theorem 3.4.

The case of critical, and sub-critical growth of Lhe lime window [0, £,] is covered
by Lthe analogue of I'roposition 3.3, which asserts thal the empirical tail estimator
is not logarithmically consistent.

Proposition 5.1 Let X be a stationary version of REM with infinitesimal
drift —p < 0 ond nfinitesimal variance o° > 0, and set 6% = 2u/c>. Let ty be a
sequence of positive real numbers such that tyexp(—0*b}—mn € [0,}. Then,

tb
/ I[{X(S}:_.,b}ds = (WP(}\, Z}
0

as b—oo, where the weak bmit can be expressed as Z;\r_] Z;: N is Poisson wilh
parameter A = "y and {Z;} is an independent sequence of i.4i.d copies of Z whose
disiribution is given implicitly in terms of s Laplace transform Foxp(-32) =

21+ 2802 /p2 +1)7L.

Proof sketch Using the regenicrative stricture of RBM, we can [ollow step 1°

of the proof of Proposition 3.3 Lo reduce the problem te the sludy of the asymplotics

of Z}jﬂinj Z;(b), where (Z; : ¢ > 1} Is a sequence of 1.i.d. copies of Zy(b) £

fUTl Fwwymnds. Note that X = W for ¢t € [0, 7] where W({) = —ut + o B(¢)
is the corresponding “free process”, l.e., the underlying negative drifl. Brownian
moltion. The key then is to establish an analogue of (34). Fix s > 0 and les
T{x) =inf{t = 0: W(t) = z} for z € R. Then,

Elexp(~5%,(8)); T{b) < 71] =

Il
oo

L
exp “—8-/ I[{ﬁ.r(s];,b}ds ;T(f)) < Ty
(B
1

=E | Iyphyer) B fexp —S/ Ipwisy=spds | [W(0) = b
ey

T(—b)
= | Lizpior B lexp —8/ Liwrspopds
0

T(—h)
=P{T{B) < m K lexp —~5/ T (s)>0) 48
0
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whoere we have used the strong Markov property and fime-homogeneity. Siuce
(=5 T oc as. a8 b—oo, we can use bounded convergence Lo conciude that

L{s} = |exp (—-Hf Lisaees ds)}
(s) { - Lweso) (5.4)
=2(/1 4 2502/ + 1) 7!

where Lhe second equalily follows from [1, p. 72|, as L{s)} is clearly scen to be the
Laplace-Stieltjes transform of the total time spent positive by negative drift M.
As in Step 2° {3.3) of the proof of Proposition 3.3, we can usce (5.4} above to deduce
ihat
dp(s)—rexp (- A{1 — L{s}})

a8 b—r00. Moreover, it i3 nol dilliculé to identily the rate of the Doisson r.v.
explicitly A = n{exp(#*) — 1}/Er. TBasic martingale arguments establish thal
By = (oxp(6*)} — 1}/(0* 1} and thus we have finally A = o p. Tlaving idenii-
fied the distribution of the compounding r.v. and the rate of the Poisson r.v., we
have the compleie characterization of the weak limit CP(A; Z). [
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