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This article considers the problem of testing curvature (e.g., linearity, concavity, convexity) in a multi-

variate nonparametric regression model. A measure of curvature, catled the simplex statistic, that does not

require bandwidth choice and is casy to compute, is introduced. A global (est of curvature based on the
simplex statistic is also introduced. Localized versions ol the test, which require smoothing parameters,
arc shown to be consistent against more general alternatives than the global test. In the univariate case,

the local test of concavity (convexity) is consistent against all nonconcave (nonconvex) alternatives. The
simplex statistic can also be used in the context of a partially linear regression model. Applications to
cxamining the curvature of the experience-carnings prolile and testing the “style iming” of mutual funds

are considered.
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1. INTRODUCTION

Concavity and convexity are important concepts in micro-
economic theory. The concavity or convexity of a relationship
(function) may be predicted by theory; for example, theory tells
us that cost functions are concave in input price and that profit
functions are convex in output price. The concavity or convex-
ity of a function can have important implications for the way
in which economic agents will bchave; for example, concav-
ity (convexity) of an individual’s utility function corresponds to

risk aversion (loving). By definition, concavity or convexity of

a function is directly associated with whether there are decreas-
ing returns or increasing returns to a given factor. For instance,
to determine whether the returns to cducation (e.g., on wages)
are increasing or decreasing in the level of education, we would
want to know if the relationship between wages and education
Is convex or concave.

Tests of convexity or concavity have appeared in a wide range
of empirical studies. For example, there have been studies on
testing the curvature between investment and Tobin’s ¢ (e.g.,
Barnett and Sakellaris 1998), between firm value and prod-
uct price (Borenstein and Farrell 1999), and between mutual
fund performance and subscquent money inflow (Chevalier and
Ellison 1997). The convex or concave relationship in these ex-
amples have important implications for corporate managers’ in-
vestment strategics and money managers’ risk-taking behavior.

Despite the important role of concavity and convexity in eco-
nomic theory and applications, there has been surprisingly lit-
tle work in the econometrics literature on statistical testing of
concavity and convexity. Although a large literature on non-
parametric specification testing has emerged, only a few stud-
ies have considered tests for curvature. Moreover, the existing
nonparametric methods for curvature are applicable only for the
univariate case. There appear to be no nonparametric methods
for testing concavity and convexity of a regression function hav-
ing more than one covariate.

In empirical work, the general approach for testing curva-
ture is to allow nonlinearity in the regression function and

Concavity; Convexity; Nonparametric test; U-statistics.

perform appropriate hypothesis tests after estimation. Natural
candidates for parametric methods that allow nonlinearity arc
polynomials or linear splines. Although casy to implement,
these methods are subject to model misspecification when re-
searchers do not have clear prior information about the shape
of the underlying functions. Because a parametric test is cssen-
tially a joint test of curvature and parametric functional form,
the conclusion of such a test is unclear due to possible misspec-
ification of functional form.

Nonparametric specification of the regression function cir-
cumvents this difficulty by avoiding auxiliary assumptions on
the functional form and focusing dircctly on the curvature of
the underlying regression function. The related nonparametric
curvature tests broadly fall into three categories. The first cat-
egory includes a wide range of general nonparametric specifi-
cation tests (see references in Ellison and Ellison 2000). These
tests can detect nonlincarity but cannot be used directly to re-
ject a null hypothesis of concavity or convexity. The second
category includes tests based on nonparametric estimation of
functions subject to convex/concave restriction (c.g., Hildreth
1954; Mammen 1991; Wang 1992; Yatchew 1992). (Relevant
surveys of shape-restricted nonparametric estimation include
Diack and Thomas-Agnan 1998 and Matzkin 1994.) Studics
along this line have focused on the univariate case, and the as-
ymptotic distribution of the cstimates when the dimension of
covariates is bigger than one is not yet known. The third, and
most promising, category includes tests based on nonparamet-
ric estimation of sccond derivatives that have been developed in
the statistics literature. Diack and Thomas-Agnan (1998) and
Diack (2001) constructed tests of concavity and convexity us-
ing cubic-spline estimation, where the test statistics are based
on the estimaled second derivative evaluated at the spline knots.
Diimbgen and Spokoiny (2001) provided a consistent nonpara-
metric test of concavity and convexity that does not require
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the choice of any smoothing parameters. Their “multiscale”
sup-norm method essentially combines test statistics using all
possible bandwidth choices. Unfortunately, the tests of Diack
and Thomas-Agnan (1998), Diack (2001), and Diimbgen and
Spokoiny (2001) arc applicable only to univariate nonparamet-
ric models with homoscedastic error disturbances. The test of
Diimbgen and Spokoiny (2001) also requires normality of the
crror disturbances.

This article makes several contributions to the existing liter-
ature. First, we introduce new (global) descriptive measures of
curvature. called simplex statistics. These statistics (and their
asymptotic standard crrors) do not require bandwidth choice
and arc ecasy o compute. Second, because tests based on the
global simplex statistics are not consistent against general alter-
natives, we propose a test based on a discretized process of lo-
calized versions of the simplex statistics. In the univariate case,
the local test is consistent against gencral alternatives like those
aiven by Diack and Thomas-Agnan (1998), Diack (2001), and
Diimbgen and Spokoiny (2001), but avoids the assumptions of
homoscedasticity and normality made for those tests. The pro-
posed test also avoids estimation of the error variance, which
is required by Diack and Thomas-Agnan (1998), Diack (2001),
and Diimbgen and Spokoiny (2001). The test based on the sim-
plex statistic for the multivariate case appears (o be the first
proposal for testing curvature in a multivariate nonparametric
regression setting.

To fix ideas, we consider the following nonparametric regres-
sion model:

vi =f(x;) + €, Eleilxi] =0, i=1,...,n, (1)
where y; is a scalar, x; is a | x m vector (xy;, ..., Xy}, and
e is an crror disturbance. The salient featurcs of our non-
parametric approach arc that it leaves the functional form
of / in (1) unspecified to avoid model misspecification, and
it avoids smoothed nonparametric cstimation of f entirely and
thus should be easy to implement. The curvature mcasure that
we propose is based on the defining property of convex/concave
functions. Recall that the convexity of a univariate function f is
defined as follows: f(x) is convex in x if and only if for any
he 0, 1] and xy, x2 € R, it is true that Af (x1) + (1 — A)f(x2) >
S 4+ (1 — M), For concavity, the inequality is reversed.
Graphically, a convex (concave) function f lies below (above)
the line segment connecting [xy, /(x| and [x2,f(x2)] on the
range between the two values. An analogous graphical relation-
ship holds in higher dimensions. To allow visualization in three
dimensions, consider the bivariate case (im = 2). For three dis-
tinct points x;, x;, and x in R?, a convex (concave) function lies
above (below) the plane going through the points on the range
delined by the triangle formed by the three points.

To use this idea in the context of actual data, suppose that
there are four distinet data points x;, X;, Xg, and x; such that
x; is in the interior of the closed triangle with vertices x;, x;,
and x;, denoted by x; € A(x;, X;, x¢). Then there exists a unique
solution («ay, a2, az) such that

X; = d|X; + aoX; + a3Xg, (2)

ay >0, > 0,03 >0, a1 +ar+az3=1.
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It all quadruples (x;, X;, X, X;) that satisfy (2) are collected from
the observed data, then the relationship

ar f(xp) +axf(x)) + a3 f(xe) = [ (X))

always holds if f is convex (inequality reversed for concave f).
From (1), cach y; differs from f(x;) by an error disturbance,
meaning that the relationship

aryi +ay; +azye = yi

should usually (i.c., more often than not) hold if the function f
in (1) is convex (inequality reversed for concave f). If f is lin-
car, then there should be no tendency for y; to be either greater
or smaller than a1y; + a2y; + a3zyr. This graphical intuition is
formalized and extended to the general multivariate case in Sec-
tion 2.

The remainder of the article is organized as follows. Sec-
tion 2 introduces the simplex statistic for measuring the
curvaturce of f from the model in (1), and discusses asymplotic
results and consistency of the related hypothesis tests. Section 3
considers tests based on localized versions of the simplex statis-
tics. These tests are consistent against more general alternatives.
Section 4 reports results from Monte Carlo simulations using
the proposed tests, including comparisons with existing tests in
the literature. Section 5 discusses how the simplex statistic can
be used in the context of a partially linear regression model.
Section 6 applics the methodology in two cmpirical applica-
tions, one examining the curvature of the experience-earnings
profile and the other measuring the “style timing” performance
of asset-allocation mutual funds.

2. THE SIMPLEX STATISTICS

2.1 Definitions of Convexity/Concavity and

the Test Statistics
We first define convexity (concavity) of a function as follows.

Definition I. A functionf:A — R, defined on the convex set
A CR™ is convex (concave) if

arfx) +arf(xo) + -+ A f (Xm)
> () flarx) +axxo+ -+ + X)) (3)

for any collections of vectors X, ..., %, € A and nonncgative
numbers «ay, ..., da, such that a; +ap + -+ 4+« = 1. If the
incquality in (3) is strict, then f is strictly convex (concave)
onA.

This definition is used in several economics textbooks (e.g.,
Mas-Colell, Whinston, and Green 1995; Moore 1999) and is
equivalent to other commonly used definitions (see Hardy,
Littlewood, and Polya 1988, scc. 3.4). Geometrically, the defini-
tion says that the center of gravity of arbitrarily weighted points
of the function lies on or above the function if the function is
convex. Viewing the weights as probabilities, notice that (3) is
a version of Jensen’s inequality for convex (concave) functions
(Hardy et al. 1988).

Before considering the testable implications of this definition
in the context of observed data, we first formalize the sampling
scheme.
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Assumption 1. An iid sample {{x;, 6,‘)}:.':1 is drawn from the

Jjointdistribution of the random variables (x, €), where € is sym-
metrically distributed about O (conditional on x). The observed
sample is {(y;, X;)}'_,. where y; is generated according to the
model in (1).

This assumption allows for conditional heteroscedasticity
of the error disturbances. The conditional symmetry assump-
tion on the crror disturbances is necessary for the proposed
method of measuring curvature. For instance, if the error distur-
bances are conditionally asymmetric with the asymmetry vary-
ing over x values, then the data might appear (o have a convex
or concave relationship even if the regression function is truly
linear. Figure | depicts such a violation in the univariate x case.
The conditional asymmetry in the ervor disturbance at a single x
value (denoted x™*) makes / appear to be concave; in this figure,
S is linear with symmetric crrors for all v 3 x* and asymmetric
crrors at x* with median(e |x*) < E(e|x™®).

Denote v; = (y;, X;) to be the data associated with a given
observation. For a sample of size n, there are (m'i,_,) ordered
(m + 2)-tuples {v,...., Vinial, Where ) < oo < 40, The
implication of (3) can be tested on a given (m + 2)-tuple
il the set {r1,..., 1,42} can be partitioned into {|f,,42]} and
{In ], oo M1 1) such that the following system has a unique
solution:

Xl 2l = A1X[ )+ @2Xn) 4 dr1 X, 45 4
ar>0,a2>0,..,ap1 >0 a1 +ar+ -+ ap =1,

The set of all interior linear combinations of X[l os X[ty |
is called an m-dimensional simplex, denoted by AXyp, .-
X(t,.11)> and Xy, 5y is in the interior of A Xty 1)
Based on (3), we call {v;, ..
A1Vt 1,01 > Yials @ concave one if ayyy, | +
o A ) < Vol and a linear one if ayyy )+ -+
At 1Yty 1| = Yiggiof- 1T € is continuously distributed, then the
occurrence of a linear (m 4 2)-tuple is a zero-probability event.

To ensure that the number of “qualified” (m + 2)-tuples
grows large as i grows large, we make the following assump-
tion on the distribution of the covariates.

Vi) a convex (m+ 2)-tuple if

3

Assumption 2. For (m+2) iid draws Xy, .. .. x,,, 2 ol the ran-
dom variablc x, the probability that x,,, > is within the interior
of the simplex A(Xy. ..., X,1) is greater than 0.

For the univariate case (m = 1), Assumption 2 merely says
that there are at least three disjoint regions with positive proba-
bility; even three distinet point masses would be sufficient. For
m > 2, Assumption 2 rules out lincar dependence among co-
variates (in which case no simplex would have an interior). The
assumption also rules out situations where simplices have inte-
riors but no points lic within these interiors: examples for m = 2
would include covariate distributions with points lying on a cir-
cle or a square.

In the univariate case (m = 1), any obscrvation-triple hav-
ing (three) distinct .x values will be used to test the implication
of (3). Figure 2 shows a concave triple in a scatterplot of data.
Note that the intermediate point lies above the scgment that
would connect the outer points. Equivalently, the slope con-
necting the leftmost and intermediate points is larger than the
slope connecting the rightmost and intermediate points. The
figure highlights only one observation-triple, but there are many
observation-triples within the scatterplot, some of them concave
triples and some of them convex triples.

In the multivariate case (m > 2). checking whether or not a
point x € R™ is in the interior of the simplex A(X(..... Xy 1)
amounts to solving the following system of lincar equations:

X=dX]+aXo+ -+ dpp X1
(/]+(12+~-~7L(1,,,||:|. (5)

If the system is nondegenerate, then m + 1 cquations with
m + 1 unknowns will produce a unique solution. The point
X is in the interior of the simplex A(X),....x,,1) if and
only if ay. ... a1 are all positive. It is straightforward to
show that if x is inside A(x|,....xu 1), then X, is not inside
Ay X 1 X X1 Xy ) Torany j € {1,200 om 1),
The statistic for testing curvature will not consider any
(m + 2)-tuple for which there is no point lying in the interior of
the simplex formed by the remaining points.

Let § denote the set of all (im + 2)-tuples of 1 x m vectors
such that one vector lies in the interior of the simpiex spanned

linear conditional

mean function

X

Figure 1. A Violation of the Error-Disturbance Assumptions.

X

Figure 2. A “Concave” Observation-Triple.
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by the remaining vectors. Let N be the number of (m +2)-tuples
[rom the observed sample belonging to S that is,

2

Lty <o <ty 250

N = ]L({X[I,...,X[”Hz}68), (())

where 1(+) is the indicator function (equal to 1 if the argument
is true and 0 otherwise). The more linearly correlated the inde-
pendent variables x arc among once another, the lower N will be
given i and m. The largest possible value for N is (,”’J’rz)‘ Note
that Assumption 2 guarantees that N — 00 as n — 00,

The simplex statistic, denoted by Uy, is defined as

-1
o 7
Un = (/11-{—2) Z

Iy < <typa<n
X S‘lgn((“.\’hll +oee ([’71+|y|[n1+l| - yl’nH—l])’ (7)

1({xr, ... X0 €S)

where sign(g) =1 il ¢ >0, =1 if ¢ <0, and 0 if ¢=0
and «ay.....ayue 18 the unique solution to (4). (Although
di.. ... a1 obviously depend on the vectors, we have sup-
pressed the dependence on the x’s to simplify notation.) It is
straightforward to show that

—1
U, = <111 IJIr 2) [# ol convex (m + 2)-tuples

— # of concave (m + 2)—tuplcs].
Alternatively, rescaling Uy, by NI (”112) yiclds the statistic

U, =N~

Z ﬂ({xl| ..... X/mz} GS)

L <y <<y <0

x Sign (al-ylll | + e + (l/“+lyllm—0'll - y[luH 2])’ (8)
which has a ready interpretation of

U, = percentage of convex (m + 2)-tuples

— percentage of concave (in + 2)-tuples.

The term “percentage” refers to the percentage among the
(m  2)-tuples within S. Because U, and U,/, differ by only a
factor of N1 (I”f’ﬂ), the asymptotic propertics for U, automat-
ically apply to U}, up to scale. [In the univariate case with no
tics in the x values, U, = U}, because N = (’{)] Practically, one
can usc cither (7) or (8) for the purpose of testing curvature;
(8) has a more intuitive interpretation in terms of the probability
of convex (m -+ 2)-tuples in excess of that of concave ones. For
discussion of asymptotic properties, however, we focus on (7),
because it has a standard U-statistic form. We call U, nad U,
simplex statistics in the remainder of the article. Although we
focus on hypothesis testing based on these statistics, researchers
can use the U], statistic as an overall descriptive statistic for the
curvature displayed in their data.
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2.2 Asymptotic Results

In this section we discuss the asymptotic properties of the
simplex statistic defined in (7). All proofs are provided in
the Appendix. First, we apply the law of large numbers for
U-statistics (e.g., Serfling 1980, thm. 5.4A). For notational
case, definc

WV, ..o, Vig2)

=ay+ oyt Y met] = Yimv2. (9

The probability limit of the simplex statistic is given by

Theorem 1. 1f Assumption | holds, then

r - ~
Uy = 0=E[1({x.....Xy42) €S)

x sign(w(vy, ..., Vm+2))]» (10)

where 1(+) is the indicator function and {ay, . .., ¢;u4-1} uniquely
solves (4) if {xy,...,Xuq2} € S and can be assigned arbitrary
values otherwisc.

Deriving the asymptotic normality of U, requires some addi-

tional notation. The kernel function of U, is given by

h(V] s Vm+2)

=1(X1, ..., X2} €8) -sign(w(vy, ..., Vig2)). (1)

Note that the kernel function is symmetric in its arguments by
the definitions of S and w(-). Then define
(12)

h(v) = E(h(Vi, v, . ... Vg 2) V)

and

¢ = E[(h(v) — )] (13)

The asymptotic normality of U, follows from Hoelfding
(1948):

Theorem 2. 1f Assumptions 1 and 2 hold, then

Ji(Uy — )5 N0, (m +2)%¢).

A consistent estimator of ¢ is
i I —1
-~ —1 n—
=n
3 Z <m + 1 )
=1
<D

<<y 2

127 e ’m+27£’]

h(Viys Vi ooy Vi) — Un (14)

The scalar multiplying ¢ in the asymptotic variance cxpres-
sion is the square of the order of the U-statistic |i.e., (m + 2)2
for the (m + 2)-order U-statistic U, |.
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2.3 Hypothesis Testing

In the absence of the error disturbance, the equivalence
between convexity/concavity of the f function and convex-
ity/concavity of the (m + 2)-tuples is given by Definition .
It f is convex (concave), then all (m + 2)-tuples are convex
(concave). Under conditional symmetry of the error disturbance
(assumed in Assumption 1), the following theorem relates the
sign of @ |defined in (10)] directly to the curvature of the func-
tion f.

Theorem 3. It Assumptions | and 2 hold, then:

a. f(-)islinear = 0 = 0.
b. f(-) isconvex = 6 > (),
¢. f(-) is concave = 8 <0,

The quantity ¢ is strictly positive (negative) for a convex
(concave) f that is strictly convex (concave). Conditional sym-
metry of the error distributions guarantces that the linear com-
bination aye) + -+ + dyp1€mp1 — €ut2 1s also symmetric,
conditional on (X, ..., X;+2).

The simplex statistic Uy, in (7) is nothing but the sample ana-
log of 6. Therefore, Theorem 3 provides natural hypothesis test-
ing of curvature based on U,,. Under the null hypothesis that f is
linear, 6 = 0 (under suitable assumptions), and the asymptotic
distribution of U, (under the null as well as under the alter-
native) is given by Theorem 2. Based on Theorem 3, a test of
Hy:0 = 0 is consistent against any strictly convex or strictly
concave alternative, a test of Hy:0 < 0 is consistent against
astrictly convex alternative, and a test of Hg : 8 > 0 is consistent
against a strictly concave alternative. Let z, be the a-percentile
value of the standard normal distribution. Table | summarizes
the hypothesis tests based on the simplex statistic.

The null hypothesis of lincarity can also be tested using other
nonparametric specification tests; we provide comparisons of
the simplex statistic test with one such nonparametric specifi-
cation test in the Monte Carlo section. One advantage of the
simplex statistic is that it does not require the choice of win-
dow width to which the results of nonparametric specification
tests can be sensitive. Further, nonparametric specification tests
cannot in general directly tell whether the nonlincarity takes
the form of convexity or concavity. The drawback of the sim-
plex statistic is that a test of Hy : 6 = 0 is not consistent against
all nonlincar alternatives, because € = 0 docs not imply linear-
ity. A function can have convex and concave regions that off-
set each other and give a statistic close to 0. Similarly, 8 > 0
(6 < 0) docs not imply that the function is convex (concave)
either. To develop a test that is consistent against local convex-
ity/concavity, we consider a localized version of the simplex
statistic in the next section.

3. TESTS BASED ON LOCALIZED
SIMPLEX STATISTICS

As mentioned in the previous scction, a test of lincarity based
on the simplex statistic is not necessarily consistent against all
nonlinear alternatives. In this respect, it is similar to the sym-
metry test of Davis and Quade (1978) and Randles, Fligner,
Policcllo, and Wolfe (1980) and the rank correlation test of
Kendall (1938) (based on Kendall’s “tau™). A test ol con-
stancy of the regression function / (in the univariate case)
based on the global Kendall’s tau statistic is not consistent
against all nonconstant alternatives (because f/ may be increas-
ing for some x's and decreasing for other x's). Ghosal, Sen, and
van der Vaart (2000) recently developed tests based on local-
ized Kendall’s tau statistics, which, unlike the test based on the
global Kendall’s tau, are consistent against all general alterna-
tives. In particular, the tests of constancy are consistent against
all nonconstant alternatives, and the (ests ol monotonicity are
consistent against all nonmonotonic alternatives.

In this scction we adopt the approach of Ghosal et al. (2000)
by defining localized versions of the simplex statistics and
proposing test statistics based on the “process™ of localized sim-
plex statistics. The main departure from Ghosal ct al. (2000)
is to consider a discretized, rather than a continuous, process.
There are several reasons for using a discretized process in
this context. First, whereas the process considered by Ghosal
et al. (2000) is approximated by a stationary Gaussian process
(duc to the underlying tau statistic and the assumption ol ho-
moscedasticity), the continuous process of localized simplex
statistics cannot in general be approximated by a stationary
Gaussian process even in the case of homoscedasticity. As a re-
sult, the classical extremal theory based on stationary Gaussian
processes cannot be applicd, making derivation of a test sta-
tistic’s asymptotic distribution extremely difficult. Second, the
test statistic based on the discretized version does not suf-
fer from two empirical drawbacks of the continuous version:
(1) the continuous version is undersized (i.c., does not reject
often enough under the null), as seen in table 1 of Ghosal et al.
(2000) and independent simulations by the authors, and (2) the
size of the continuous version seems to be sensitive to the band-
width choice.

The covariate-distribution assumption (Assumption 2) is
strengthened somewhat (o derive consistency results for the lo-
calized tests. In particular, Assumption 2 is replaced by the
following.

Assumption 3. The vector x has a continuous joint distri-
bution with positive density bounded below by 5 > 0 over
the support A" = [¢, dy] X -+ X ¢y dy ] Tor some ¢y, dy. ...,
Cos € R

Table 1. Summary of Hypothesis Tests Using the Simplex Statistic

To test Null hypothesis Reject if (level = «) Consistent against
Linearity 6=0 (—m\@—‘)@?} > Zy /2 Convex or concave alternatives
Concavity <0 (m{”—#\”ﬁ > Zy Convex alternatives
Convexity # =0 (W% < —Zy Concave alternatives
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The continuity of X’s distribution is required so that asymp-
totically there will be sufficient data locally to construct a test
with power against general alternatives. For any j=1,...,m,
denote the window width in the jth dimension by f;. Corre-

sponding to this window width, let g; denote the number of

nonoverlapping windows that fit in the jth dimension, given
by = L%
Iy ==+ = h, =l to simplify notation. (Onc can linearly trans-
form the data so that the components of x have equal variance,
in which casc applying the uniform window width is reason-
able. One just needs to transform the data back to the original
metric when interpreting the results.) The simplex statistic is
evaluated (locally) at G = ]—1;”:1 & locations. The evaluation lo-
cations are denoted by X7 ..., x(;, where any convention for the
ordering can be adopted. Finally, we denote the subpopulation
for which x values fall in a local window as

|. Without loss of generality, we assume that

V(X)) = {(nx)x] —h<xp <x] + 5.,

*

. " ok
Xy, —h <xy <x, + 4,

(15)

and let py,(x*) be the number of observations in the set Vj, (x*).
Detine the localized simplex statistic at a given X™ as

" —1 nm+2
N Pr(X) *
ey = (7)) X (=)
[ TR B (=

X ]l({xll""‘x’m—ll} GS)

I v’m»}l))’

where 1w(+) is defined in (9) and Kj,(v) = K(v/h), with the ker-
nel function K satisfying the following assumption.

X sign(w(v, (16)

Assumption 4. The kernel function K : R — R satisfies the
lollowing conditions: (a) K(-) is a nonnegative, symmetric,
and continuous function with support [—1, 1", and (b) K(-) is
twice continuously differentiable on (—1, 1),

When K is the uniform kernel function, U, ,(x*) is just the
simplex statistic applied to the subset of data whose x; values
fall into the local window of x*.

Note that the kernel function associated with the localized
simplex statistic is

IS RS ' 1))

mA-2

=[] Kot =0

k=1

X LUXL o X2} € S) sign(w(vy, .., vg2)). (U7)

The following theorem gives the asymptotic distribution of the
localized simplex statistic for a fixed window width.

Theorem 4. 1If Assumptions 1, 3, and 4 hold and /i > 0 is
fixed, then

Vo) (U p (x5 = 0(x*. 1)

4 N(0, (m + 2)%¢(x*, m), (18)
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where
0(x,h) = E[k(w, ce Vo2 X, h)|
V17~'~svln+2€V/1(X)]a (]9)
/~((V; X, h) = E[k(vl, Vo, ., Vg2 X, R
Vo, .o, V42 € v/l(x):ls (20)
and
e 2
c(x, h) = E[(k(vix, h) = 0(x, )" |v € V},(x)]. 2N

A consistent estimator of ¢(x*, h) is formed analogously
to (14),

Pr(x*) r(x) — | -1
SO el h -
Sy =pux Y < m+ | )

=1

<D

fp<<e<ly)2

DA 27
2

— Uy p(x")

k(Viys oo Vi 0 X5 )

(22)

We have considerced the casc of fixed h first to emphasize that
computation of the localized statistic and its associated asymp-
totic variance (in Thm. 4) is very similar to the global statistic
(in Thm. 2). The main implementational difference is that the
localized statistics need to be evaluated at multiple locations.
The test statistics that detect local departure from lincarity,
concavity, or convexity are based on the extreme values of stan-
dardized discretized statistics. First, we normalize U, ;,(x*) by
its standard deviation,
- \/I—JWUH./I(X*)
T2V

When [ is linear, 8(x, ) = 0 for all x and A. In this casc we
obtain the following result.

2-7/1./1 (X* )

(23)

Theorem 5. If Assumptions 1, 3, and 4 hold, nA" — oo, and

- . L~ /
£ is linear, then the standardized statistic U, 5 (x*) 5 N(O, 1).

The condition nh™ — oo (along with the positive-density
assumption on the covariates) implies that p,(x*) — 00, so
that asymptotic normality follows as in Theorem 4. Therc are
G such standardized discretized statistics. (Note that Thm. 5
allows for 1 — 0.) Due to the nonoverlapping windows over
which they are evaluated and the bounded-support assumption
on K (Assumption 4), these statistics will be asymptotically
independent of cach other (under suitable assumptions on the
bandwidth rate).

The two relevant extreme-value statistics are defined as

My = max {Unn(x)) (24)
J=hL.a0 )
and
my = min {Un(x)}. (25)
j=1,..G /

Intuitively, a large positive value for M, should provide cv-
idence against concavity, whereas a large negative value for
m, should provide evidence against convexity. In either case,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Abrevaya and Jiang: Nonparametric Testing of Curvature

the use of extreme values provides the ability to detect [ocal
violations of concavity or convexity. Suppose that one is inter-
ested in testing the null hypothesis of convexity.

Hy:f(x) isconvexon X =[cy,di] x - - X |, di]. (26)

The null hypothesis will be rejected (at a specified level o)
when the test statistic m, is below some critical value (which
depends on «). This test will be consistent against alternatives
for which f is concave on a subset of X

Theorem 6 provides the appropriate critical values for hy-
pothesis testing, based on the asymptotic distributions of
M, and m, when f is linear.

Theorem 6. If Assumptions 1, 3, and 4 hold, i — 0,
nh™/logh™" — oo, and f is linear, then

an(My —by) 5 Wy, (27)
t—my = by) S W, (28)
and
an(max{|M,|. lmy|} — by,) “ W, (29)
where
an = m
(30)

loglog G + logdn
by=y2logG— —F —=2 "
" g 221086
where Wy is a (standard) type 1 extreme value distribution with
Pr(W) < w) =exp(—exp(—w)), and Ws is a type [ extreme dis-
tribution with Pr(Ws < w) = exp(—2 exp(—w)).

The proof of Theorem 6 is based on classical extreme value
theory (see, c.g., Leadbetter, Lindgren, and Rootzen 1983).
From Theorem 6, we can construct the critical regions that have
asymptotic significance level « [forany o € (0, 1)] as

loglog(l —a)~!

M, > b, —
Uy
=/ 2logCG
loglog G + logdm + 2loglog(l — ) ™! (31)
2/2logG s
loglog(l —a)™!
ny < —by + logloatl o)
iy
=—/2logG
loglog G + logdr + 2loglog(l —a)~! (32)
2/2logG CT
and
max{|M,], |m,{}
log(log(l —a)~! /2
- by — og(log(l —a)™'/2)
ay
_ /TiogG — glos Gt logm + 2loglog(l —o) | -

2/2logG '

7

where ¢, and b, arc as defined in (30). Note that G~ 7, so
that rate conditions on G could have been used in Theorem 6
instead.

Finally. we establish the consistency of the localized test
against general alternatives in Theorem 7.

Theorem 7. Suppose that Assumptions |, 3, and 4 hold,
h— 0, and 0l /logh™ " — 0o. Further, suppose that f is
twice continuously differentiable on support X', and denote
H{f:X) to be the m x m Hessian matrix of / evaluated at x € A,
Then the following results hold:

a. Consistency of concavity test. Suppose that for some
8 > 0, the cigenvalues of H(/,x) arc greater than § for
all xe [Ly Up) x -+ x [Ly. Uy, where ¢ < Ly < U < dy,
covCm = Ly < Uy < dyy. Then the test based on M, and the
critical value in (31) is consistent at any level o € (0. 1).

b. Consistency of convexity test. Suppose that for some
& > 0, the cigenvalues of H(f;x) arc less than —§ for all
xell), U] x--- Uy < dy,
con Oy < Ly < Uy < dp,. Then the test based on m, and the
critical value in (32) is consistent at any level o € (0, 1).

¢. Consistency of lincarity test. Suppose that for some
§ > 0, the cigenvalues of H(/:x) arc greater than § for all
X € [Li, Uyl x -+ X [Ly. Uyl or the cigenvalues of H({[: x)
arc less than —§ for all x € [L, U] x -+ x [Ly. Uy, where
=Ly <Up <dy,...;co < Ly < Uy, < d,y. Then the test
based on max{|M,], |m,|} and the critical value in (33) is con-
sistent at any level o € (0, 1).

X Ly, Upyl. where ¢ < L) <

We brielly note that the assumption of twice difterentiabil-
ity is not needed for consistency of the proposed tests. This
assumption, which likely is innocuous in most applications,
allows the alternatives to be stated in terms of the Hessian matri-
ces rather than 8 (x. /1) quantities. The former is a more familiar
way 1o view concavity/convexity.

The window width /i needs (o shrink to 0 at a rather slow
rate, proportional to n7 fory < ﬁ Lo ensure consistency off
the test. This rate reflects the difticulty of detecting local curva-
ture, because any function appears approximately linear as the
local window shrinks. Apart from the log/i ', this rate is anal-
ogous to thosc in kernel estimation of second-order derivatives.
For example, when m = 1, the rate of convergence for kernel
estimation of second-order derivatives is 17 '/°. As such, a test
to detect local convexity/concavity based on kernel estimation
would likely require a similar window-width convergence rate.

The lincarity test based on (33) is consistent against the alter-
native that f is strictly convex or concave on a positive-measure
subset of the support. The concavity test based on (31) [or con-
vexity test based on (32)] is consistent against the alternative
that / is strictly convex (or concave) on a positive-measure sub-
set of the support. For the univariate case, the test of lincarity
is consistent against any alternative with a local nonlinearity,
and the test of convexity (concavity) is consistent against any
alternative with a local nonconvexity (nonconcavity). Abrevaya
and Jiang (2003) also considered the consistency of the uni-
variate lest against a sequence of local alternatives. The local
power of the test is found to be similar to that of Diack (2001).
In the multivariate case, however, the tests are not necessarily
consistent if the violation of lincarity (or convexity/concavity)
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involves regions that are nonlincar but neither convex nor con-
cave; for example, the function f(xy, x2) = ,\’% + x% — Sxixo is
neither convex or concave on any [cy, di] x [¢2, d2} € R2.

Given that there are alternative ways of defining concavity
and convexity (i.c., other than Definition 1), there may be al-
ternative ways of testing concavity and convexity as well. For
instance, a function f is convex at a point x if the minimum
cigenvalue of the Hessian matrix evaluated at X is nonnegative.
It seems likely that one could construct a test based on non-
parametric estimates of the Hessian matrix at various locations
(similar to the grid approach used for the simplex statistic).
A cubic-spline approach to this problem would represent a mul-
tivariate extension of the work of Diack (2001) and Diack and
Thomas-Agnan (1998). Though our experience with the cubic-
spline approach in the univariate setting has not been promis-
ing (see Scc. 4), the extension to the multivariate case is worthy
of future research. The benefit of analyzing the Hessian ma-
trices directly is that the researcher can learn something about
the magnitudes of the second derivatives of /. In contrast, the
simplex approach is casier to implement, because it does not
require estimation of f or its derivatives, but the simplex sta-
tistics are not informative about the magnitudes of the second
derivatives of /.

4. MONTE CARLO SIMULATIONS

In this scction we cxamine the performance of the global
and local versions of the simplex statistic in univariatc and bi-
variate x designs. We conducted the simulations on small- to
moderate-sized samples (ranging from 25 to 1,000 observa-
tions). For the univariate case, we comparce our approach with
the testing alternatives proposed by Diack (2001) and Diimbgen
and Spokoiny (2001). For the multivariate case, we compare our
approach with the nonparametric specification test of LCllison
and Ellison (2000), because there is no existing nonparametric
alternative for directly testing concavity or convexity.

4.1 One-Covariate Case
We consider several different Monte Carlo designs for the

univariate case, with x drawn from a uniform distribution
on [0, 100] in each:

(D) y=100(x/100)* + ¢, (34)
(D2) y=400(x/100 - .5)" +e¢, (35)
and
10¢(x/100 —.5)°
— cexp[—100(x/100 — .25)%]
D3) v te. ifx<50 (36)

de(x/100 —.5)
— cexpl—100(x/100 — .25)?]
+e, ifx>50.

The value of « in design (D1) determines the global curvature
of the regression function, with o = | linear, o« > 1 convex, and
o < | concave. Figure 3 shows the functions for (D1) corre-
spondingto ¢« = 1, ¢ = 1.2, and o = 1.4, which are the val-
ues used in the simulations that follow. Designs (D2) and (D3)
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Figure 3. Shape of Functions for Monte Carlo Design (— a = 1;
=12 a=14).

have both concave and convex regions. Design (D2) is a cu-
bic function, concave for x < 50 and convex for x > 50. De-
sign (D3), taken from Ghosal et al. (2000), is mostly concave
but has a sharp convex “dip” around x = 25. [ The constant ¢ is
chosen so that the function f(-) ranges from O to 100 as in de-
signs (D1) and (D2).]

Table 2 examines the size of the global linearity test by test-
ing Hy:6 = 0 for design (D1) with = 1. The sample size
(n = 25,50, 100,200), the error distribution (normal or uni-
form), and the error standard deviation (10, 20, or proportional
to /x) are varied, yielding 20 designs. For each design, we
performed 1,000 simulations. The table reports the mean of U,
the mean of the estimated asymptotic standard errors, and the
empirical standard deviation of the U/, values. The final two
columns report the rejection rates for the 10% and 5% lev-
els. The nonparametric nature of the test is evident, because it
is robust to nonnormality and conditional heteroscedasticity of
the disturbance term. Overall, the rejection rates based on the
asymptotic critical values are very encouraging. Others (e.g.,
Ellison and Ellison 2000) have pointed out that nonparametric
specification tests tend to converge to their asymptotic distrib-
utions relatively slowly; as a result, the size of these tests tends
to be quite erratic, even with hundreds of observations. In con-
trast, the asymptotic distribution for the simplex statistic is quite
accurate even for very small sample sizes.

Next, we examine the size and power of the local version
of the simplex test. To have some meaningful benchmarks, we
compare the performance with the methods of Diack (2001) and
Diimbgen and Spokeiny (2001). Table 3 summarizes the results
from simulations using designs (DI) (with ¢ =1,1.2,1.4),
(D2), and (D3). The tests are abbreviated in the table, with “S™
for simplex test, “DS” for Diimbgen and Spokoiny (2001),
and “D” for Diack (2001). Because the DS and D tests are only
applicable to homoscedastic error disturbances, we restrict at-
tention to designs with homoscedastic €. For all simulations,
€ is drawn from a normal distribution, with standard devia-
tion 10 in designs (D1) and (D2) and standard deviation 20 in
design (D3). Rejection rates are based on 2,000 simulations for
cach design and method. The rejection rates correspond to the
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Table 2. Size of the Univariate Simplex Test Under the Null of Linearity

Error Average asymptotic
n distribution ~ SD  Mean bias Standard error Empirical SD  10% rejection 5% rejection
25 Normal 10 .0026 .0550 .0543 10.2 58
Normal 20 —.0014 .0548 .0540 9.8 6.1
Uniform 10 .0008 .0559 0541 10.7 54
Uniform 20 —.0004 .0559 .0550 10.4 5.8
Normal 5% .0002 .0535 0512 9.3 51
50 Normal 10 —.0006 .0344 .0348 1141 5.7
Normal 20 —.0026 .0346 0347 11.0 6.9
Uniform 10 —-.0010 .0353 .0350 9.5 53
Uniform 20 —.0006 .0355 .0338 9.9 4.9
Normal 5Ux .0032 .0329 .0319 10.3 4.8
100 Normal 10 -.0016 .0233 .0227 10.2 4.7
Normal 20 —.0006 .0232 .0232 10.4 59
Uniform 10 .0010 .0238 .0238 11.0 4.9
Uniform 20 .0018 .0238 .0235 9.5 55
Normal 5% —.0006 .0223 .0215 9.4 4.3
200 Normal 10 .0004 .0161 0154 9.2 4.4
Normal 20 0 .0161 .0160 10.4 4.8
Uniform 10 0 .0165 0164 9.7 4.5
Uniform 20 .0004 .0165 0164 10.2 51
Normal 5% —.0010 .0154 .0148 9.4 4.5
one-sided test of concavity (i.e., reject when there is a focal 62 = (6(n — 2))~! 2;222(2\9,- — Yio1 — Vig1)?, where ¥ denotes

region of convexity). Although the actual test of Diimbgen and
Spokoiny (2001) is a multiscalc test (using multiple bandwidths
simultancously), in Table 3 we consider a version of the DS
test that uses only a single bandwidth. The purpose is to com-
pare the underlying filtering method of Diimbgen and Spokoiny
(2001) with the spline method of Diack (2001) and the simplex
statistic. Abrevaya and Jiang (2003) reported results from sim-
ulations using multiscale versions of the DS test and the sim-
plex test.

Both the DS and D methods require estimation of the vari-
ance of e. For the D test, the B-spline method of Diack
(2001) was followed explicitly. The estimated error variance
used was 62 = ! > El.z, where {€|, ..., ¢,) are the estimated
residuals from the spline estimation. The method outlined in
section 4.1 of Dimbgen and Spokoiny (2001) was used to
implement the DS test. The estimated error variance used was

the residual from the linear projection of y on .

For the simplex test, the number of bins chosen was be-
tween G =4 and G = 6 for the sample sizes considered
(=100, 200, 400, 1,000). The choices in the table correspond
to between roughly 25 obscrvations per bin (for n = 100 and
G =4)and 167 observations per bin (for = 1,000 and G = 6).
The results of Table 2 suggest that such sample sizes are suffi-
cient for the application of the local simplex statistics. Across
sample sizes, the DS test was cvaluated using the same bin
choices as the simplex statistic. The simulations indicated that
the size of both the simplex test and the DS test were very insen-
sitive to the choice of bandwidth. For the simulations reported,
the size is very accurate for both the simplex and DS test. For
the Diack (2001) test, the size was more sensitive to bandwidth
choice. The number of interior spline knots (e.g., equal to 8 for
n = 100) was chosen such that the size of the I test was most

Table 3. Size and Power of Local Tests for Curvature

No. of bins (D1), linear (D1), o =1.2 (D1), v = 1.4 (D2) cubic (D3) convex dip
n Test or knots 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
100 S 4 9.8 4.7 10.3 5.4 121 7.7 13.1 6.6 79.6 69.2
DS 4 10.4 5.6 10.2 5.2 131 6.6 32.2 20.8 82.0 73.3
D 8 9.3 4.8 9.6 5.2 9.1 4.4 9.0 4.8 78.4 69.1
200 S 4 10.2 5.1 12.4 7.3 13.9 8.2 28.5 18.5 98.7 97.2
S 5 9.9 5.1 11.2 6.0 12.0 71 15.3 8.0 71.0 59.8
DS 4 10.5 5.1 11.1 5.2 134 7.3 40.7 29.0 97.1 94.8
DS 5 10.1 5.2 9.8 4.9 12.7 71 341 23.8 75.4 63.8
D 8 9.4 4.6 9.6 4.8 9.6 5.0 9.4 4.8 98.1 96.8
400 S 4 10.7 5.3 13.9 8.0 16.7 9.4 53.0 42.4 100 100
S 5 9.9 4.7 12.1 7.3 14.2 8.7 254 16.5 100 100
DS 4 10.1 5.3 12.3 6.8 14.5 7.8 57.0 45.2 100 100
DS 5 10.2 10.2 11.6 5.6 13.0 7.3 41.3 29.0 100 100
D 9 9.7 5.2 9.3 4.9 10.0 52 8.8 4.4 100 100
1,000 S 5 9.7 4.8 13.8 8.1 16.6 10.2 53.6 38.8 100 100
S 6 10.5 5.4 12.3 6.8 16.3 10.5 28.8 221 100 100
DS 5 9.8 4.7 10.5 5.8 17.5 9.6 60.0 47.3 100 100
DS 6 10.2 5.0 11.7 5.7 13.9 7.0 456 34.0 100 100
D 12 9.3 4.9 8.8 4.3 9.4 4.4 9.5 4.4 100 100
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accurate. In cases where a range of choices gave accurale size,
a smaller number of knots was chosen, because this choice gave
ercater power for the nonlincar designs.

The resuits in Table 3 indicate that the simplex statistic and
the underlying filtering method of the DS test have comparable
size and power characteristics. Across the designs, the rejection
rates of the S and DS tests are similar, with the DS test show-
ing grcater power in the cubic design and the S test showing
slightly grcater power in the nonlinear (D 1) designs. The power
of the D test is comparable to that of the other two tests for
design (D3) but is much lower than that of the other designs.
The problem is that the number of knots is relatively high and
the nonlinear functions in (D1) and (D2) are relatively smooth,
making it difficult for the D test to discern nonlinearity. The
power of the D test for these designs increases if the number
of knots is reduced, but there is significant overrejection in the
lincar case with the reduced number of knots.

4.2 Two-Covariate Case

In this section we report results from simulations using U,
with bivariate x. We usc the following Monte Carlo design:

v=50(x1/100)" + 50(x2/100)" + €, (37)

where o = | yields linearity, o < 1 yields concavity, and o > |
yiclds convexity. Here xp and x were chosen to be inde-
pendently and uniformly distributed on the interval [0, 100].
Table 4 cxamines the size of the lincarity test (i.e., testing
Hy:0 =0 when o = 1) forn = 50, 100, 200, 400. Designs with
uniform and normal error distributions are considered, with the
error standard deviation set to 10, 20, randomly heteroscedastic
(200, where i is a standard uniform [0, 1] random variable), or

proportional to /xy -f- a2,

Journal of Business & Economic Statistics, January 2005

For ecach of the 24 designs in Table 4, we performed
1,000 simulations. For the standard errors of the simplex sta-
tistic, we used both the asymptotic method and a “quadru-
ples” bootstrap method. For each simulation, we constructed
400 bootstrap U}, statistics in the following way: (a) draw one
obscrvation (y;, x1;, x2;) and then find all possible quadruples
that include this observation; (b) repeat (a) from the original
sample n times; (¢) calculate the Uy, statistic from these (Z)
quadruples; and (d) rescale the bootstrap statistic by (411) =4
(because in cach quadruple we fixed onc observation). Rejec-
tions were based on the standard deviation of statistics over the
bootstrap samples. Arcones and Giné (1992; thm. 2.4) proved
that the bootstrap statistic constructed in this way has the same
limit distribution as the original U;, under weak moment condi-
tions. Note that this bootstrap sampling is valid under iid errors
as well as conditionatly heteroscedastic errors. The quadruple
bootstrap is much less costly in computation comparcd with
data resampling or error replacement, in addition to being ro-
bust to error distributions. We also note that this type of boot-
strap could be used for the univariate case, but our experience
suggests that the asymptotic approximation is quite accurate
even for very small sample sizes in the univariate case.

Table 4 reports the mean bias (relative to 0) of U, over
the 1,000 simulations, the empirical standard deviation of the
U,’I values, the mecan of the estimated asymptotic standard cr-
rors, and the mean of bootstrap standard errors. Rejection rates
at the 10% and 5% levcls are reported for both methods of stan-
dard error estimation. The rejection rates are very encouraging,
even with these relatively small samples. There is slight over-
rejection at n = 50 using the asymptotic critical values, but the
bootstrap method rejection rates arc very close to 5% and 10%.

Next, we compared the power of the simplex statistic test
with a parametric test and another nonparametric test, specifi-
cally the test of Ellison and Ellison (2000). The Ellison—Ellison

Table 4. Size of the Multivariate Simplex Test Under the Null of Linearity

Error Mean  Empirical  Average asymptotic 10% 5% Average bootstrap 10% 5%
n distribution SD bias SD standard error rejection  rejection standard error rejection  rejection
50 Normal 10 .0005 1259 1194 12.5 7.0 1297 9.8 56
Normal 20 .0052 1212 1197 11.6 6.4 .1288 9.8 5.3
Uniform 10 —.0031 1306 1110 11.1 6.8 1337 9.3 5.3
Uniform 20 .0022 1333 1237 13.9 8.0 1339 11.0 6.1
Normal 20u .0032 1248 1181 12.2 6.8 1256 10.2 5.3
Normal JX{ Fxg —.0025 1289 1187 13.7 7.4 1289 10.2 5.7
100 Normal 10 —.0012 .0830 .0823 10.4 5.8 .0859 9.2 4.6
Normal 20 —.0007 .0841 .0829 11.4 6.0 .0852 10.2 5.4
Uniform 10 —.0032 .0868 .0862 10.1 6.0 .0888 10.0 4.8
Uniform 20 .0006 .0860 .0860 11.5 6.2 .0887 10.7 54
Normal 20u —.0009 .0819 .0810 10.9 6.5 .0836 10.2 54
Normal VX1 F X0 .0019 .0856 .0828 10.6 6.5 .0853 10.1 5.8
200 Normal 10 .0015 .0603 .0579 11.5 6.2 .0598 10.4 5.7
Normal 20 —.0001 .0598 .0578 10.8 5.7 .0587 10.3 5.4
Uniform 10 —.0001 .0605 .0600 10.1 5.2 .0609 10.0 4.9
Uniform 20 —.0019 .0610 .0602 12.0 5.5 .0608 10.6 5.2
Normal 20u —.0002 .0574 .0560 10.4 5.5 .0569 10.2 5.2
Normal X4+ Xo .0017 .0575 .0574 10.3 4.9 .0583 9.6 4.7
400 Normal 10 .0031 .0410 .0404 11.0 4.5 .0407 11.1 4.9
Normal 20 .0011 .0421 .0405 1.3 5.8 .0408 10.7 5.7
Uniform 10 .0021 .0413 .0422 9.1 4.1 .0425 8.7 4.1
Uniform 20 -.0009 .0418 .0422 10.1 4.6 .0425 10.2 4.6
Normal 20u —.0009 .0391 .0392 10.2 4.7 .0395 104 4.6
Normal JX{ +Xo .0011 0415 .0402 105 5.7 .0406 10.4 5.5
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test 1s a general nonparametric specification test, which we
chose both for its simplicity and its performance in relation to
other nonparametric specification tests. When applied to our
design, the Ellison-Ellison test tries to discern lincarity ver-
sus nonlinearity. The Ellison-Ellison test statistics arc based
on quadratic forms in the null (linear) model’s residuals. Sup-
pose that the null model is y = f(x; ¢) 4+ u. The idea is that the
quadratic form UWu = Y w1, for some kernel-weighting
matrix W, can detect a spatial correlation in the residuals that
could result from a functional form misspecification. The test
statistics are asymptotically normally distributed.

A natural parametric test of tincarity would be through the
following regression:

Yi=bo+bixi i+ baxa + baxt , +bax3 , + €. (38)
Linearity implies that
by =by =0, (39)
and convexity amounts to
b3 > 0, bg > 0. (40)

When one does not have prior knowledge that the marginal ef-
fect of one covariate is independent of the other, the regression
should include an interaction term as well (see Abrevaya and
Jiang 2003).

Because the Ellison—Ellision test discerns nonlincarity but
does not point out the direction of curvature (convexity or

concavity), we compared power based on two-sided tests of

linearity versus nonlincarity. That is, we applied a two-sided
confidence interval on the simplex statistics and tested the joint
restriction of (39) in the parametric test. In the Ellison—Ellison

test, one needs to choose the window width to form the proper

weighting matrix W, In our simulations, we chose the window
widths to be ™!/ times the standard deviation of the respective
covariate components. Other choices in this range gave similar
results. (In other simulations, we tried setting the smoothing
parameters for the Ellison—Ellison test at the values that gave
the most accurate size; the results were also very similar.) For
the simplex and Ellison-Ellison tests, we based rejection rates
on bootstrap standard errors, because these give more accurate

11

size in finite samples compared with the asymptotic standard
errors. The results are gathered in Table 5. The power of the
simplex statistic dominates the other nonparametric test in all
specifications and sample sizes. The power of the simplex sta-
tistic test increases with sample size at a faster rate than that
of the Ellison—Ellison test. On the other hand. the power of the
nonparametric test is almost indistinguishable from that of the
parametric test for most cases and is superior to the fatter when
heteroscedasticity is present and heteroscedasticity-consistent
standard crrors are used.

5. PARTIALLY LINEAR REGRESSION MODEL

Because testing the joint curvature of many variables often
can be practically infeasible. an appealing modeling strategy is
to specify a regression model in which some variables are as-
sumed to enter linearly into the model and others are left flex-
ibly specificd. With this type of model, known as a partially
linear regression model (or a semilinear regression model), the
test ol curvature can be focused on the latier group of variables
for which the model is left flexibly specified. In particular, con-
sider the partiatly linear regression model

Vi=EBAS) fer Eleilxi ] =0,

(41

where 7; is a | x k covariate vector, B is a k x | parameter
veetor, and X; is an 1 x m covariate vector.

This model has received a great deal of attention in the
cconometrics and statistics literature, because it allows a re-
searcher to focus on a finite-dimensional parameter of in-
terest (B) while allowing an infinite-dimensional nuisance
parameter (the function /). Powell (1987), Robinson (1988),
and Yatchew (1997) cach developed /n-consistent estimators
of B without parametric restrictions on the distribution of e
or the functional form of /. The function / can be estimated
in a second stage via nonparametric regression ol the residu-
als v — I;ﬁ on x; (where /§ is a /n-consistent first-stage esti-
mate). Duc to the different rates of convergence for estimation

Table 5. Comparison of Power for Multivariate Linearity Tests

Simplex Ellison—Ellison Parametric _7

n Error 8D 10% rejection 5% rejection  10% rejection 5% rejection  10% rejection 5% rejection
50 10 18.1 12.3 10.2 54 19.5 11.8
20 12.8 7.8 9.9 53 12.7 7.0
20u 22.5 13.1 10.7 55 17.2 10.5
NETE S 19.8 13.4 9.9 5.1 18.8 11.8
100 10 28.9 19.3 10.8 55 28.6 18.8
20 15.2 9.1 10.3 5.2 15.4 8.9
20u 33.3 21.9 10.2 53 24.7 186.2
VX F Xo 30.9 224 12.4 7.0 28.9 18.7
200 10 46.6 34.9 12.4 6.8 47.5 34.7
20 20.3 12.2 10.6 6.0 20.8 12.0
20u 54.3 40.7 10.5 5.8 37.7 26.6
VX1 Xxo 50.0 36.5 13.8 8.4 471 34.8
400 10 71.2 59.2 16.6 10.4 727 61.6
20 29.8 18.5 10.7 5.6 29.9 19.9
20u 79.1 69.0 13.6 7.8 62.8 50.2
VX1 + X0 72.5 62.3 147 8.6 72.5 62.0
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of B and the function f, the asymptotic properties of the second-
stage estimates arc unaffected by the first-stage estimation of 8
(see, c.g., Yatchew 1997 for a brief discussion).

Note that y; —z;8 = f(x;) + €;, which means that the test sta-
tistics developed for the model in (1) could be applied to the
partially linear model if 8 were known. Because $ is unknown,
the natural approach is (o replace it with an estimate. In partic-
ular, the simplex statistic is based on {(y,-(//;), x):i=1,...,n},
where yi(b) = y; — zb and [Ai is a /n-consistent estimate of f.
The simplex statistic, then, depends on the value of the coeffi-
cient vector for z,

—1
H
Uy(b) = </n n 2)
1<

1= g2

LU{x1, ..., Xpg2) € S)

x sign(aiy, () + -

+ et 1Y 10) = Va1 (D). (42)

The notation in (42) is the same as that in Section 2, with the ex-
ception that y;(b) values replace y; values. Because the simplex
statistic is now a function of the coefficient vector, additional
notation is necded for the its limiting value,

w(b) = plim Uy, (b).

n—00

(43)

Then p(B) corresponds to ¢ from Section 2, with the results
thercin applying to 1 (8).

Letting vi = (vi, %i, Xi) and vi(b) = (y;(b), x;), the analogous
definitions of the functions i and i [see (11)and (12) in Sec. 2]
are

Vi Y, D) = 1Ky, . X2} €8)

x sign(w(vi (D), ..., vi2(b))) (44)
and

h(v:b) = E(h(vl LV, Vs b)\v). (45)

The following assumptions arc madc.

Assumption 5. An iid sample {(x;, i, €)}i_, is drawn from
the random variables {x, z, €}, with ¢|x, z symmetrically dis-
tributed about 0, and the support of x and z is bounded. The
observed sample is {(yj, X;, zi)}§’:|, where y; is generated ac-
cording to the model in (41).

Assumption 6. The density function of €|x, z is bounded by
some constant M > 0 for all (x, z).

The boundedness assumptions simplify the extension of the
asymptotic theory for the simplex statistics, and it may be
possible to relax these. Because the estimators of 8 proposed
in the literature require somewhat different assumptions for
Jn-consistency, we merely assume that a Jn-consistent esti-
mate has been obtained (with the understanding that the tech-
nical assumptions related to the chosen estimator must also be
satisfied). The first-stage estimator of B and the simplex statis-
tic converge at the same /n rate, meaning that the asymptotic
distribution of the first-stage estimator will potentially affect
the asymptotic distribution of the (second-stage) simplex sta-
tistic U,I([i). Let V), denote the gradient with respect to b. Then
the asymptotic distribution is given by the following theorem.
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Theorem 8. Suppose that[} is a /n-consistent estimator of 8
satisfying

B =By =n" Y v Fop(l) st

i=1

(40)
Ely)]| =0 and E[¥ (v)¥ (v)'] exists.
If Assumptions 2, 5, and 6 hold, then
J(Un(B) = 1(B)) 5 N0, 8'V8), (47)
where
- 1
o= (wmm) ’
B (m+2>(/3<v;ﬂ>—u(ﬂ>>>
o = ( ¥ ) !
and

V=ElpWem)l.

The main results used to prove Theorem 8 are from Randles
(1982), who considered the effect of estimated parameters on
the asymptotic distributions of U-statistics. The gradient in the
asymptotic distribution for the simplex statistic can be consis-
tently estimated by numerical differentiation of U,,(B) with re-
spect to b. The other quantities can be consistently estimated
by their sample analogs.

With Theorem 8, hypothesis tests involving the curvature
of f can be conducted just as in Section 2. If one is interested
in (esting the null hypothesis of linearity, Hy: f(x) =« + X'y,
then it is possible to avoid estimating the partially linear re-
gression model with the techniques referenced earlier; instead,
a least squares regression of y on z and x can be used, be-
cause the least squares estimator of B is consistent under the
null hypothesis. Then the asymptotic distributions of the test
statistics are given by Theorem 8, with w(B) = 0 under Hy.
To avoid numerical differentiation, the bootstrap also could be
used to carry out the hypothesis tests. Finally, the localized tests
from Section 3 could be adapted to the partially linear regres-
sion context. As for the global simplex statistic, testing is done
using {yi(b), x;}__,. The asymptotic variances of the localized
simplex statistics (see Thm. 4) must take into account the esti-
mation of B8 as in Thcorem 8.

6. EMPIRICAL APPLICATIONS
6.1 The Experience-Earnings Profile

In this scction we apply the univariate simplex statistic to
wage data taken from the Current Population Survey (CPS) to
examine the curvature of the empirical age-earnings profile, or
the “human capital earnings function” as it has been called since
Mincer (1974) published the term. Expressing the logarithm of
earnings as a quadratic function in experience is one of the most
widely accepted empirical specifications in economics. Aggre-
gate data used in this line of work tend to exhibit heteroscedas-
ticity because of differences in the number of observations from
cohort to cohort. Further, the quadratic specification has been
questioned. For example, Murphy and Welch (1990), based on
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a dataset running from 1963 to 1986, pointed out that quadratic
fitting would understate carly career carnings growth by about
30-50% and overstate mid-career growth by 20-50%: there-
fore, they suggested cubic and quartic specifications as better
alternatives. Due to the inherently discrete nature of the covari-
ate data, we arc able to consider only the global version of the
test statistic from Section 2.

The data come from the CPS Annual Demographic Survey
for the 3 years 1997-1999. We focus on the subsample of white
males who were full-time employees during the year of sur-
vey and then classify them by age and cducation. We follow
Murphy and Welch (1990) to trace out the wage-experience and
wage-growth-experience profiles. The education groups include
categories of 7-11 years (*some high school”), 12 years (“high
school™), 13—15 years (“some college™), and 16 or more years
of school completed (“college or more™). Within each educa-
tional level, workers are divided into 41 “pscudocxpericnce”
groups based on age as in Murphy and Welch (1990): for those
with 811 years of schooling, experience is age minus 18 years:
for high school graduates, experience is age minus 19 years;
tor men with 1315 years of schooling, experience is age mi-
nus 20 years; and, for college graduates, cxperience is age mi-
nus 22 years. An average log weekly wage is computed in each

of the year-experience-schooling cells by taking the average of

[log(annual earnings) — log(weeks worked)]. Figures 4 and 5
show the wage-experience and wage-growth-experience pro-
files of all four education groups averaged over the 3 years
(weighted by sample size in each year). Thesc figures indicate a

(a)

0.4
0.3
0.2y

0.13

o

-0.1 ]

Growth of Log Weekly Wage

10 20 30 40
Years of Experience

(c)

Growth of Log Weekly Wage
o

0
-0.2 j
10 20 30 40
Years of Experience

Figure 5. The Average Earnings-Growth-Experience Profiles, 1997

(d) college or more.

7.5 T T T T T T T T

Log Weekly Wage
fe2]
o

)

5.54

5 L I I L L
5 10 15 20 25 30 35 40

Years of Experience

Figure 4. The Average Earnings-Experience Profiles, 19971999
(= some high school; — high school: -~ some college; - college or
more).

higher-education premium but proportionally more in the form
of big early-carcer advances for college-educated people; once
into the mid-career years, the earnings profiles of all education
groups are basically parallel to cach other.

The results from testing the curvature of the wage-experience
and wage-growth-experience profiles arc reported in Table 6.
First, we test whether earning power (proxied by the average

(b)

0.4
0.3
0.2%

0.1

o

-0.1

-0.2

Growth of Log Weekly Wage

10 20 30 40
Years ot Experience

(d)
0.4 "

-0.2

Growth of Log Weekly Wage

10 20 30 40
Years of Experience

1999. (a) Some high school; (b) high school graduates; (c) some college;
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Table 6. Testing the Empirical Age-Earnings Profiles (1997-1999)
Some high school High school Some college College or more
1999

No. of observations
Level
Growth

1998

No. of observations
Level

Growth

1997

No. of observations
Level

Growth

1997-1999

No. of observations
Level

Growth

2,523

4280 (.0678)*

.0494 (.0822)

2,605
-.3440 (.0786)"
—.0098 (.0666)

2,716
3300 (.0784)*
--.0658 (.0762)

7,884
— 4770 (.0732)*
.0042 (.0798)

8,424
6344 (.0734)*
.0922 (.1066)

8,402
6082 (.0522)*
.0568 (.0926)

8,436
— 6424 (.0576)*
.0444 (.0948)

25,262
7280 (.0536)*
.0556 (.0840)

6,696
—.5162 (.0952)*
.0920 (.1056)

6,639
5188 (.0900)*
1262 (.0994)

6,612
— 5554 (.0842)*
.0586 (.0776)

19,947
—.6610 (.0780)*

.1586 (.0752)™*

7,404
— 5442 (.0896)"
1704 (.0880)***

7,222
—.5348 (.0958)*
1552 (.0854)***

7,115
5394 (.0718)"
.0878 (.0870)

21,741
6296 (.0828)*
2572 (.0936)*

*Different from O (two-tail tests) at 1% significance.
#¥ Different from O {two-tail tests) at 5% significance.
“# 4 Different from O (two-tail tests) at 10% significance.

log weekly wage) is a concave function of years of experience.
Workers with the same experience level were aggregated into
one observation, so that there is a single data point for each
value of experience. Note that the simplex statistic remains
valid on aggregated data when the conditional distribution of
individual disturbances is symmetric, because the average of
symmetric error disturbances is still a symmetric error distur-
bance. The results (labeled “Level” in Table 6) indicate that lin-
carity can be strongly rejected (at the 1% level in all cases).
The values for the simplex statistics are all significantly nega-
tive. which is consistent with concavity of the wage-cxpericnce
profile.

Next, we tested whether a quadratic model is appropri-
ate for the empirical wage-experience profiles. In this setting,
a quadratic specification corresponds (o a linearly decreasing
arowth rate of wages as experience increases. Thus we con-
ducted the lincarity test using the simplex statistic on the av-
crage log growth rate of weekly wage (vs. experience again).
The results (labeled “Growth” in Table 6) show that linearity
of the log wage growth rate for the lowest cducation group
(some high school) cannot be rejected. For the other three edu-
cation groups, the results favor convexity, but only the statistics
for the highest cducation group (college or more) in 1998 and
1999 are significantly different from O at the 10% level; a one-
sided test of negative @ would be rejected at the 5% level. For
the full 3-year sample, however, the statistics become signifi-
cantly different from 0 at the 1% level for the college-or-more
group and at the 5% level for the some-college group. Overall,
based on our resuits, there is no compelling evidence to reject
the quadratic wage-carnings specification for men without col-
lege education: for better-educated workers, however, there is
evidence that carnings growth decreases at a decreasing rate.

6.2 Mutual Fund Style Timing

The rescarch work on measuring professional money man-
agers” performance has focused on two basic abilities: selectiv-
ity and timing. The former tests whether a fund manager is able
to pick sccurities that outperform the market in risk-adjusted

terms, and the latter tests whether a fund manager can out-guess
the market by moving in and out of “timing portfolios,” or port-
folio proxies for risk factors. By testing the curvature of mutual
fund returns vis-a-vis factor returns, we want to infer the “style
timing” performance of mutual funds.

Among timing tests, most research has focused solely on
the market risk factor, or “market timing” in its narrow sense.
Since the work by Treynor and Mazuy (1966) and Henrikkson
and Merton (1981), researchers have developed different ways
to test whether fund managers successfully capitalize on mar-
ket ascendancy and/or avoid downturns by changing the mar-
ket exposure of their portfolios (Becker, Ferson, Myers, and
Schill 1999: Goetzmann, Ingersoll, and Ivkovish 2000; Bollen
and Busse 2001; Jiang 2003). Few studies, however, have ex-
amined moncy managers’ timing on different styles of assets,
even though style investing has been identified by researchers as
an important strategy that can shed light on a number of style-
related empirical anomalics (Barberis and Shleifer 2003). When
investors entrust their money with professional managers, they
hope that the managers are able to pick individual securities as
well as identify categories of asscts that will give high returns.
For example, during the sccond half of the 1990s, large-cap
stocks outperformed small-cap stocks, and growth stocks out-
performed value stocks. Since 2000, however, these trends have
been reversed. Both periods gave style timers great chances to
beat the market average. Therefore, it would be interesting to
sec whether funds claiming to be “asset allocators” successfully
allocate monies among different classes of assets to capture the
ascendancy of certain styles and avoid downturns in others.

In the single-factor market timing test, the portfolio returns of
a successful market timer should, on average, display convex-
ity against the market return. That is, a successful market timer
should have the fund rise significantly when the market rises
and fall slightly when the market drops. The same idea can be
generalized and extended to multifactor models; the returns of
a successful style timer should display joint convexity against
the factor returns. In this article we consider mutual funds’ tim-
ing of the two most discussed risk factors (other than the mar-
ket risk factor): the size and the book-to-market factors. These
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two factors represent the popular notions of style tming: small
versus large and growth versus value. Although several market
timing tests exist in the literature for the univariate case, we are
not awarc of any such alternatives in the multivariate case. The
approach taken here is essentially a multivariatc extension of
the methodology of Jiang (2003).

We assume that the returns of a mutual fund follow the Fama
and French (1993) three-factor model,

ot =+ Brimert + BaSMByy + B3 HML 1y + €41,
(48)

where both r,4 and ry, 1 are excess returns over the risk-
free rate. Becausc we are testing whether fund managers arc
able to time the size (SMB) and book-to-market (HML) fac-
tors, the two coefficients 2, and B3, are random variables
adapted to the information available to the manager at time .
Let %t = 141 — Birms1 be the residual return of the fund
after the market factor is filtered out. Then

Tept = o + [ (SMBro ,HMLi 1) + €41

Let S; = (, %,1[’)"1,) represent state £, If the fund manager does not

time the tactors at all, then the 2 ; and #3, remain constant, so
that £] f(S)| = fIE(S)]; that is, the average return is the same as
the return in an average state, becausc the relationship is linear.
A successful timer, on the other hand, would take advantage
of the variations in states and achieve a higher expected return,
that 1s,

(49)

ELF(S)] > fIES)].
Note that (50) amounts to saying that f is jointly convex in
SMB and HML. Thercfore, the hypothesis of style timing be-
comes

(50)

Hy: [ is linear in SMB and HML (no timing)
and
H, :f is jointly convex in SMB and HML (good timing).

We test the hypothesis using mutual fund data from Morn-
ingstar Principia Pro Plus for Mutual Funds (1972-2001) and
Fama-French factor data from French’s website data library.
A mutual fund is included in our sample if it invests primarily in
domestic stocks and satisfies one of the following criteria: (a) it
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falls into the categories of “asset allocation™ by its prospectus
objective or (b} it falls into the category of “domestic hybrid™
by Morningstar’s classification. (Most funds marketing them-
selves as asset allocation funds are classificd by Morningstar as
domestic hybrid funds; therefore, we include all funds that sat-
isty one of the sclection criteria.) Among all mutual funds, these
funds are the most likely market timers. Asset allocation and
hybrid funds usually do not stick (o a fixed style: managers of
these funds shift assets frequenty based on their view about the
relative returns of different classes ol asscts. All together. there
were 222 such funds in business at the end of 2001, Alter 1993,
Morningstar listed the name of funds that were removed from
the databasc because they were liquidated or acquired by other
funds. We were able to back out information of those Tunds that
perished alter 1993 using the same criteria from Morningstar’s
carlier publications of Principia Pro for Mutual Funds. We have
information on 125 perished funds.

We construct the variable 7 in (49) by estimating /?. (rom
a regression of fund excess return on CRSP valuc-weighted
market excess return and the two  Fama-French factors,
SMB and HML. (Under the null hypothesis that # is lincar in all
three factors, El from such an estimation is consistent. To have
an estimate that is consistent under both the null and the alter-
native, one can usc one of the estimators mentioned in Sce. 5. In
this application, the Robinson 1988 estimator yiclded extremely
similar results and are not reported.) Then we use the simplex
statistic to test whether 7 is jointly convex in SMB and HML
for each fund. Because 7 is formed using an estimated /?1. we
account for the impact of estimation error in £ on the standard
crror of the (sccond-stage) simplex statistic (by applying the
results of Sec. 5).

Table 7 summarizes the results for style-timing  perfor-
mance of all funds, live funds, and dead funds for the period
19722001 and for three 10-ycar subperiods. A [und was in-
cluded in estimation only if it had at least 2 years™ of monthly
return data within the time window of consideration. To inter-
pret the performance measure in probability terms, we report
the scaled version of U}, as defined in (8) instead of U, in (7).
We also report the statistics in percentage point terms, so that
they are interpretable as the empirical probability that a fund
moves into classes of the assets (i.c., large cap vs. small cap,
and growth vs. value) at the right time (i.c., when the subse-
quent returns of those asset classes are higher) in excess of the

Simplex Statistics for Measuring Style Timing

% with p value < .05

Table 7.

No of Quantiles

funds 10% 25% 50%
All funds -
1972-2001 315 —-8.97 —5.48 —.50
1972-1981 25 —13.69 -10.03 ~5.75
1982-1991 85 —8.07 —-1.50 2.48
1992-2001 315 -9.73 -6.13 -1.15
Live funds
1972-2001 205 -8.63 -4.73 117
1972-1981 19 —14.02 —~10.73 —6.51
1982-1991 65 —-7.34 -1.97 2.10
1992-2001 205 -9.77 -5.65 .55
Dead funds
1972-2001 110 -9.70 -6.59 -3.31
1992-2001 110 —9.70 —6.90 —3.93

75% 90% Convexity test Concavity test
4.70 11.17 2.2% 5.7%
3.66 9.48 20.0% 0%
7.51 12.31 12% 4.7%
4.60 11.24 2.9% 5.4%
6.96 12.70 2.2% 8.3%
—2.55 6.17 26.3% 0%
7.74 13.63 0% 6.2%
714 13.08 3.9% 7.8%
1.52 4.70 1.0% 1.0%
.85 4.70 1.0% 1.0%
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probability that they do so at the wrong time. Table 7 reports
various quantiles (10%, 25%, 50%, 75%, 90%) of the simplex
statistics within cach category. For instance, the median of the
statistics for all the funds in the 1972-2001 period is —.50%.

Overall, there does not scem to be much cvidence of style
timing among the funds in our sample. The last two columns of
Table 7 report the percentage of simplex statistics for which
one-sided tests (of convexity and concavity) have a p value
< .05. The largest rejection rate for the test of concavity is for
the live funds during the 1972-2001 period, but only 8.3% of
associated simplex tests have a p value < .05.

7. CONCLUSION

We briclly discuss some possible areas for future research.
Maodificd versions of the simplex statistics might yield more
powerful tests. First, there is nothing special about the sign(-)
function. Any odd function satisfying weak regularity assump-
tions (i.c., existence of first and second moments of the associ-
ated kernel function) will yield a test statistic with the properties
from Scction 2. Second, different weights of (m + 2)-tuples
could be used in the test statistics. As presented, the simplex
statistic implicitly weights cach (m + 2)-tuple cqually. Differ-
ent weighting would likely improve the power of tests based on
the statistics. For instance, in the univariate case, slopes based
on small differences in x values tend to be “noisier,” suggesting
that observation-triples involving such slopes should be down-
weighted.

The issue of bandwidth choice for the consistent tests of Sec-
tion 3 certainly warrants further investigation. Although The-
orem 7 provides a bandwidth rate for consistency, there arc
no theoretical results in the literature providing guidance as to
which bandwidth choices might provide more powerful tests ei-
ther in the Ghosal et al. (2000) setting or the one considered in
this article.

Finally. there may be other settings in which the simplex idea
may prove useful. For instance, in the realm of numerical opti-
mization, global extrema are ensured if an objective function is
elobally concave or convex. Perhaps simplices could be chosen
appropriately to check for the required curvature.
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APPENDIX: PROOFS
Proof of Theorem 1

By theorem 5.4A of Serfling (1980), almost-sure conver-
gence (and thus convergence in probability) follows from the
boundedncss of the sign(-) function.

Proof of Theorem 2

The result follows from theorem 5.5.1A of Serfling (1980)
(which restates the result of Hoeffding 1948), becausce ¢ is pos-
itive and the second moment EA? exists. Consistency of € fol-
lows from the Slutzky theorem and the law of large numbers.

Proof of Theorem 3

The definition of @ in (10) implies that
sign(6)
= sign[ E[sign(a1y1,) + a2yii) + -+ + Qi 191,011
=) Vi Vi } € S]]
= sigll[E[sign(ch/'(x[,l |) N (1,,,..1.;_/'(x|,m,~ )
—f(Xit01) F @160 1€,
— )V Vit € S]]
= median[sign(ay f(Xq1) + -+ anerf (X, 0)
— S (Kipa1) F @€+ A g€, )

- qinH—Zl) | {V;I PR V]”H’z} S S]

Because each error disturbance is (conditionally) symmetri-
cally distributed about 0, the linear combination a €| + - +
At 1€ 1n ] — €ltpial in the expression above is (condition-
ally) symmetrically distributed about 0. Each of the three re-
sults in the thcorem then follow from Definition | because
arf Xy 4 A+ a1 fF X000 — f (X)) = 0 for linear f,
< 0 for concave f, and > 0 for convex f.

Proofs of Theorems 4 and 5

Because the first two moments of the kernel function for
the U-statistic U, ,(x*) cxist, the proof in the fixed /& case
is identical to the proof of Theorem 2, because pj(x*) — 00.
Theorem 5 follows from the consistency of ¢(x*,/7) and
pu(x*) > 2" 1" — oo. The mean of O in the f linear case fol-
lows from the proof of Theorem 3 [i.e., 8(x*, h) = 0], because
the kernel functions Ky have no effect on the sign results in the
proof of Theorem 3.

Proof of Theorem 6

Because f is lincar, Theorem 5 implies that a,,,/,(x;j) L[>
N(O, 1) for each g = I, ..., G. Although each ﬁ,,,/,(fo) has a
limiting normal distribution, it remains to be shown that (a) the
serics of random variables ﬂ,,‘/,(xT), ...,lN/,IV/,(x’é) converge
uniformly to standard normal random variables and (b) the ran-
dom variables are asymptotically independent of each other.
Once (a) and (b) are shown, results from classical extreme value
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theory can be applied directly. In particular, for (a), we show
that

lim max SLIp’PI (U, n(xg) < 1) — @] =0, (A.1)

n—>0oC p=|

where ®(-) denotes the standard normal cdf. For a given g,
a Berry—Esséen type theorem for U-statistics (e.g., Serfling
1980, thm. 5.5.1B) implies that

suprr(ﬁ,,_/,(x:) <t) = (1]
t

< Ov(xg M (G, M opu(x) ™12, (A2)

where C is a universal constant and

V(Xg. h) = Ey, Va2 €V KOV Vi X, [

The quantity v(x;, £) is trivially bounded because |4| is bound-
ed. Because g(xg,, h) is an expectation conditional on v € V, (x:)
and A(v xq,/z) is bounded below for v € V/,(x;j , it follows
that g(xg, 1)=3/2 is bounded above. Combining this with (A.2)
yields

sL,lP’Pr(LN/,,‘/,(x:) <) =M= Cppxp)” 7 (A3
foreach g =1,..., G and some constant C,. Then
. 1111.('13(‘( sup|P1 . /,(x ) < 1‘) — CI)(I)’
= s Cautx) ™
“1y
= C’;( 1{1111 p/,(x ) (A4)

Corresponding to intuition, (A.4) indicates that the rate of uni-
form convergence is determined by the rate of growth of the
number of observations in the smallest bin. Note that /7/,(x*) is
distributed as a binomial random variable with parameters
nand p,, where p, = Pr(x € V/I(x )). Because p, > 2""h"n

(where 5 > 0 from Assumption 3), consldm a binomial random
variable with parameters n and 2"h"n. Because nh™ — oo is
implied by the ratc assumption in the theorem, the asymptotic
normal approximation 7= N nn, 2"y (1 — 2" "))
applies uniformly for each g. Applying the “minimum” ver-
sion of theorem 1.5.3 of Leadbetter et al. (1983) to draws
£, ..., & from (Z — 270" ) /2R (1 — 27 R0y, it fol-
fows that Pr(min(&(, ..., &) > 1) — 1 (for fixed 1) as long as
lmlog G/ (nh"™y — 0 or, equivalently, nh”/logh™" — oo.
Combined with the foregoing argument, min, p/,(x;f) — 00 as
nh"/logh™" — oo. The uniform convergence in distribution
in (A.1) follows directly. For (b), the same type of asymp-
totic argument (using a multinomial distribution) can be used.
The nonoverlapping bins and bounded kernel function imply
that any observation only contributes to a single simplex sta-
tistic, meaning that the only dependence across simplex sta-
tistics arises from the bin locations of the x;. Asymptotic
independence stems from the fact that the covariance between
any two simplex statistics l7,,(xgl) and 5,, (Xg,) (g1 # g2) de-
pends on pg pg,, whereas the variances (from before) depend
on pe (I — pg) and pe, (I — pg,). As a resull, the covari-
ances between any of the localized simplex statistics trivially
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approach O at a faster rate than the variances, yiclding as-
ymplou(, mdcpuldemg Then, because G — oo and the statis-
tics U,,A/,(X] ), ..., Uy, /'(X(,) uniformly converge to independent
standard normal random variables, the results in (27) and (28)
follow directly from theorem 1.5.3 of Leadbetter et al. (1983)
and the result in (29) follows directly from thcorem 1.8.3 of
Leadbetter et al. (1983).

Proof of Theorem 7

Because the proofs in the three cases are basically iden-
tical, we consider only case (a) (consistency of the concav-
ity test) in detail. Because /i — 0, consider /1 small enough
such that for some g, there exists x* = =X, such that V,(x*) C
[Li, Uyl x -+ x Ly, Uy). Then the ngz,(,llleLl(,\ of H(f;x)
are greater than & for all x € V;,(x*). Because f is convex on
Vi (x™), U,, #(x*) — oo when py, (x*) — oo. The critical result
to be shown is that M,, is of order #7202 1f (hig is truce,
then the probability of M, cxceeding the critical value tends
to 1 when n!/2p4+m/2 exceeds the order of by, [the dominant
term in (31)]. Because the order of b, is /logh—!, this occurs
if nA* /logh™! — 0. To get the result for M, consider the
probability limit of U, ,(x*),

O 1) =Pr{{vi, ...,V 2} €8)

m—+2
x K 1_[ K/,(x”] — x*) SIgNOW(VEL L V)
j=1
{V]s---qvlll'\Z}ES (A.5)
The first term, Pr({v,,..., v, 12} € 8), and the K, functions

have no etfect on the order of #(x*, /i), leading us to fo-
cus on the sign(-) term. For any (m + 2)-tuples in Vj,(x*)
we have, conditional on {v|,.... v, 2} € S {lor notational
ease, we that assume v, ..., v, 2 is alrcady ordered such that
Xpr2 € A, XD,

Pr(w(vl e

:Pl'((llf(X]) + - +(1,”./.(X,”)
+(] — ) — -

Vi) > 0)

an)f Kop1) — [ (Xp2) > g)~ (A.6)

where € = €0 —ajep = —ap€y — (1 —ap — - - - — i) Epy |-

Expand the left side of the incquality,

arfx) + - anf (%)
+(—ay - - am)f("m»l 1) —4/.(XHH'2)
=] l/(xl) —",/.(XHH*] )] +- aml,/v(xm) *,/.(X/H—H )]

+ [f(xmrl» I) ——./.(X,,, ?—2) I
- x/11+])f/>/(xl) + e
+ X1 — XIII“[‘Z)T/‘/(XHH»]) + o).

I
=ay(xg + i Xy = X 1) (X))

The last equality follows from Taylor’'s rule, with the remainder

term o(h) because the distances x| — X, 11, ..., X1 — Xon-£2
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arc all of order /1. Use the fact that X, 2 = a@1xy + -+ apXp, +
(I —ay — - — ap)Xps1 and apply Taylor’s rule again,
ar (X)) A+ anf X))
(I —ar = —ap)f K1) = [ Kiy2)
= ar(xi = X )1/ ) = f G )+
o Xy = Xt 1) L ) = f Ky D]
=a(X) — Xy 1) H X)X = X))+

+ (X — X1 ),H(/s X)) (X = Xppt-1) + 0(/72)~ (A7)

Combining this equation with the condition on the eigenvalues
implics that sign(w(vy, ..
order 1% |because the elements of each (x; —x;) are of order A].
Then the order of ﬂ,,‘/,(x*) (and, in turn, M) is il times h?
(or ' 2pEH/2y hecause py(x*) is of order ni™. This result
completes the proof.

Proof of Theorem 8

The basic idea is to verify that we can write ﬁ(U,,(ﬁ) -

H(B)) as
V(Un(B) — 1(B)) = Vi (Un(B) — 11(B))
+ VB — BY Vo (B) 4 op(1). (A8)

Then theorem 2.13 of Randles (1982) yields the desired result,
using the joint asymptotic normality of Uy (B) — pn(B)) and
\/fl(ﬁ — B). The conditions in (46) and the boundedness of the
kernel function /1 allow application of the central limit theorem.
To show (A.8), note that

i(Un(B) — u(B))
= V(Un(B) — (B)) + V(e (B) — n(B)). (A9

Theorem 2.8 of Randles (1982) gives

Vi(Un(B) — 1(B)) = Vn(Un(B) — (B)) > 0

it the following condition (condition 2.3 of Randles 1982)
holds:

Suppose that there is a neighborhood of g, call it N(B), and a
constant K| > 0, such thatif b € N(f) and D(b, d) is a sphere
centered at b with radius d satisfying D(b, d) C N(f); then

(A.10)

l:'[ sup  [(viL . Vs b))
b'cD(b.d)

—hvi v D] S Kide (A

Verifying this condition is straightforward given the bounded-
ness of the error density function and the support of z (from
Assumptions 5 and 6) (sce, e.g., the proof in sec. 2 of Randles
1984). Then a combination of (A.9) and (A.10), along with dif-
ferentiability of £(+) at B, yields (A.8) and the desired result.

[Received November 2002. Revised May 2004. ]
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