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Based on Theorem 1, a design procedure of the decentralized robust 

Step I )  Verify Assumptions 1 and 2.  
Step 2 )  For a given degree of exponential convergence n ,  choose 

numbers a,. pz  and d,, and solve the matrix Riccati 
equations (3.1). 

Step 3 )  According to (3.4) and ( 3 . 9 ,  choose the numbers ;,, and 
H , ,  and check the condition (3.6) with different sets of the 
positive numbers J , ~ .  

Step 4 )  If in Steps 2 and 3 a set of positive numbers 
n, .p , .  ,J , .7< .@,  and J,, is found such that (3.6) is 
satisfied, go to next step. Otherwise, repeat Steps 2 and 
3 with different set of numbers nt .p l .  J , . 7 t . 0 ,  and J,,. 
If no set of the numbers a,.  p,.  ,j,, >$.  8, and dZJ can 
be found such that (3.6) is satisfied, this decentralized 
control scheme is not applicable to the system, and this 
system is probably not decentralized stabilizable. 

Step 5 )  Use (3.8) to estimate the final bound r of the closed-loop 
system and construct the decentralized feedback controller 
(3.3). 

It should be noted that in the computing of t’ the largest num- 
bers :! and 0 ,  which satisfy (3.4) and (3.6) should be used to 
estimate the smallest final bound of the closed-loop system. Also, 
the design procedure given above may be repeated with the numbers 
n ,  . p 8 .  , J l .  7 , .  8, and *I,, adjusted to obtain a better control law and 
a better estimation of the final bound. 

control scheme is given as follows. 

IV. CONCLUSION 

In this note, a robust decentralized control scheme for uncertain 
time-varying interconnected systems is proposed. General uncertain- 
ties are considered which do not satisfy the matching conditions and 
may appear in the subsystems and in the interconnections between 
the subsystems as well. The proposed control scheme is simple in 
the structure and yet it guarantees the controlled systems to have a 
prescribed degree of exponential convergence and a predictable final 
bound, when the uncertainties satisfy a certain bound condition. 
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Hedging-Point Production Control 
with Multiple Failure Modes 

Paul Glasserman 

Abstract-We consider the control of a production facility subject to 
multiple failure modes. Motivated by work of Akella and Kumar [l] and 
Bielecki and Kumar [SI on single-failure-mode models, we study hedging- 
point policies, in which production is controlled to its maximum rate 
whenever inventory is below a critical level and set to zero whenever 
inventory is above that level. The maximum production rate varies with 
the state of the machine. Assuming that the machine state is governed by a 
semi-Markov process, we evaluate average and discounted inventory costs 
for any hedging point, thus providing a simple mechanism for identifying 
optimal hedging points. Our most explicit results require that intervals 
in which demand exceeds production are exponentially distributed. We 
drop the exponential assumption at the expense of obtaining asymptotics 
rather than exact results. 

I. INTRODUCTION 

We consider the control of a production facility subject to various 
types of failures. The facility, or machine, can be in any of t z  states, 
labeled 1,. . . . I ! .  In state i ,  the machine has maximum production 
rate i , ;  the production rate can be controlled to any level not 
exceeding the maximum rate in the current state. The durations of 
visits to each state are stochastic and mutually independent; those 
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to state i have distribution F,. Upon the completion of a holding 
time in state i ,  the machine state becomes j with probability R,, 
independent of everything else. Demands arrive at a constant rate 
d. Production in excess of demand accumulates as inventory; when 
the demand rate exceeds the production rate, the inventory level 
decreases. Negative inventories reflect unfilled demands. Broadly, the 
objective is to minimize costs associated with (positive) inventory 
and unmet demands. 

Motivated by work of Akella and Kumar [ 11, Bielecki and Kumar 
[5], and Kimemia and Gershwin [lo], we analyze the performance 
of a simple class of control rules based on a critical number 2 ,  

sometimes called a hedging point: when the inventory level is below 
3 ,  produce at the maximum possible rate; when the inventory level 
is at :, produce at the maximum possible rate or at the demand 
rate, whichever is smaller; when the inventory level is above 2 ,  

do not produce. Our main result (Theorem 1 ,  below) characterizes 
average and discounted costs associated with this class of policies 
under relatively mild assumptions. 

To state the result, we need to introduce some further notation. 
Let r z  = d - i ,  be the net rate of decrease of inventory in state 
i ,  i.e., the demand rate minus the maximum production rate in that 
state. To rule out trivial cases, we always assume that there is at least 
one strictly positive r t .  We assume throughout that the matrix R of 
machine-state transitions is irreducible; this implies the existence of 
limiting probabilities (TI. . . . . T,, ) for the machine states. For each 
: 2 0, define an U x n matrix-valued function a' (.) with entries 

@:,(e) = R , , 1 : x e x l , [ ( r , 8 - ? ) . r ] r l f , ( , r ) .  (1) 

Each @ ' ( e )  has positive entries; when these are finite, the Per- 
ron-Frobenius Theorem (see, e.g., [15]) asserts that @'(@) has a 
real eigenvalue p7 (6') equal to its spectral radius. Denote by A, the 
strictly positive solution (whenever it exists) to 

&,(A,) = 1, < 3c. (2) 

Suppose that cost accrues at rate f ( . r )  whenever the inventory 
level is .r, with f mapping (-x;,x) to [0, x). Denote by X f  
the inventory level at time t under policy parameter 2 ,  and suppose 
S,j = :. Let 

\ - ( z )  = lim t - 1 1 '  f(x:) d t  
1-m 

be the average cost under this policy, and let 

I:'(:) = E t l m e - " f ( A X f ) d f  

be the corresponding expected ?-discounted cost starting in machine- 
state i .  Part of the content of our main result is that \-(:) is well 
defined. 

and I; under 
the assumption that holding times in deficit states are exponentially 
distributed. Later, we drop the exponential requirement at the expense 
of obtaining asymptotics and bounds, rather than exact results. 

Theorem 1 : Suppose that F, is an exponential distribution for all 
i with r ,  > 0. 

Call state i a deficit state if r t  > 0. We characterize 

1) If E, K , r ,  < 0 and if XO > 0 solves (2) at -, = 0, then there 
is a CO E (0.1) such that 

cc 

I-(;)  = ( 1  - Co)f(2) + CO 1 f(; - t ) X o ? - X o t  d t .  (3) 

ii) For any ;, > 0, if X? > 0 solves (2), then there are constants 
C. ,.,, i = l:.. . 1 1 ,  such that 

In proving this result, we give expressions for the constants CO and 
C,,,; these are most easily evaluated when there is a unique deficit 
state. We also argue that the existence of A, > 0 in (2) should be 
considered typical. 

A consequence of Theorem 1 is that optimal hedging points can be 
identified by minimizing the expressions in (3) and (4). In a case of 
particular interest, costs for inventory and unfilled demand are linear; 
i.e., there are constants c+.c- 2 0 for which 

f ( z )  = c+ iiias{.r. 0} + c- mas{ -.r. O}. (5) 

Write log+ .r for max(0,log a]. Using (5) in (3) and (4) and 
minimizing over 2 gives the following corollary. 

Suppose the assumptions of Theorem 1 hold and 
that f has the form in (3, then 

Corollary 1:  

i) under the average-cost criterion, the optimal hedging point is 

ii) under the ?-discounted criterion, the optimal hedging point 
from initial machine state i is 

(7) 

Akella and Kumar [ 11 and Bielecki and Kumar [5] consider a two- 
state version of this model with exponentially distributed holding 
times and the linear cost function in (5). In that setting, they prove that 
the class of policies considered here includes the optimal policy under 
discounted and average cost criteria, respectively. They also present 
counterparts of (6) and (7). We do not prove (or even suggest) that 
these policies remain optimal in our more general setting; however, 
their simplicity and relative tractability makes them appealing. 

The key to our analysis is a link between the inventory process 
and a time-reversed, continuous-time random walk in a semi-Markov 
environment. Through this connection, we are able to draw on results 
for random walks, in particular the work of Asmussen [4]. For two- 
state models, there is an equivalence with queues, as pointed out by 
Hu and Xiang [SI; see Chen and Yao [6] and Kella and Whitt [9] 
for related observations. None of these related references considers 
discounted quantities. The matrix ( 0 )  and its leading eigenvalue 
po (6') play an important, related role in the large deviations theory for 
Markov additive processes, as developed by Ney and Nummelin [14]. 

We prove Theorem 1 in Sections I1 and 111. Section IV presents 
asymptotically optimal hedging points when holding times in deficit 
states have general distributions. 

11. AVERAGE-COST ANALYSIS 

Let us take the hedging point 3 to be fixed and write S t  = Sf for 
the inventory level at time f ,  with -7io = 2 .  Let j, denote the state of 
the machine at time t .  Our analysis of the inventory level is simplified 
if we work with the process I; = 2 - S t .  t 2 0, recording the deficit 
in the inventory level. The process I' has the advantage that its law 
does not depend on 2 :  during intervals in  which Jf = i .  I; increases 
at rate r z ,  unless I; = 0 and r ,  5 0, in which case I; remains at 
zero. This description reveals that I' is the image under reflection at 
the origin of a free process evolving according to the same rule but 
without the constraint at zero. More precisely, let SO = 0 and let St 
increase at rate r ,  whenever j t  = i .  Then 

- .  
I; = 5111) (st - s(() .  (8) 

O < U < f  

(This type of representation is standard in queueing theory.) From this 
formulation, we will evaluate I - (  2 )  by evaluating the expectation of 
f( 2 - I; ) with respect to the stationary distribution of I;. 
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Now let (S I .  J I )  have the law of the time-reversal of ( S I .  .it), 
defined as follows. The process J is a semi-Markov process on 
{ 1 . .  . . . ) I  }, with the same holding-time distributions Fl . . . . . F,, 
as .J, and with embedded transition probabilites R:, = I / /  R,,/v,, 
where (VI.. . . . v,, ) are the stationary probabilities associated with the 
matrix R; i.e., vR = v. (See, e.g., [3, Section 11.51 for background 
on time-reversal.) In particular, then J has the same stationary 
distribution as j, given by K, = v,r~,,/(C, U ~ I I ~ , ) .  i = l . . . . . ~ , ,  
with 1 1 1 ,  the mean of F, [7, p. 3421. The process St starts at zero 
and increases at rate r ,  throughout intervals in which JI = i .  We 
take J to be right continuous. 

If we give j o  the stationary distribution K, then, for each f > 0, 
we obtain a stationary version of {.J<,. 0 5 ( I  5 f }  by setting 
J, ,  = j l-<,. 0 5 11 5 t .  Similarly, we can couple S to S by setting 
S,, = S t  - SI-<, ,  0 5 5 t .  With this construction, from (8) we get 

- .  ~. I' - . t - sup (St - s,, ) = sup (St - st-,, ) = h l l p  s,, 
OS<,</ o < u < r  O < " < I  

Therefore, for any 5 > 0 and any i .  j E (0.1. ... . I , } ,  the events 
{ l j  5 .I'. JO = i . J t  = j }  and {siipo<,,<I S,, 5 J. .70 = . j . J t  = 
i }  coincide, and so have the same probability. Defining .UI = 
siipo<,,St S,, and using the stationarity of J and .J, we conclude that 

where the subscripts on P indicate the initial machine state ( j ~  on 
the left, JO on the right). By summing over i ,  we get 

Next, we consider the limit as f increases. Because *Ut is almost 
surely increasing in f ,  the limit -11 A -\It exists with 
probability one; moreover, under the drift condition E, 7itr, < 0 
in Theorem 1-i), M is almost surely finite [2, p. 3091. Also, since 
(1:. j I )  is evidently regenerative, it has a limiting distribution not 
depending on the initial state; let (I&. .jx ) have that limiting 
distribution. Then from ( I O )  we get 

P(IL 5 . r . j X  = j )  = liiii ~ K , P , ( I ;  5 .r.. i I = j )  
I - - r  

= /l&l;iT,P,(-Tf, 5 . r )  

= K , P , ( J f  5 . r ) .  (1 1 )  

Summing over j, we have proved the following (compare [3, Propo- 
sition 2.21). 

Lemma 1:  Under the assumptions in Theorem I-i), P(lrx 5 
.r) = E, ~,P,(df  5 .r). Consequently, IT(;) = ~ [ f ( :  - I&)] = 

In light of Lemma 1, to prove Theorem I-i) i t  suffices to evaluate 
the distributions P,(M 5 .), j = l:.. . i t  and to show that the 
expression in the lemma coincides with (3). The properties we 
need can in principle be obtained from the analytical results of 
[2]. Instead, we use a change-of-measure argument based on similar 
techniques in [4], [13], [17]. We work with the discrete-time process 
{ (S,,, . .Jrn ). 11 = 0.1.. . .}, where T,, is the epoch of the 11th jump 
of J .  

2 0, let A: be as in (2). We need two preliminary 
results. They are easily verified by induction and similar to results 
in [4] so we omit their proofs. 

Lemma 2: The quantity E,[esp( A-,S,,, - ): J,,, = i ]  is the 
ji-entry of ( @ - ( ( A - ! ) ) " ' .  

By the Perron-Frobenius theorem, @' (A-)  ) has a strictly positive 
right-eigenvector h (depending on ;, ) associated with the maximal 
eigenvalue p, ( A ,  ) ( A ,  ) h  = h.  We have the following 
lemma. 

E, ;i,E,[f(: - J I ) ] .  

For fixed 

1; i.e., 

Lemma3: E,[esp(A,S,, - ; r , , ) h ( . J T n ) / h ( j ) ]  = 1 , f o r a l l j  and 

A consequence of Lemma 3 is that, with JO = j. exp( A, s,,, - 
e, T,~ ) h (  J,,, ) / h ( j )  defines a change of measure. More explicitly, with 

I ? .  

and R h ( j )  = E, R , , h ( j ) .  F, is a probability distribution function. 
Let p and E denote probability and expectation, respectively, when 
the holding times in state i have distribution F,.  i = 1.. . . . 1 1 .  These 
are related to the original process through a version of Wald's identity. 

For any ;, 2 0, suppose there is a A, > 0 solving 
p, (A, ) = 1.  If S is a stopping time for the process { (S,,, . J,, ). 1 1  2 
0 )  and if the event ;1 is measurable with respect to { (S,,, . J,, ). 0 5 
1 1  5 S}, then P,(A4:L\- < x') = E,[exp{-(AiSTN - ? ~ . v ) } h ( i ) / h  

Similar results are proved in [4,] [13], and [17]. The proof is 

Under the new measure, S has positive drift. 
Lemma 5:  When the holding times have distributions F , .  i = 

1 . .  . . . U .  tp 'S I  > 0 (and is independent of the initial state). 
t - 'S /  = p!, ( A ,  ). From 

[15, Theorem 3.71, we know that / I - , ( . )  is convex. We now separate 
the cases 7 = 0 and -i > 0 .  For the former, we find that @'(0) = R, 
a stochastic matrix, so p o ( 0 )  = 1. Moreover, p b ( 0 )  is the drift of S 
under the original measure and is therefore negative, by hypothesis. 
Thus, the convexity of po implies that if AO > 0 exists, then PO is 
increasing at A o .  In the case ;, > 0, we see that P ( 0 )  is strictly 
substochastic and therefore p, ( 0 )  < 1. Again, convexity implies that 

0 
Remark: The convexity of the functions p: (.), ;, 2 0, indicates 

that the existence of A ,  solving (2) is typical, at least if the deficit- 
state holding-time distributions have exponential tails. Indeed, the 
only altemative then to p: (A-,  ) = 1 is the existence of a 0 > 0 for 
which p-, ( H - )  < 1 and p, ( H + )  = x. Such cases must be considered 
exceptional: see [2] for a treatment of this case. The second part of 
(2) makes the new drift finite. 

from any initial state. 
Let = iiif { 11 2 0 : S,, > .r} be the index of the first jump epoch 
at which S exceeds .r. (In a simplifying abuse of notation, we write 
S.Y, and J r ,  for STNS and and we write J.vv,- for the state 
of the machine when S first exceeds . I . .)  Under the original (negative- 
drift) measure, S, may be infinite, but under the new (positive-drift) 
measure, -Yr is almost surely finite for all .r 2 0. By Lemma 4 

Lemma 4:  

( . I T N  ); s < X']. 

standard, so we omit it. 

Proof: By Lemma 5.3 of [14], 

p, must be increasing at A,. 

We can now evaluate the distribution of 

P,(M > .r) PJ(Al-L < x) 
= E , [exp( - A 0  S.V, ) h (.j ) / h  ( .Jv, )] 

( j )E, [txp( - A0 [SI, - .r] ) / / I  ( .J!yV, )]. - A o z h  = e  

To evaluate the expectation on the right, we condition on Jz , - ,  
which is necessarily a deficit state. Given J.yZp = k ,  the overshoot 
S.yZ - .r and the next state JY, are independent. Moreover, Fh 
exponential implies F h  exponential, so the overshoot is exponentially 
distributed with mean I 'h  i i ? ~ ,  where 

is the mean of Fh. With .IO = k ,  S,, also has the exponential 
distribution ph. Thus, we have shown that 

P,(M > .r)  

= h ( j  ) p, (J \  - = k ) E k  [esp( ) ]& [ l / h  ( J , ,  ' 
h 
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From (13) we find that 1/(1+ X o r k 6 z k )  = 1 - X o r k m k .  So, setting 

CO = x x , h ( j ) x P , ( J v z -  = k ) ( l -  A o r k m k ) R h - l ( k )  

we find from (11) and (14) that P(I& > 2 )  = Coe-’O”, for all 
s 2 0. Since 17(s)  = E [ f ( z  - ITm)],  this completes the proof of 
part (i) of Theorem 1. 

The only unknown terms in our expression for CO are the proba- 
bilities P , ( J v , -  = k ) .  If there is just one deficit state-call it state 
1-then 

J k 

CO = x x , h ( j ) ( l -  ~ o r l m l ) ~ h - ’ ( l ) .  (15) 
J 

Each of the terms appearing in this expression is easily computed 
through matrix calculations if the number of machine states is not too 
large-not more than 30, say. Choosing h so that x h  = 1 eliminates 
the first factor on the right in (15). 

111. DISCOUNTED-COST ANALYSIS 

We now tum to the evaluation of L<’( z ) ,  y > 0. As in the previous 
section, we take s to be fixed and suppress it as an argument. Let 
L be an exponentially distributed random variable with mean l / y ,  
independent of everything else. Then 

71;’ = ?Ez 1 e - ” f ( X , ) d f  = E , [ f ( S r . ) ] .  

Thus, to evaluate I;’, it suffices to find the distribution of the 
inventory level at the random time L. As in the previous section, 
we work with the process I; = 3 - Xt  rather than the inventory 
level itself, and now seek to evaluate 

oc 

From (9) we get 

where T, = inf{f 2 0 : St 2 .r} is the first time S reaches level 
.r. Letting L’ = L - T,, we get 

P,(T, < L.JL = i )  = PJ(T,  < L)P,(JL = i 1 T, < L )  
= E J [ ~ - ’ ~ ~ ] P , ( J T , + L J  = i I T, < L )  

Given {T, < L}, L’ is exponentially distributed with mean 1/1. 
Thus, we get 

P,(T, < L.,TL = i )  = E , [ e - ’ r z ] x P Z ( J ~ ,  = k IT, < L )  
k 

x Pk(JL = i ) .  

We conclude from (17) that 

x C P , ( J T ,  = k I T, < L)Pk(Jr.  = i ) .  (18) 

We evaluate E, [e-’*=] by adapting a change-of-measure argument 
due to Glynn (personal communication) and Kollman [l 11. Let -, > 0 
be fixed and let h denote a strictly positive Perron-Frobenius right- 
eigenvector for @’( A, ), so that @’ (A, ) h  = h .  Via Lemma 4, define 
new holding-time distributions as specified by (12). Throughout this 
section P and E refer to probability and expectation based on these 
distributions. Let ATl = inf{n 2 0 : s,, > s}, as before. 

I, 

Lemma 6: Ej[e-’T”] = b,e-’7’ , where 

b, = h ( j ) x P j ( J N , -  = k ) ( l +  (3 - rkX,)nik)Rk-’(k). 
k 

Proof: Because T, 5 TX,, as . ,  and because the evolution of 
St is deterministic between jumps, T, is measurable with respect 
to {(ST,. A,), 0 5 n 5 TN,} ;  so, we may evaluate the ex- 
pectation of exp( --yTz) by applying a measure transformation to 
{(STn,JT,),O 5 n 5 N z }  as follows 

E , [ ~ - ~ ~ z ]  = Ej[e-5Tae7TNZ-X7SN ~h(”i)/h(JX:,)l  
= -A +h( j ) E ,  [e7(TN,  -Ts)e-’7(sN, -.) / h  ( J N ,  11 
- - e 7 1‘ h ( j )E  , [ c (1 - A  7 N Z  - ) ( TNz -’, ) / h ( eJ2v, )] ( 19) 

where we have written rx,- for T J ~ ,  - (the prevailing net rate when 
S first crosses s) and used the fact that ( Slyz -.r) = r.v,-( T ~ V ,  -Tz ), 
a s .  Now we condition on JN,-, which is necessarily a deficit state. 
The corresponding holding-time distribution is therefore exponential; 
and given JN., -, the next state J.v, is independent of T!V, - T,. . Thus 

E, [e-’T” ] 
- A  1 = e 7 z h ( j ) x P J ( ~ : v z -  = 

k 

’ E k [ l / h ( J T ,  ,I 

where we have used 

If we set 

thenfrom(18)andLemma6,wefindthat Pz(Ii > .r) = C,,,e-‘7r. 
Using this in (16) concludes the proof of part ii) of Theorem 1 .  

As in the average-cost setting, a more explicit expression for C, ,, 
is available if we assume that only state 1 is a deficit state. With this 
assumption, J.vz- = 1, as., and the sums over k in (18) and (20) 
collapse, resulting in 

x Rh- ’ ( l )P1( JL  = i ) .  (21) 

To conclude the evaluation of this constant, we need to find g z ( j )  L? 
P,(JL = i )  at j = 1. For 1 > 0, let D, be the diagonal matrix 
with entries 

D,(i.ij  = 1 - x@P;:(O). 
J 

Let e ,  be the n-dimensional vector (0, .  . . . 0.1.0,’ . . . 0)’ with ith 
component equal to one. 
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Lemma 7 :  g, = ( I  - @'(O))- 'D,e , .  
Proof: Notice that 

l{ T t = , }  dt . g , ( j )  P , ( J ~ ,  = i )  = ;,E, e-" 1 [.i- 
The result now follows by combining Proposition 2.20 and (5.14) of 
Chapter 10 of Cinlar [7], noting that the 9, defined in his (2.10) 
coincides with our (0). 0 

Remarks: 
i) As 7 1 0, P,(.JL = i )  + K, for all i .  j ,  and we expect that 

A? + Ao. Thus, C-,,, + CO for all i .  and (3) and (4) are 
consistent as ;, decreases to zero. 

ii) Under the discounted cost criterion, the optimal hedging point 
depends on the initial state; denote by :-, ,, the optimal hedging 
point starting in machine-state i .  An alternative policy controls 
the system to hedging point :, ., whenever the machine state is 
i .  Such a policy is guaranteed to result in lower cost than fol- 
lowing a single 3-, . ) .  The optimal policy of Akella and Kumar 
[ 11 in a two-state model is precisely of this form; however, 
since in their model the hedging point for the breakdown state 
is always greater than that for the functional state, the former 
plays no role, and the policy is indistinguishable from one 
with a single hedging point. See Kimemia and Gershwin [lo], 
MalhamB [12], and Sharifnia [16] for more on state-dependent 
hedging points. 

Iv. ASYMPTOTICS FOR GENERAL DEFICIT INTERVALS 

We now drop the requirement that the holding-time distributions for 
deficit states be exponential, at the expense of obtaining asymptotics 
rather than exact results. For the asymptotics, we restrict attention to 
the linear cost structure in (5) and consider optimal hedging points 
as c- + x/. The case of large penalties for unfilled demands is of 
practical as well as theoretical interest. 

For the following, recall that a distribution is nonlattice if it is not 
concentrated on any set of the form {. . . . -26. -6.0.6.26.. . .}. 

Theorem 2: 
i) If E, T~I', < 0 and if XO > 0 solves (2) at 7 = 0, then there 

Suppose that F, is nonlattice whenever r ,  > 0. 

is a constant CO E (0.1) such that, as c- + x 

exists. We have thus shown that with 

cO = C K , h ( j ) ~ [ e - ~ ~ ~ " / h ( ~ , ) ]  
J 

we have 

P(l& > .r)  - c o e - X o . "  (25) 

the symbol - indicating that the ratio of the two expressions 
converges to one as .I' + x; see also [2]. So long as the distribution 
of lj, is continuous on (0. .c), straightforward minimization of 
I-(:) = c + E [ ( : - l I , ) + ] + c - E [ ( l I , - : ) + ]  shows thattheoptimal 
hedging point satisfies 

(26) 

The required continuity follows from the nonlattice assumption. But 
then (25) implies that 

c+ 
c+ + c- 

P(lk > :*) = -. 

&Ao: *  (A) + 1 
e+ + c- 

which implies (22). The proof of (23) is similar, but starts from the 
representation 

1 
p , ( I i  > .r) = - C T i J h ( j ) E J [ e ( : - X i ' l Y , ) ( T . ~ , - ~ ' r )  / / I  (JV, ) I  

A, 

x P,(J[, = i I T, < L)c-'?"'.  

When state 1 is the only deficit state, this reduces to 

1 i r J h (  j )R/ i - '  (1 )E, [e('-'7' I ) ( ~ N ~  - 7 2 )  

(27) 

1 
Ti, 

P, (IT[, > .r)  = - 

x PI ( ~ 1 ,  = i )e-A-r. '  

much as in Section 111. We claim that ; - A,r1 5 0. Otherwise, 
all row sums of a-' (Xi ) would be strictly less than one, and since 
the maximum row sum is an upper bound on the spectral radius, 
we would arrive at the contradiction pi (A, ) < 1. By essentially the 
same regenerative argument used above for CO, we may define 

1 
Ti, 

C,,, = - C 7 i J h ( j ) R h - l ( l )  

x PI( J L  = i )  1 1illl -r E,["' -X?' l )"Ns- ' '~)  1 
and conclude that P,(l>, > . r )  - C .,,, CA?'. The rest of the proof 

U IS the same as part i). 
It is possible that part ii) of this result extends to multiple deficit 

states. Such an extension would require convergence of P, ( J r ,  = i I 
T, < L )  as .r + x, and a guarantee that ;, - A,r, 5 0 whenever 
r ,  > 0. 

ii) Suppose there is a unique deficit state. For any 7 > 0, if . 
A-, > 0 solves (2), then there are constants C-, ,, . i = 1. . . . . / I ,  

such that, as c- -+ x 

- -  * 1  ) + o ( l ) ,  (23) _ -  
, . I  - q log+ 

Proof: The argument used for Theorem 1 still applies, except 
that S.vz - .r and T.Y~ - T,  no longer have exponential distributions. 
In the average-cost setting the argument leading to (15) now shows 
that 

P(J-= > .r)  = i r J h ( j ) E J [ e - X o ( ' ~ N ~ - " ) / h ( J ~ ~ ~ ) ] e - X o ' .  (24) 

Set B, = SV, - .r and r, = .J.Y~ and consider the process { (B, ,  . 
r.$ ). ,r 2 O}, with .r playing the role of time parameter. This 
process is regenerative; the regeneration points are those .r for which 
S.Y~ = .r and Jv, = j for some fixed j .  It follows (under our 
nonlattice condition) that this process has a limiting distribution not 
depending on the initial state; let (Bx. rx ) have that distribution. 
Then, by the very definition of convergence in distribution, the limit 

liiii E,[~-~O('~~,.-')/~(.J~, ) I  = E [ e - , ' O B = / r I ( r ,  ) I  

J 

.J --x 

V. CONCLUDING REMARKS 

i) For simplicity, we have assumed throughout that the time spent 
in a machine state is independent of the next state visited. One 
can easily imagine settings in which it would be desirable to 
relax this requirement. For example, a quick repair might restore 
the machine to operation sooner than a thorough repair, but 
the resulting machine states might differ in their susceptibility 
to further failure. To incorporate such phenomena, one could 
define holding-time distributions F, , corresponding to current- 
state i and next-state j .  The matrix @.'(@) is defined just as in 
( I ) ,  but with F, replaced by F,] .  The analysis goes through as 
before, except that in expressions like (14) 

1 + AorAi ick  
Rn , / i - ' ( i )  
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becomes 

with K I A ,  the mean of FA, .  
ii) It also seems possible to carry out an extension in which 

the hedging point changes with the machine state, with one 
important modification. Let ZI be the hedging point at time 
t ,  a function of j t .  It is possible that upon a change in 
the machine state the inventory level - 7 i t  exceeds the new 
hedging point Zt .  Under the usual operation of the system, 
SI would then decrease linearly at the rate of demand until 
it reaches Zt. Suppose we modify the system so that -Yr is 
instantaneously reduced to ZI whenever a change in machine 
state results in St > ZI ;  physically, this corresponds to 
discarding excess inventory rather than waiting to sell it. With 
this modification, the process E; = Zt --Yt becomes the-image 
under the reflection mapping of the free process Zt - St,  and 
its distribution can be analyzed through time reversal. 
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A Globally Optimal Minimax Solution for 
Spectral Overbounding and Factorization 

Robert E. Scheid and David S. Bayard 

Abstract-In this paper, an algorithm is introduced to find a minimum 
phase transfer function of specified order whose magnitude “tightly” 
overbounds a specified real-valued nonparametric function of frequency. 
This method has direct application to transforming nonparametric uncer- 
tainty bounds (available from system identification experiments and/or 
plant modeling) into parametric representations required for modern 
robust control design software (i.e., a minimum-phase transfer function 
multiplied by a norm-bounded perturbation). 

I. INTRODUCTION 

Assume that a discrete-time plant P( 2 - l )  is estimated as P (  ; - I ) ,  

and let L denote the uncertainty in the estimate. For example, 
three common characterizations of plant uncertainty are L A  -additive 
uncertainty, L I  -input multiplicative uncertainty, and Lo-output mul- 
tiplicative uncertainty, where [ 17, p. 2241 

L . 4 = P - P  

L I  = p-‘ ( P  - P )  
Lo  = ( P  - P ) P - I .  

(1) 

Note that multiplicative representations require a square plant. Let L 
denote any one of the above three quantities. Suppose, a nonpara- 
metric overbound E(d) on L is known such that 

((d) > i i ( ~ ( c - ~ ” ~ ) )  for all d E [ o , ~ / T I  (2) 

where T is the sampling period and i i ( L )  is the maximum singular 
value of L. Various methods are available to find t ( d )  from raw data 
(cf., [3], [ l l ] ,  [13], [16]). [ ( U ) ,  however, is a nonparametric function 
of frequency and cannot be used directly in modem robust control 
software packages such as the Matlab Robust Control Toolbox [7] and 
p synthesis software [2]. Instead, the uncertainty must be represented 
as a minimum phase transfer function matrix W (  2 - l )  of a specified 
order such that 

L(?-J“*)  = AW(e-J”T) (3) 

where A is norm-bounded, i.e., 

11AIL < 1. 

The choice of W in (3) can be structured or unstructured. For present 
purposes, the simplest choice is to use a scalar matrix representation 

w = PI.- . 1 (4) 

where I4’ is a single-input single-output rational function. 
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