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This paper develops a game theoretic model based on a two-sided market framework to investigate net
neutrality from a pricing perspective. In particular, we consider investment incentives of Internet Service
Providers (ISPs) under both a neutral and non-neutral network regimes. In our model, two interconnected
ISPs compete over quality and prices for heterogenous Content Providers (CPs) and heterogeneous con-
sumers. In the neutral regime, connecting to a single ISP allows a CP to gain access to all consumers. Instead,
in the non-neutral regime, a CP must pay access fees to each ISP separately to get access to its consumers.
Hence, in the non-neutral regime, an ISP has a monopoly over the access to its consumer base. Our results
show that ISPs’ quality-investment levels are driven by the trade-off they make between softening price com-
petition on the consumer side and increasing revenues extracted from CPs. Specifically, in the non-neutral
regime, because it is easier to extract surplus through appropriate CP pricing, ISPs’ investment levels are
larger. Because CPs’ quality is enhanced by ISPs’ quality, larger investment levels imply that CPs’ profits
increase. Similarly, consumer surplus increases as well. Overall, under the assumptions of our model, social
welfare is larger in the non-neutral regime. Our results highlight important mechanisms related to ISPs’

investments that play a key role in market outcomes, providing useful insights for the net neutrality debate.
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1. Introduction

Since 2005, when the Federal Communications Commission (FCC) changed the classification of In-
ternet transmissions from “telecommunication services” to “information services,” Internet Service
Providers (ISPs) are no longer bound by the non-discrimination policies in place for the telecommu-
nications industry (Federal Communications Commission 2005). This has led to the so called net
neutrality debate. While there is no standard definition of what a net neutral policy is, it is widely
viewed as a policy that mandates ISPs to provide open-access, preventing them from any form of

discrimination against Content Providers (CPs). We study one form of discrimination that could
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arise when ISPs charge CPs that are not directly connected to them for access to their consumer
base. Even though there is no legislation that enforces this, under current practice, ISPs charge
only CPs who are directly connected to them. Looking at net neutrality from a pricing perspective
raises the question of what limits, if any, should be placed on pricing policies of ISPs. More explic-
itly, should an ISP be allowed to charge off-network CPs—those that are not directly connected to
the [ISP—who want to deliver content to its consumers or should the status quo remain?

Net neutrality has been a widely and hotly debated issue by law and policy makers. On one side
of the debate are CPs who fear that if ISPs are allowed to charge off-network CPs, ISPs will engage
in practices that will threaten innovation. Specifically, they argue that the flexibility in network
pricing that the lack of legislation allows will be misused by ISPs to charge inflated prices, since
they would have a monopoly over the access to their consumer base. In short, the high prices would
deter entry, reduce CP surplus and CPs’ innovation incentives, especially affecting nascent CPs.
The other side of the debate is advanced by ISPs who argue that net neutrality regulation would
hinder their ability to recoup investment costs on their broadband networks, essentially taking
away the economic incentives to upgrade their infrastructure.

The above debate has mostly been of a qualitative nature (see, e.g., Wu 2003, Sidak 2006, Yoo
2006, Hahn and Wallsten 2006, Faulhaber 2007, Frieden 2008, Lee and Wu 2009); with some notable
exceptions notwithstanding (see, e.g., Economides and Tag 2007, Choi and Kim 2008, Musacchio
et al. 2009), not much formal economic analysis has been done to shed light on the validity,
or lack thereof, of these arguments. Our research adds to the growing body of formal economic
analysis that will help inform policy makers on the net neutrality debate. In particular, this article
develops a game theoretic model based on a two-sided market framework (for an introduction to
two-sided markets, we refer the reader to Rochet and Tirole 2006) to investigate net neutrality as
a pricing rule; i.e., whether there should be a mandate to preserve the current pricing structure.
To understand the effects of such a policy on the Internet, we study its effect on investment
incentives of ISPs and its concomitant effects on social welfare, consumer and CP surplus, and CP
market participation. Our work complements, and in some cases challenges current literature on
net neutrality, providing useful insights for this policy debate.

Our model consists of two interconnected ISPs represented as profit maximizing platforms that
choose quality investment levels and then compete in prices for both CPs and consumers. There
is a mass of CPs that are heterogenous in content quality, and a mass of consumers that have
! This argument is perhaps best exemplified by the former CEO of AT&T, Ed Whitacre, who said in an interview
that “Now what [CPs] would like to do is use my pipes free, but I ain’t going to let them do that because we have

spent this capital and we have to have a return on it. So there’s going to have to be some mechanism for these people
who use these pipes to pay for the portion they’re using” (Business Week 2005).
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Figure 1 In a neutral model, CP G only pays to platform 3 to get access to all consumers. In a non-neutral

model, G needs to pay to both platforms, otherwise it cannot get access to consumers connected to ISP «.

heterogenous tastes over content. Platforms provide connection services to consumers and CPs and
charge a flat access fee to both. A CP makes revenue from advertising, which is increasing with the
mass of consumers that access it, as well as with the quality of its content that is enhanced by the
quality of the connections between the CP and consumers. Based on this, CPs make connection
decisions; the mass of CPs that decide to participate in the market serve as a proxy for CP
innovation in our model. Consumers gain value from the content provided by CPs. A consumer’s
utility is increasing in the mass of CPs it has access to, the quality of these CPs, and the quality
of the connection between the consumer and the CPs. To incorporate congestion in the model, the
quality of a consumer-CP connection is given by the bottleneck (i.e., worst) quality between both
platforms involved in the connection.?

Our analysis involves a neutral and a non-neutral model. The difference between the two models
is the pricing structure employed. In a neutral model a CP pays only once to access the Internet,
and through its ISP it can communicate with consumers subscribed to either platform. Instead, in
a non-neutral model a CP pays additional fees to reach off-network consumers. To illustrate with
the example in Figure 1, in a neutral regime, if a CP G (e.g., Google) pays ISP /3 (e.g., Comcast) to
connect to it, G has access to all consumers regardless which platform the consumers are connected
to. In contrast, under a non-neutral regime, ISP « will allow CP G, who is not in its network, to
reach its subscribers only if G makes payments to «. In that sense, in the non-neutral regime, each

platform has a monopoly over the access to its consumer base.

2We highlight that our model abstracts away many features of the topology of Internet. We do so mainly for
tractability reasons. The real structure of the Internet is more complex and contains more entities grouped in intricate
ways. There are hierarchies of ISPs who connect creating complex topologies and peering agreements. Also CPs place
their content closer to users by using server farms or content distribution networks. For an overview of the current
business structure, interconnections, agreements and contracts, we refer the reader to Crowcroft (2007) and Yoo
(2010). Although we do not consider all those factors present in reality, we believe that our model captures important
first-order effects of the relationships between competing ISPs, CPs and users.
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In the neutral and the non-neutral regimes, we model the interaction between ISPs, CPs and
consumers as a six-stage game that incorporates the different time-scales at which decisions are
made. The timing is given by platforms’ investment decisions (stage 1), CP competition (stages
2-3), and consumer competition (stages 4-6). Competition at each side of the market corresponds to
a pricing game with vertical differentiation followed by a choice of platform for the agents on that
side. Further details of the six stages are given in Section 2. Technically, these games are involved to
solve because of the many stages and the heterogeneity among the participants. However, notably,
we are able to explicitly solve for the subgame perfect equilibria of these games using backward
induction.

We provide an explicit characterization of equilibrium investment levels, prices and market cov-
erage levels under both the neutral and non-neutral regimes. We show how the outcome depends
on the consumer mass f, and the distribution of CP quality, summarized by the average quality 7
and a parameter that measures heterogeneity in quality a. Under the assumptions of our model,
the first major result shows that platforms investment patterns are driven by trade-offs between
softening price competition on the consumer side and increasing profits on the CP side. The result
of the trade-off depends on whether the network is neutral or not. The next two bullet points
provide details for each regime.

e In the neutral model the platforms are viewed as substitutes by both CPs and consumers.
Hence at equilibrium, platforms maximally differentiate to corner different consumer and CP niches
in the markets. More precisely, one platform opts not to invest while the other picks the highest
quality permitted by investment costs. (Not investing is interpreted as investing the least possible
amount to have an operating network.) In the sequel, we refer to the platform that invest the least,
resp. the most, as the low-quality, resp. high-quality, platform. Essentially, the low-quality platform
does not invest and trades-off making revenue on the CP side to making revenue on the consumer
side. Investing does not pay off because it would increase price competition on the consumer side,
thus reducing revenues extracted from consumers; this effect dominates the additional revenues
that could be captured from CPs. In contrast, the investment made by the high-quality platform
allows it to differentiate from the low-quality platform and to earn significant revenue from CPs as
well as consumers. To put this in perspective, real-world ISPs indeed differentiate from each other
by offering distinctive features such as various connection speeds and value-added services that
enhance user experience like virus protection, spam filters, etc. (DiStefano 2008). In Section 4, we
show the relationship between the investment level in the high-quality platform and the distribution
of content quality among CPs.

e In the non-neutral model platforms are viewed as substitutes only by consumers. In contrast,

from the CPs’ perspective, each platform has a monopoly over the access to its consumer base.
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Consequently, CPs decide whether to connect to each platform independently, causing different
platforms’ investment patterns from those in the neutral regime. Even though when the consumer
base is large and the average CP quality is low platforms maximally differentiate for similar reasons
to those alluded to in the neutral model, in all other cases platforms only differentiate partially.
In particular, both platforms make positive investments leading to more investment in platform
quality than in the neutral regime. In fact, in the non-neutral model, platforms can recoup their
investments more easily through appropriate CP pricing. Consequently, the low-quality platform
invests to increase revenues extracted from CPs; this effect is more important than softening price
competition on the consumer side. Section 6 provides more details on the relation between the
investment level of the low-quality platform and the distribution of quality among CPs.

Under the assumptions of our model, the non-neutral regime leads to a higher overall social
welfare. This follows from the higher investment levels resulting in the non-neutral regime, which
in turn increase consumer and CP gross surplus. (Gross surplus is defined as the total utility
earned by a player before subtracting the price it pays to the platform.) Moreover, contrary to a
popularly held opinion in the policy debate, under the assumptions of our model CPs’ profits and
consumer surplus are higher in the non-neutral regime. As before, this is driven by the additional
investment made by the low-quality platform under the non-neutral regime. CPs increase their
revenues from additional advertisement; this increase more than compensates for the larger price
charged by the low-quality platform. Larger investment has two major effects on consumers. First, it
increases price competition between platforms leading to lower connection prices. Second, it results
in enhanced platform quality which translates into additional utility for consumers. Surprisingly,
even though the low-quality platform prefers a non-neutral policy, the high-quality platform has
the opposite preference. This is because under the non-neutral regime, the low-quality platform
erodes the profits of the high-quality one by reducing differentiation; a neutral network involves
maximal differentiation in quality. The table below summarizes the preferences of the network

participants, indicated by check marks in the row corresponding to the preferred regime.

Regime CPs | Consumers | High-quality platform | Low-quality platform
Neutral v
Non-Neutral | v/ v v

Moreover, the difference in social welfare between the two regimes increases with the average
CP quality and decreases with CP heterogeneity. An increase of the average CP quality heightens
the incentive to invest for the low-quality platform, which causes a larger CP and consumer gross
surplus. On the other hand, an increase in CP heterogeneity makes CP demand less elastic, leading
to a lower incentive to invest for the low-quality platform. This, in turn, leads to lower CP and

consumer gross surplus.
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Our results suggest that investment incentives of ISPs, which are important drivers for innovation
and deployment of new technologies, play a key role in the net neutrality debate. In the non-neutral
regime, because it is easier to extract surplus through appropriate CP pricing, our model predicts
that ISPs’ investment levels are higher; this coincides with the predictions made by the defendants
of this regime. Moreover, because CPs’ quality is enhanced by platforms’ quality, larger investment
levels imply that CPs’ profits increase. Similarly, consumer surplus increases as well. We note that
the participation of CPs, our proxy for CP innovation, is not reduced in the non-neutral regime.
Due to technical limitations, we did not include an investment stage for CP quality in our game.
This may provide a more direct way of modeling CP innovation and may change some of our
qualitative conclusions. However, we believe that the mechanisms related to ISPs’ investments that
our model highlights would also be present in this alternative model. Moreover, we believe that
our results provide useful insights that can help policy makers make more informed decisions in
this important policy debate.

The rest of this paper is organized as follows. In Section 2, we present the game that models the
neutral regime. Section 3 characterizes a subgame perfect equilibrium of the game, and Section 4
discusses its properties and draws insights. In Section 5, we modify the game to model the non-
neutral regime, while Section 6 presents our findings. In Section 7, we compare the resulting welfare
in each regime. We conclude in Section 8 by summarizing our results and providing insight for

policy makers. Due to space limitations all proofs have been relegated to the appendices.

1.1. Related Literature
As initially mentioned, much of the net neutrality debate has been qualitative; mostly from the law
and policy sphere. In addition to the papers cited in the introduction, Farell and Weiser (2003),
Nuechterlein and Weiser (2005), Chong (2007), Hogendorn (2007), Odlyzko (2009), Levinson (2009)
also discuss various policy aspects of the net neutrality debate. Recently, a few publications have
formalized some of the issues around net neutrality with mathematical models. Conceptually, it is
useful to classify this emerging work into two broad classes categorized by the adopted working
definition of net neutrality. One group views abandoning net neutrality as a licence to introduce
differentiated service classes—or priority lanes—in the Internet (Hermalin and Katz 2007, Choi and
Kim 2008, Schwartz et al. 2008, 2009, Kramer and Wiewiorra 2009, Cheng et al. 2010). In contrast,
the other group views abandoning net neutrality as abolishing the current pricing structure in the
Internet (Economides and Tag 2007, Canon 2009, Musacchio et al. 2009, Gupta et al. 2010).

The second group is more related to our work. Economides and Tag (2007) use a two-sided market
framework to investigate the effect of net neutrality regulation (defined as setting zero access fee

to CPs) in both a monopoly and duopoly setting. They find that total welfare is higher in the
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neutral regime under both scenarios. However, their model does not include platforms investment
decisions, a key driver of our results. Canion (2009) investigates the effect of net neutrality under
various pricing regulations in the presence of investment decisions. He finds that the neutral regime
is superior in terms of total welfare. Unlike our setup, though, his model considers only a single
monopolistic ISP, instead of looking at competitive platforms as we do. Gupta et al. (2010) analyze
investment incentives of network providers under both congestion-based and flat pricing. Their
results show that social benefits are generally higher in congestion-based pricing, illustrating the
critical impact pricing structures have on network providers’ investment incentives. Musacchio
et al. (2009) is the closest to our work. They develop a two-sided market model and compare
economic welfare across both regimes. The neutral one corresponds to “one-sided” pricing where
only consumers are charged and the non-neutral one corresponds to “two-sided” pricing where
both consumers and CPs are charged. According to this model, either regime can be superior with
respect to overall welfare or that of CPs and ISPs. A detailed summary can be found in Schwartz
and Weiser (2009). Although we use a similar definition of net neutrality, our model differs from
theirs in a significant number of ways. In particular, the novel features of our model are:

e There is a continuum of CPs with heterogeneous quality, instead of homogenous and atomic.
Advertising rates increase with CP and platform quality. In addition, the market coverage for
CPs, our proxy for CP innovation, is endogenously derived. In contrast, they explicitly model CPs’
quality investment decisions.

e There is a continuum of consumers that are heterogeneous in their tastes. Consumer connection
decisions are endogenous and driven by competition between platforms; instead of assuming that
consumers are split equally among ISPs and that ISPs are local monopolies.

e We model a bottleneck effect between platforms to highlight the impact of differentiated
quality:.

In our model, competition on the consumer side and the heterogeneity on both sides of the market
are key drivers of the results. The lack of these elements in their model together with the other
differences described above explain the dissemblance of our results from theirs.

On a broader scope, our work complements and contributes to previous research in the literature
of Industrial Organization by explicitly considering quality investment in the context of two-sided
markets. In particular, our model embeds price competition and quality choice in vertically differ-
entiated markets (like in Shaked and Sutton 1982) in a two-sided market (like in Rochet and Tirole
2003, Gabszewicz and Wauthy 2004, Roson 2005, Parker and Alstyne 2005, Armstrong 2006). We
note that investment decisions in two sided markets have received little attention in the literature.
An exception is Farhi and Hagiu (2007) that considers investment as a strategic variable in a

two-sided duopoly market model. However, their analysis investigates how investment strategies
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of an incumbent platform may help it to accommodate or deter entry of another platform. In our
models, both platforms simultaneously compete in the investment stage.

In addition, in our model there are both negative (congestion) and positive externalities. In
particular, consumers in one platform benefit from the presence of CPs in the other platform
because of interconnection. This is in contrast to most two-sided market models in which both
sides need to choose the same platform through which they do businesses (see Laffont et al. (2003)
for an exception). We conclude by mentioning that Njoroge et al. (2009) present a preliminary

version of the neutral model, which allowed us to build towards the models presented here.

2. The Neutral Model

We consider two platforms denoted by « and 3, and a continuum of consumers with a mass of
f€10,1], and of CPs with a unit mass. Let y, € R, be the quality-of-service (QoS) chosen by
platform z € {«, }. Without loss of generality, we assume that y, > ys > 0, and hence, we refer
to « as the high-quality platform and to (3 as the low-quality one. Let 7, be the quality of CP
j where j €[0,1]. Here, v; is a uniformly distributed random variable with support [y —a,¥ + a]
and 0 < a <7%. We assume that the «;’s are independent and identically distributed across the
population of CPs. Let ¢ : [0, f] — {«, 3} and qg: [0,1] — {a, B} be the connection decisions that
map the space of consumers and CPs, respectively, to the set of platforms. Aggregating those
mappings, we denote by r, and 753 (¢, and ¢s) the masses of CPs (consumers) that join each
platform. Besides choosing their QoS as we will discuss below, platforms offer additional services
to their own consumer base that improve the quality of content generated by CPs. Examples of
such additional services are email accounts, virus scanning, blocking of malicious sites, and spam
filtering. We denote the values of these services by k, and kg, defined as random variables with
the same distributions as those of ;.

We now introduce the utilities of the three types of participants in this multistage game.

Consumer Utility: A consumer i on a platform ¢(i) connecting to a CP j on platform (}5(])

receives utility

: v
Wii (Yo (i), Y35 Vi Kooy T350) = min{¥oiy, Yz} <—TA(J) +k¢<i>> : (1)
3G

The formula multiplies the quality of the network transmission, given by the worst of the two
platforms, by the value of the content plus the additional services offered by the platform. To
compute the value of the content, we divide the quality of CP j by the mass of CPs that connect
to the same platform to incorporate congestion effects: more CPs in a platform generate more
congestion, reducing value. The value generated by both the CP and platform content is affected by

the QoS of the transmission. This implies that a consumer on a high-quality platform, connecting
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to a CP on the same platform, receives higher utility than if he connects to a CP of the same
quality on the low-quality platform. In essence, consumer utility depends on the platform that acts
as a bottleneck, capturing common congestion effects present in the Internet (Akamai Technologies
2000).

Each consumer connects to a single platform but once connected has access to all content due to
the interconnection of the platforms in the neutral model. In particular, a consumer ¢ on platform
¢(i) connects to all CPs subscribed to either platform since u;; > 0 for all j. We let the overall

utility perceived by consumer ¢ that joins platform ¢(i) be

1
F‘i(y¢(i)7y¢(—i)777aaronrﬁ) - / E |:uij(y¢(i)7y$(j)77j7k¢(i)7Tq;(_j))] dj (2)
0

The arguments that we make explicit in this utility function, and in those appearing later, are
those that are pertinent to the current stage of the game. Here, ¢(—i) denotes the other platform,
and the expectation is taken over the random parameters such as v; and k.

Platform z € {«a, 3} charges consumers a connection fee of p,. Consumers have a reservation
utility of R and consumers preferences are heterogenous, which we represent with the parameter
0; that is uniformly distributed in the interval [0, f]. The total mass of consumers if f. Putting it

all together, the utility of a consumer i connecting to platform ¢(i) is given by

Ui(¢(i)) =max {R+ 0, F;(Yoi), Yo(—i)s V> W Ta, T'3) — Dg(iy» 0} (3)

Consumers join the platform that yield the highest utility, provided it is positive.
CP Profits: If CPs connect to a platform z € {«, 3}, they pay a fixed connection fee w, and make
revenue by selling advertising and showing it to consumers. The utility v; of a CP j is defined to

be its profit:
Uj:ij(fyﬁya7yﬁ7Qan5)_wqg(j)’ (4)

where the first term is its gross revenue, given by

9 Ye) e+ 9075 ys)as i B(5) =,

V'(y'ayaayWQaaQﬁ): P
Y 9, 98)00 + 9075 us)as  if 4(5) = 6.

Here, g(vj,ya( j)) is a function that represents ad prices. It is increasing in both parameters: Ad
prices are high when content quality is good because it is easier to attract advertisers. In addition,
consumers have a better experience with high-quality platforms and, therefore, they spend more
time in these sites which increases the advertisers brand exposure. Thus advertisers are willing to
pay more. Note that if CP j joins the higher quality platform, it is able to charge a higher ad price

for connections arising from consumers on that platform. If a CP joins the lower quality platform
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v € [¥—a,7+a]: j’s CP quality
v;: CP j’s utility

T
\
mass of CPs “ 0o« > oo OA

Platforms

[ !

mass of consumers \%e /o o o - ®
N

N A

0|Consumers of mass f < 1 indexed by i| f

0; € [0, f]: i’s preference
U;(.): i’s total utility

Figure 2 The dashed vertical lines show payments, while the solid thick lines refer to content going from CPs

to consumers. The lines entitled S within platforms refer to the additional services.

its ad prices are the same across the two platforms because when a customer and CP connect to
different platforms, the QoS is given by the worst of them.

Platform Payoffs: Finally we consider the platform payoff functions. Platforms pay for their qual-
ity investment, which is modeled with an increasing and convex investment cost I(y.) to achieve a
QoS of y,. This assumption results in decreasing returns to investment. Two additional, but stan-
dard, assumptions that we make for tractability are that the investment function is differentiable

and that 7(0) = 0. The payoff 7, experienced by platform z is given by

T :pzqz+wzrz _I(yz) (5)

To summarize all the players, elements and parameters, Figure 2 shows an illustration of the full
model.
Timing: The dynamic game consists of the following stages:

1. Quality Investment Decisions: Platforms simultaneously choose QoS vy, and yg.

2. CP Pricing Decisions: Platforms simultaneously choose fees w, and wg.

3. CP Connection Decisions: CPs decide which platform to join.

4. Consumer Pricing Decisions: Platforms simultaneously choose prices p, and pg.

5. Consumer Connection Decisions: Consumers decide which platform to join.

6. Consumer Consumption Decisions: Consumers decide which CPs to get service from.
The timing of the extensive game is predicated on the view that investments adjust more slowly

than prices. The former is viewed as a medium to long-term decision whereas the latter is a shorter
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term decision. Thus investment is the first stage of the game. Prices for the CPs are set before
those of the consumers to reflect the longer time horizon of the contracts between CPs and ISPs
as opposed to those of consumers and ISPs. We solve this game by considering its subgame perfect
Nash equilibrium (SPE), focusing on optimal actions/decisions along the equilibrium paths. To

solve the game we use backward induction.

3. Model Analysis

Let P ={«a,(,[0,1];,[0, f];} denote the set of players in the multi-stage game, where a and [ are
the platforms, and [0,1]; and [0, f]; are the continuum of CPs and consumers, respectively. We
denote the information set at stage k of the game for a player p € P by h’;. Let the set of actions
available to that player at that stage with that information set be denoted as Ap(h’;). The main
challenge to solve for an SPE in our model consists in solving the first three stages of the game.
The analysis of the later stages of the game are more standard. Consumer prices at equilibrium
follow from a standard vertical differentiation model (Tirole 1988). This analysis leaves us with
a number of possible market configurations that could arise. To solve for the second stage, we
first identify candidate Nash equilibrium CP price pairs for each of the market configurations.
Then we show that these pairs are also best responses on the whole domain of strategies; i.e.,
a candidate price pair not only consists of prices that are mutual best responses in a particular
market configuration but across all market configurations. To solve for the first stage of the game,
we identify sets that contain the best responses and find their intersection points. These give us
the candidate investment pairs. We then show that these pairs are indeed SPE by showing that
neither of the platforms has an incentive to deviate. In the next subsections, we provide a more

detailed analysis of each stage of the game.

3.1. Consumer Consumption Decisions

As usual with games of this kind, we begin the analysis with the last stage of the game where
consumers select CPs with whom they will connect. A consumer i on a platform ¢(i) € {a, 3}
accessing content of a CP j on platform (E( J) € {a, B} receives utility u;; represented in (1). As we
discussed earlier, since u;; > 0 for all consumer-CP pairs, when a consumer joins a platform he will

connect to all CPs hosted by either platform.

3.2. Consumer Connection Decisions

In this stage of the game consumers decide which platform to join. The choice set of a consumer
i €10, f] given any h¥ is A;(hF) ={«a,8}. Through his information set, a consumer has knowledge
of the number of CPs on each platform, the prices that platforms charge and the quality level of
each platform. Each consumer ¢ maximizes his net utility given by (3) to determine what platform

to connect to.
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We assume that y, > ysz and proceed to compute an allocation of consumers on each platform.
Note that in this case F;(ya,-) > Fi(yg,-). In Section 3.3, we will show that if y, = ys, then any
allocation of demand across platforms is possible at the resulting price equilibrium. We make the
assumption that the reservation price R is large enough so that the consumer market is covered.
Indeed, because of (3) for large values of R we have that 6; > (py) — R)/Fi(ys(),-), implying
that every consumer derives positive utility upon joining one of the platforms. We consider two
disjoint cases to determine demand. If p, < ps, consumers always join the platform with the highest
perceived quality since U;(¢(i) = ) > U;(¢(i) = 3), which follows directly from applying Lemma 1
in Appendix A.1. Hence, consumer demands are ¢, =1 and ¢z =0.

The case of p, > ps is more involved. Let 8 = (po — ps)/(Fi(Ya,-) — Fi(ys,-)) be a threshold
value. Consumers with a taste parameter 6; > 0 join the platform with the higher perceived quality,
Fi(Ya,-), since 0, F;(Ya,) — Pa > 0:Fi(ys,-) — pp if and only if 6, > 6. Conversely, those whose taste
parameter 6; < 6 will join platform 3. One can show that consumer demand is characterized by

9o (PasPs) = [ — (Pa — Pp) [ (Fi(Yar ") — Fi(Ys,+)) and qs(Paspp) = (Po — p)/ (Fi(Yas ) — Fi(Yp, )

3.3. Consumer Pricing Decisions

In this stage of the game platforms decide what prices p,, and pg to charge consumers. The choice set
of platform z € {a, 3}, given any h*, is A.(h*)=p. € R,. Through its information set, a platform
has knowledge of the number of CPs on each platform and the quality level of each platform. Profit
for platform z is given by (5). The equilibrium of this pricing subgame depends on the information
set h*. In particular, if h* is such that y, > ys it can be shown that p, =2f(Fi(ya,*) — Fi(ys,-))/3
and ps = f(Fi(Ya,-) — Fi(ys,-))/3, and consumer demands at this equilibrium are ¢, =2f/3 and
qs = f/3. If h* is such that y, = ys then F;(ya, ) = Fi(ya,"). Bertrand competition implies that
the resulting subgame equilibrium is p, = ps = 0. The consumer demands at this equilibrium price
are arbitrary because any allocation such that ¢, + g3 = f is a solution. In this case we make the

standard assumption that consumers are evenly split between the platforms.

3.4. CP Connection Decisions

In this stage of the game, given the QoS y, and yz, and prices w, and wg offered by platforms and
anticipating the consumer mass on each of them, CPs decide on which platform to locate. The choice
set of a CP j given any h’ is A;(hY) = {none, o, 8}. The utility v; extracted by a CP is given by (4)
if it joins a platform or zero otherwise. Defining g(v;, yq;(j)) =Y5(;)> Ve have that the gross revenue
earned by CP j is v,(y.q. +ysqs) if they connect to platform z. CPs maximizes their utility v; and
are indifferent between both platforms if and only if v, (yaqa + Y595) — Wa =V (Ysqa + Ysqs) — wp.
Letting v; = (wo — ws)/(¢a(ya — yp)) be the threshold, CPs with quality exceeding ; join the
high-quality platform a and those with quality below it, but larger than ws/(ys(gs + ¢.)), join the
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low-quality platform (. The rest do not join any platform. In our model, CPs participation in the
market will be a proxy for CP innovation; if more CPs participate, more content is available for
consumers.

Given a tuple (7,a, f,va,ys), we define the following sets which correspond to the market con-
figurations that may arise given a CP price pair (w,,ws). Here, the mass of CPs on each platform

is written as a function of prices since the tuple (7, a, f,¥a,ys) is known.

R ={(wa,ws)|ro(Wa,ws) +15(wa, ws) <1, 74(wa,ws) >0, 75(wa,ws) =0},
Rir ={(wa, wp)|ra(wa, ws) +75(wa, ws) <1, 7o (wa, ws) > 0, 5(wa, ws) > 0},
Rirr ={(wa, ws)|ra(wa, ws) + rs(wa, ws) =1, ra(wa, ws) >0, rs(wa, ws) > 0},
Riv ={(wa, wp)|ra(wa, ws) +75(wa, ws) =1, 7o (wa, wp) =1, 75(wa, ws) = 0}

We denote the market configurations corresponding to sets Ry, Rr, Rirr, and Ry as Cr, Cry,
Crr and Cyy respectively. The CP market is uncovered under the first two configurations, and

covered under the last two.

3.5. CP Pricing Decisions

In this stage of the game platforms decide what prices to charge CPs. The choice set of platform
z €{a, B} given any h¥ is A;(h¥) =w,; € R,. Thus, platforms simultaneously decide what prices w,
and wg to charge to CPs.

We will show that in the SPE it is the case that y, > yz =0, that is, the low-quality platform
does not invest. First, we characterize CP prices in the equilibrium path. In particular, we show
that for any tuple (7,a, f,ya,ys) for which y, > ys =0 there exists a unique SPE. Note that under
this restriction on platforms qualities, CPs do not join the low-quality platform since they make

no revenue, hence only configuration C; and Cry can be sustained.

THEOREM 1. Given a tuple (7,a, f,ya,ys) that satisfies that y, > ys =0, there exists a unique
subgame perfect Nash equilibrium pair (w},,w}) in the price subgame. Moreover, the resulting market
configuration is unique and the following statements hold:

1. If 1< j < gi—;;, then the equilibrium price pair (w;,w;) ERz.

2. If 313; <1, then the equilibrium price pair (w;, ,Wh) € Ray.

Theorem 1 allows us to conclude that we get a tipping equilibrium with all CPs locating in the
platform with the highest quality when the low-quality platform does not invest. We prove the
existence of the price SPE constructively. To do that, we first identify candidate equilibrium price
pairs in each possible market configuration (see Appendix A.2), and then check whether these price

equilibrium pairs are indeed Nash equilibria of the price subgame (see Appendix A.3). We do so by
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verifying that the equilibrium price candidates are best replies on the whole domain of strategies;
that is, not only they are best responses in their respective market configurations but also best
replies if the other market configurations are taken into account.

In Appendix A.3.1, we provide a complete characterization of the CP price SPE given any tuple
(¥, a, f,Ya,ys) for which y, > yz > 0. In this case, we show that the uncovered market configuration
C does not occur at an SPE. On the other hand, we show that given a tuple (7,a, f,ya,ys3) one
of the other configurations, C;;, Crrr or Cry, will emerge. In doing so, we determine the set of
parametric values (7, a, f, ya,ys) for which these different configurations exist. We believe that the
characterization of equilibrium in the case y, > yg > 0 is of interest by itself, but we have omitted
details here and include them in the appendix for brevity. Finally, Lemma 10 in Appendix A.5
shows that when y, =yz an SPE does not exist.

3.6. Quality Investment Decisions

In this stage of the game platforms simultaneously decide how much to invest in quality. The
choice set of platform z € {«, 3} given any h* is A, (h*) =y, where y, € R, . We show that a unique
SPE exists. In addition, we show that this equilibrium involves maximal differentiation subject to
investment costs: one platform invests in the highest quality possible taking into account investment
costs while the other chooses not to invest. Moreover, we characterize the investment levels in terms
of the market parameters. We find the equilibrium quality choices by considering sets that contain
the best responses for both platforms. We show that the equilibria are given by the intersection of
these sets. The following theorem shows the necessary conditions for the existence of an SPE. It
enables us to identify candidate equilibrium investment pairs when the mass of consumers is above

a critical level.

THEOREM 2. Assume that f >3/5 and I'(0) is small enough. If an SPE exists in the quality
investment game, then one platform does not invest in quality and the other makes a positive
investment of y* (7, a, f). Moreover, the equilibrium investment level is characterized by

I'(y*): 11(77657]0) ifg<%

IQ(Taavf) Zf%Zﬁ

where I, (Y, a, f) = (4(Y = a)* f* + 12(Y + a) (Y + 3a) f2 + 9(V + a)* ) /108a, and I>(V,a, f) =2f (F(3+
4f)—3a)/9.

The next theorem shows that the characterization above is indeed an SPE when investment func-

tions are quadratic. Because we prove existence of equilibrium constructively, assuming quadratic

costs simplifies the analysis.

THEOREM 3. Let the investment cost function be of the form I(y) = cy® (which satisfies the

assumptions on I1(+)) and f >max{3/5,1 —a/7}. Then, the quality investment game has an SPE.
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The results above suggest that platforms differentiate in quality to soften price competition. If
platforms are undifferentiated, they earn zero profits due to the ensuing Bertrand price competition
on both sides of the market. Therefore, at equilibrium, platforms have the incentive to invest in
different quality levels and achieve maximum differentiation. Recall that the lack of investment is

interpreted as the minimal investment needed to have an operational platform.

4. Investment and Market Coverage in the Neutral Case

Having analyzed all the stages of the game we now discuss the investment levels and CP market
coverage at the SPE in the neutral model. On both sides of the market the platforms are viewed
as substitute products by both consumers and CPs. Thus platforms make higher profits when they
are more differentiated. The high-quality platform gains by investing more and the low-quality
platform by investing less. For the low-quality platform the differentiation not only gives it market
power on the consumer side but also reduces its investment cost. Indeed, investment by the low-
quality platform increases competition on the consumer side in addition to increasing investment
cost, resulting in lower consumer prices and consequently platform’s profit. This reduction is larger
than the additional revenues extracted from CPs this investment would generate.

The investment level of the high-quality platform increases with CPs’ average quality. This
increases the revenues that CPs earn; recall that the advert price is increasing in platform quality.
Thus the surplus from which the high-quality platform can extract revenue also increases. Note
that for a given investment level, the surplus from which the high-quality platform can extract
revenue is larger when CPs’ qualities increase, enhancing investment incentives. In contrast, as
shown in Figure 3, the relationship between the investment level and the heterogeneity is unimodal
and convex. An increase in heterogeneity generally makes demand of CPs less elastic. Hence,
the high-quality platform prefers to make revenue directly by raising prices rather than through
investment which is more costly. However, as heterogeneity increases beyond a critical point the
platform prefers to invest in quality. Due to the high prices, the CP market becomes progressively
uncovered. To gain revenue from the diminishing CP base, the high-quality platform invests to
increase the surplus from which it can expropriate revenue.

We next present a corollary of Theorem 2 that characterizes market coverage by CPs at the

SPE.

COROLLARY 1. Assume that f >3/5. In the SPE, all CPs connect to the high-quality platform,
and the market is covered if and only if ¥/a > (9+2f)/(34+2f).

When 7/a is low, the outcome of the game is that all CPs flock the high-quality platform without

covering the entire market, that is, there is a mass of CPs that are not active in the equilibrium.
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Figure 3 Investment level of the high-quality platform as a function of 7 and a.

In that case, either a is high which implies that CP demand is less elastic which leads to higher
prices for the CPs and less enrollment, or 7 is low which implies that low quality CPs do not earn
enough revenues to join the platform. Instead, for high values of 7/a, the market is covered, that is
all CPs are active and participate in the equilibrium. In this case, either 7 is high or a is low. In the
former case CPs earn high advertising revenues and thus all CPs can afford to join the platform.
In the case of a low variance, CPs demand is more elastic. Therefore prices charged to CPs are low

encouraging high enrollment.

5. The Non-Neutral Model and its Analysis

To study the non-neutral regime, we employ a model that is equal to that in the neutral regime
except for one important difference: if a CP wants to reach the customers in one platform, it must
pay that platform for that access, and if the CP wants to reach all customers, then it must pay
both platforms. As in the neutral case, each platform z charges a fixed connection fee w,. All other
aspects are the same. Platforms invest in quality, CPs earn revenue by selling advertising, and
consumers connect to one of the two platforms. We solve for the SPE of this game, which we find
using backward induction, and compare it to the solution of the neutral model. Without loss of
generality, we continue with the assumption that y, > y3 > 0. In the next subsections, we provide

a more detailed analysis of each stage of the game, now for the non-neutral case.

5.1. Consumer Consumption Decisions

In the last stage of the game, consumers select CPs with whom they will connect. A consumer i on
a platform ¢(i) connects to a CP j only if the CP bought access to ¢(i). Thus the utility gained
by the consumer connecting to the CP is given by u;;(Ys(iy, Vis Koti)s Toi)) = Yoty (Vi /Tow) + Esg)-

Since this value is non-negative, all consumers will select all CPs that are accessible.

5.2. Consumer Connection Decisions
In this stage of the game consumers choose a platform to join. The quality perceived by a consumer

i when he joins platform ¢(i) is given by F;(ys ), 7, @ rs)) = fol E [wi; (o), Vis kowy»Tow)] dj- The
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utility is given by U;(¢(i)) = R+ 0,F;(Ys(i), V> @ Te(i)) — Do), Where again we have assumed that R
is large enough so that the consumer market is covered. Given an information set h¥ one of the fol-
lowing three relations hold: (i) Fi(Ya:Tasa,7) > Fi(ys,rs,a,7), (i) F;(Ya,7a,a,7) < Fi(ys,75,0,7),
(iil) F;(Ya,Tasa,7) = Fi(yp,73,a,7). Platforms demands ¢, and ¢z are derived as in Section 3.2,
based on the prices offered by platforms and on which of the above relations holds. Note that in
the non-neutral model, even though y, > ys, relation (ii) may hold for some values of r, and rg;
this never happens in the neutral model. This introduces additional complexity in the analysis of

the non-neutral model as we discuss below.

5.3. Consumer Pricing Decisions
In this stage of the game platforms simultaneously decide what prices to charge to the consumers.
Information sets in this stage can be classified into three types depending the three relations of
Section 5.2. We characterize prices at equilibrium for each relation.

When (i) holds, the resulting consumer prices are p, = ¢o(Fi(Ya, ) — Fi(ys,-)) and pg =
45(Fi(Ya,-) — Fi(ys,-)) and consumer demands are g, =2f/3 and g3 = f/3. When (ii) holds, a
symmetric characterization applies. Last, when (iii) holds then p, = pz =0. We make the standard

assumption that consumers are split evenly. The analysis is similar to that in Section 3.3.

5.4. CP Connection Decisions

In this stage of the game CPs simultaneously decide which platforms to join. A CP j has a choice
set A;(hY) = {none, a, 3,both}, and makes the decision given the pair of QoS (ya,¥s) and the pair
of prices (w,,wsz). We can view a CP as having an option to buy one of three possible types of

connection services. Defining g(’yj,yg(j)) =YY3¢) @8 before, CP profits are

g(ijaya)QQ_wa if (}Z(]):OA,
v; =< 9(7,Ys)q8 — ws if (j) =5,
9V, Ya)da + 9755 Ys) s — wa —wp  if ¢(j) =Dboth.

A CP j is willing to join both platforms if v; > (w, +ws)/(Yaqa +ysqs)- For an exclusive connection
to platform z, a CP j is willing to join it if v, > w, /(y.q.). Given a price pair (w,,wg), together with
the tuple (7, a, f,Ya,ys), we refer to the resulting CP demand on each platform as the CP allocation
equilibrium. A CP allocation equilibrium also determines which of the relations in Section 5.2 hold
on the equilibrium path. In Appendix B, we derive the sets of prices Wr;), Whgi) and W) for
which the CP allocation equilibrium leads to relations (), (i7) and (7i¢) holding on the equilibrium
path. Note that, if a price pair lies on the intersection of any of the sets Wg(;), Wgi), and Wrii,
then more than one CP allocation equilibrium exists. The CP demand faced by platform z € {«, 8}
is given by r, = max{min{l,(F+a—w./(q.y.))/(2a)},0}, where ¢, depends on which of the

relations holds on the equilibrium path.
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5.5. CP Pricing Decisions

In this stage of the game platforms decide what prices to charge to CPs. The multiplicity of CP
allocation equilibria mentioned above makes the analysis of this stage challenging. For tractability,
in the remaining sections, we focus only on price games that result when the CP allocation equilibria
selected (if multiple equilibria exist in the price subgames) are such that either relation (i) or (iii)

hold. We formalize this in the following assumption.

ASSUMPTION 1. Given a tuple (7, a, f, Yo, Ys, Wa, W) for which y, > yz > 0 such that multiple CP
allocation equilibria exist in the price subgame, we assume that only equilibria that yield relations

(i) or (iii) are selected.

This assumption intuitively implies that CPs will anticipate that more consumers will join the
platform with the larger investment in quality (recall that we have assumed y, > yz). In addition,
our assumption is partially motivated by the fact that if an SPE exists in one of the CP price
games then the CP allocation equilibrium on the equilibrium path does not yield relation (ii), see
Appendix B.2. Note, however, that the assumption is still needed to analyze CP price games that
are off-the-equilibrium path.

The next theorem characterizes an equilibrium for CP prices in the case of y, > y3. The proof,
price characterizations and conditions for various market configurations to exist are given in Ap-
pendix B.3. There we also show that the market configuration depends only on the heterogeneity

parameter a, the average CP quality 7 and the consumer mass f.

THEOREM 4. Let Assumption 1 hold. Given a tuple (7,a, f,Ya,Yys) such that y, > yg, the price-

subgame admits a unique SPE pair (w}, wg) Moreover, the resulting market configuration is unique.

We show in Appendix B.4 that if an SPE in prices exists when y, = y3, the platforms have an

incentive to deviate; therefore, symmetric investment levels cannot be sustained in an SPE.

5.6. Quality Investment Decisions
In this stage of the game platforms simultaneously decide how much to invest in quality. We assume
that investment costs are quadratic, equal to cy? with ¢ > 1. We find the equilibrium quality choices
by considering the best reply responses of the two platforms. We find the set that contains platform
(B’s best replies to platform «’s choices and viceversa, and establish that the best reply functions
intersect at a unique point. This proves that there is a unique SPE in the investment game. As a
corollary, in Section 6 we characterize the resulting market configurations.

To simplify the presentation, we let t; = (9+2f)/(3+2f), to = (f*+12f—9+4V3f3)/
(=6f+9+ f?) and t3=(9— f)/(3 — f) and define the following regions:

Rl = {1 < 7/01 S min{tl,tg}}, RQ = {max{l,tg} < 7/@ < tl}a
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R3:{t1 <7/Cb<t2}, R4:{max{t1,t2}§7/a§t3},

R5:{t3 <7/CL§OO}

These regions are broadly classified according to the market configurations (as defined in Ap-
pendix B.3) that arise at the SPE given the tuple (7,a, f). Qualitatively, the partitions represent
regions in which the heterogeneity in content quality is either high (R, R,), medium (R3, R4) or
low (R5). The following theorem characterizes the investment levels at equilibrium; its proof can

be found in Appendix B.5. The functions I, (7, a, f), and I5(7,a, f) are defined as in Theorem 2.

THEOREM 5. Let Assumption 1 hold. Given a tuple (7,a,c) and f > 0.47 there exists a unique
subgame perfect Nash equilibrium (SPE) in the quality investment game. Moreover, the following
statements hold:

1. If Ry holds then the SPE entails one platform investing in positive quality y*(7,a, f,c) =
I,(7,a, f)/2¢c, and the other not investing in any quality.

2. If Ry holds then the SPE entails both platforms investing in positive qualities where one
invests in a higher quality y;.(7,a, f,c) = 1,(7,a, f)/2¢c, and the other invests in a lower quality
yi(W,a, f,0) =((T—a)*f° = 6(F+a)(F+3a) f* + 9(T+a)* f) /(432ca).

3. If R3 holds then the SPE entails one platform investing in positive quality y*(7,a, fc) =
L,(7,a, f)/2¢c, and the other not investing in any quality.

4. If R, holds then the SPE entails both platforms investing in positive qualities: one invests in
a higher quality yi. (7, a, f,c) = I(7, a, ) /2¢c, and the other invests in a lower quality y; (7, a, f,c) =
(F=a)?f°=6(F+a)(T+3a)f*+9(T+a)*f)/(432ca).

5. If Rs holds then the SPE entails both platforms investing in positive qualities: one invests in
a higher quality y; (7, a, f,c) = I,(7,a, f)/2¢, and the other invests in lower quality y; (7, a, f,c) =
f(3¥—2f7—3a)/18c.

We impose the condition f > 0.47 since for smaller values of f an SPE in the quality investment
game may not always exist in all the regions. The implications of the theorem are discussed in the

next section.

6. Investment and Market Coverage in the Non-Neutral Case

In the non-neutral regime, platforms are substitutes only on the consumer side of the market. On
the CP side, CPs make decisions regarding whether to join each platform independently from the
other platform. In this case, a platform has monopolistic power over CPs since its only through
it that CPs can connect to its subscribed consumers. Thus investment decisions observed in this

regime are driven by the trade-off platforms make between differentiating in quality to make revenue
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on the consumer side and exerting their monopoly power over the access to their consumer bases
to extract revenue from CPs.

Given the tuple (7,a, f), the level of investment of the high-quality platform in the SPE is the
same as that in the neutral regime and varies with the average and heterogeneity of CP quality in
a similar way. Quality investment in the low-quality platform also increases with the average CP

quality for the same reasons as those highlighted for the high-quality platform.
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Figure 4 Investment level of the low-quality platform as a function of 7 and a.

As the heterogeneity of CPs quality increases, the value of investment of the low-quality platform
decreases, this is in contrast to the behavior exhibited by the high-quality platform, see Figure 4.
An increase in heterogeneity leads to a less elastic CP demand, hence platforms prefer to extract
CP revenue through a price increase than investing in quality which is costly. Even though the
low-quality platform can gain from increased CP surplus with a larger quality investment, (since
increased platform quality increases advert revenues) the increase in competition on the consumer
side would offset this gain.

We now explore the investment patterns as a function of the consumer mass and the heterogeneity
in content quality, see Figure 5. When 7/a has a low value and f is high, i.e. in the regions denoted
by R, and R3 the platforms differentiate as much as possible. One platform invests in a positive
quality while the other opts not to invest. Similar to the neutral case, both platforms make more
profit when they are more differentiated. A low value of 7/a is primarily driven by low average
CP quality. Therefore the advertising revenue gained by CPs is also low. Consequently, if the low-
quality platform invests, the profits expropriated from CPs would not be enough to offset the costs
of investment plus the loss of revenue caused by the heightened intensity in competition in the

consumer side. Moreover, since f is large, the mass of consumers joining the platforms is higher
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Figure 5 Market Coverage and Connection Decisions as a function of 5/a and f.

which further increases the revenue made from the consumer side and dissuades the platform from
investing.

In contrast when f and 7/a are both low, the two platforms invest in quality, although not at
the same level. In this region, denoted by R, since f is small, by investing the platform gains more
from the CP side than the revenue loses caused by competition on the consumer side. Where 7/a
has a medium to high value, regions R, and Rjs, the platforms partially differentiate. As in the
previous case, both platforms invest at different levels.

We have the following important corollary. Below, high quality CPs are such that their quality

is above a threshold that depends on the model parameters.

COROLLARY 2. In the SPE the following holds. If R, or Rs holds, CPs are hosted exclusively
by the high-quality platform. If R, or R4 holds, then only the high-quality CPs connect to both
platforms and the rest of CPs connect exclusively to the high-quality platform. Otherwise (for Rs)
all CPs connect to both platforms.

Moreover, if Ry or Ry holds then the outcome is given by an uncovered CP market. Otherwise

(for R3, R4 or Rs) the CP market is covered, that is all CPs connect to at least one platform.

In region Ry, CPs exclusively join the high quality platform and the market is uncovered. Observe
that in this region the low-quality platform does not invest. Therefore there is no value to be gained
by a CP joining the lower quality platform. Region R, also represents an uncovered market but CPs
patronize both platforms with low-quality CPs being exclusive to the high-quality platform and
high-quality CPs joining both. Observe that only the high-quality CPs connect to both platforms
since they earn enough advertising revenue to cover the cost of connecting to both platforms. In the
remaining regions the market is covered since all the CPs in the market serve their content through

the high-quality platform. This is because for medium to high values of 7/a CPs earn higher
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advertising rates on the high-quality platform. Lack of investment, in region R3, by the low-quality
platform leads to CPs not joining it since they will not make any advertising revenue. In contrast,
low-quality platforms have CPs subscribe to them in region R,4. In this case, investment by the
low-quality platform is attractive to the high-quality CPs who can command higher advertising
prices that offset costs of joining the two platforms. Finally, in region R5 all CPs patronize both
platforms. The average CP quality is high enough and the variation of CP quality low enough that
the advertising prices the CPs command enable them to gain more value when they connect to

both than when they connect to only one platform.

7. Comparison of the Two Regimes

In this section we compare the neutral and non-neutral regimes with respect to social welfare,
and surplus and profits extracted by consumers and CPs. We first define social welfare and its
constituent parts. We show that CP and consumer surplus in the non-neutral model are at least
equal to, if not superior than, that in the neutral model. In addition, we show a dichotomy of
preferences for the two regimes by platforms. The low-quality platform prefers the non-neutral
regime while the high-quality one prefers the neutral regime. Finally, we show that given a tuple
(7, a, f) the non-neutral regime results in at least as high social welfare than that in the neutral

regime, and strictly higher for a significant range of parameters.

Participants’ Utilities. Social welfare is defined as the sum of all the participants’ utilities:

1. Consumer surplus: A consumer i € [0, f] subscribing to platform ¢(i) has an expected util-
ity given by E[U;| = E[R 4 6,F;(ys(),-) — Pss)] (see (3)). The aggregate consumer surplus equals

f . .
Jy BlUJdi =3, 5y @-(R+ Bl0:|¢(i) = 2] Fi(y., ) —p-)-

2. Platforms’ profit: The profit for a platform 7, is displayed in (5). The total profit among
platforms equals Zze{a,g} P.q. + 1w, — cy?.

3. CPs’ Profit: A CP j € [0,1]; hosted by platform ¢(j) has expected profits given by E[v;] (see
(4)). The aggregate CP surplus equals fol > ectam Elvs | #(j) = 2]r.dj in the neutral regime, and
fol Y ectappom) ElUj | ¢(j) = 2]r.dj in the non-neutral case.

First, we revise and compare investments and market coverage in both models.

Investments. Recall that in the SPE of the neutral model the high-quality platform invests
a positive amount and the low-quality platform does not invest. In the SPE of the non-neutral
model, the investment level of the high-quality platform is the same as in the neutral model for all
parameter values. The main difference between both models, that will drive the comparisons below,
is that the low-quality platform invests a positive amount for a significant range of parameter

values.
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Market Coverage. Our proxy for CP innovation is CP market coverage. For all market values,
CP market coverage in the SPE is the same for both models. In particular, the mass of CPs that
connects through the high-quality platform is the same. The main difference between both models,
however, is that in the non-neutral model and for some parameter values a mass of CPs will also
connect through the low-quality platform. Note that in contrast, because the low-quality platform

does not invest in the neutral model, CPs do not connect to it.

CP and Consumer Surplus Comparison. CP surplus is at least as high in the non-neutral
model compared to that in the neutral model, see Appendix C.2. Moreover, it is strictly higher in
the non-neutral regime for all parameter values for which the low-quality platform makes positive
investments. In particular, investments by the low-quality platform increase the advertising revenue
earned by CPs that connect to it. Consumer surplus is also higher in the non-neutral regime in the
cases where the low-quality platform invests in quality, see Appendix C.3. This investment increases
consumer surplus for two reasons. First, an increase in the low-quality platform investment level
intensifies price competition on the consumer side resulting in lower prices. Therefore, consumers
are able to keep more of their surplus. Second, an increase in platform quality increases the value

gained by consumers who join the low-quality platform because this enhances CP quality.

Platform Profits Comparison. If the low-quality platform makes positive investments, profits
for platforms differ in both regimes. In particular, profits of the high-quality platform are higher in
the neutral regime. In this regime the platforms are maximally differentiated, and the high-quality
platform serves high-quality consumers and CPs and extracts more revenue from both due to the
resulting market power that arises from differentiation. In the non-neutral regime, the investment
by the low-quality platform results in more intense price competition on the consumer side that
reduces the high-quality platform’s overall profits. In contrast, the low-quality platform’s profits are
superior in the non-neutral regime. Note that in the neutral regime, the low-quality platform makes
revenue only on the consumer side, while in the non-neutral regime, it makes revenue from both
sides of the market. Although the investment by the low-quality platform intensifies competition
on the consumer side and reduces revenue, it enables the platform to increase the revenue from
CPs which offsets losses due to this competition. Overall, aggregate profit in the neutral regime is

higher than that in the non-neutral regime, because price competition is softer (see Appendix C.4).

Social Welfare Comparison. Adding up the previous effects, we conclude that in SPE, social
welfare in the non-neutral model is at least as high compared to that in the neutral model, see
Appendix C.1. Moreover, social welfare in the non-neutral model is strictly higher when the low-
quality platform invests. A key driver of this result is the increase of consumer surplus and CP

profits in the non-neutral regime. As an example, Figure 6 shows the welfare difference between the
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non-neutral and the neutral regimes forf = 0.6 and ¢ = 1. Since the welfare difference is driven by
the investment level of the low-quality platform in the non-neutral regime, for a fixed heterogeneity
a, the difference is increasing when 7 increases (see Section 6). On the other hand, an increase in a
results in a lower welfare difference. This again reflects the effects of heterogeneity on investments

in the low-quality platform.

Wnn— Wn

Figure 6 Welfare difference between the non-neutral and neutral regimes.

8. Conclusion
We have analyzed a model of the Internet that explicitly incorporates the competition among ISPs,
CPs and consumers. We have looked at two versions of the model that employ different contracts
between CPs and ISPs to contribute to the net neutrality debate through formal economic analysis.
We have explored the effect that the different contracts have on social welfare, platform profits, and
consumer and CP surplus. One important finding is that under our assumptions the non-neutral
model leads to higher aggregate levels of investment because the low-quality platform invests in the
non-neutral model but not in the neutral one. Contrary to qualitative arguments that are found in
the literature (Wu and Yoo 2007, Lee and Wu 2009, see, e.g.,), our results suggest that access fees—
payments by off-net CPs to ISPs in order to access consumers—could positively impact investment
incentives leading to upgrades of existing network infrastructure. Moreover, in contrast to some
results in the literature such as Economides and Tag (2007), Canon (2009), we find that social
welfare is generally superior in the non-neutral regime. This follows because the aggregate level of
investment is higher, increasing both CP and consumer surplus.

These results together suggest that price regulation could possibly be an inapt policy to increase
value in the Internet, because it could limit the investment incentives of smaller ISPs or network

providers. Low investments by these ISPs would decrease CPs and consumer utility directly through
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low QoS and indirectly through bottleneck effects. Therefore, if the goal is creating value and
having both consumers and CPs enjoy a high welfare, it is important to establish policies that
foster investments.

While our results are suggestive, our model is obviously stylized so they need to be taken with
caution. One simplifying feature of our analysis is the lack of transaction costs in the non-neutral
regime. These present new analytical challenges but are an important area to explore because they
would reduce the revenue earned by the platforms and thus likely temper (perhaps in a negative
way) the investment incentives of ISPs. Another direction of future research is the explicit modeling
of quality investment by CPs. An interesting modification would have CP quality being determined
endogenously and investigate CP incentives under both models. This extension, which would also
involve significant technical challenges, could possibly change some of our qualitative conclusions.

We leave these ideas and extensions for future research.
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Appendix A: Technical Details for the Neutral Model

A.1. A Lemma

The following lemma shows that if a platform has a higher platform quality in the neutral regime then
consumers joining it perceive it to be of a higher value.

LEMMA 1. If y, > ys, then Fi(Ya, ) > Fi(Ya, ).

Proof. After some algebraic manipulations the explicit expression for F;(yq), Yy Vo Tas rg) in terms of
average CP content quality, platform quality and the mass of content providers on both platforms is as given
below for both ¢(i) = o and ¢(i) = 5;

1
Fi(Ys(:Ya(5)» T Tas ) Z/O K [max{uij(%(i)vya(j)ﬁja Co(i) T3())> 0}} j,
=Ya(Y(ra + 1) +a(l =ra)) +ys(V(rs + 1) + a(l = ra —75)),
1
Fi(Ys(), Y305 Vs Tas T8) —/0 E [max{uij(yas(i)aya(j)a%‘vCaa(i)aTa(j))aO}} dj,
=ys(V(ra +1) +a(l = 7)) + ys(V(rs + 1) + a(l —ro —15)).
It immediately follows from above that F;(ya,-) > Fi(Ya,)- O

A.2. Candidate Equilibrium Prices for Different Markets.

Uncovered Market - ;. In this case we suppose ex ante that the market is uncovered with only the
high quality platform serving the market. We identify the equilibrium prices for this market configuration
and the conditions on (7, a, f) for which this market configuration is feasible. We first derive the best price
responses of each platform to the price set by its rival. The condition for an uncovered market where only
the high-quality platform participates in the market is given by,
w W

(g5 + ga)yﬁ = Y595 + Yala

In this configuration, both platform’s profit do not depend on wg. Thus given w,, that satisfies (w,)/(ysqs +

>5—a. (6)

Yala) >7 — a, any wg that satisfies the following condition

wg > Bwa(qcz + QB)
Y45 + Yala
is a best response by platform (. This follows from condition (6). On the other hand given wg > (7 — a)(q. +

gs)ys the best response is given by the optimal solution of the following problem

maxm* (W, wg) (7)

- ws(Ysds + Yala)

st wa € ( (7= a)(ys4p + Yada), — =—————
( Y5(¢a + a5)

From the first order conditions of (7) we infer that the best response is characterized as follows,
* . w}yz(ga+ag)
W — Wa if W = (v8a8+vada)
o ws (Y95 +vada) ifw. < wiy(2a+as)
vs(aatag) B (ypap+vada)

where w? = £(5a+7)ya — % (a—T77%)ys and is the unrestricted solution to problem 7. Denoting the equilibrium

price pair in this configuration by (wy’, wj’) we note that any price combination,

ui

W, _ Ysdp + Yala (8)
wy' Ys(ga +qs)’
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where (§ — a)(¢a¥Ya +ysqs) < wy <w?, and (¥ —a)(qa + qs)ys < wj' < %, is an equilibrium price

pair in this configuration. In addition, when w"* = w? any price combination such that,

wt =w} (9)
(Y545 + Yala)

is an equilibrium price too. It remains to specify the necessary condition for this configuration to occur. From
condition (6), configuration C; occurs only if (¥ — a)(YaGa + Ysqs) — w2 < 0. This results in the following

necessary condition,

j < 4f(ya_yﬁ)+18ya+9yﬁ (11)
a  4f(ya—ys) +6ya +3ys

A
9 x x x
X X X X X
IX X X X X
« x x x x
y x y x
wg(@atap)ys | % x x
(YaGatys95)
b x x
’LU/@ N N
)
(¥ = a)(qa + 93)yp % >
(7 - a)ypds + Yata) ¢ wl

Figure 7 The reaction correspondence of platform 5 given w. > (7 — a)(y393 + Yaqo) and the reaction curve of
platform « given wg > (7 — a). Their intersection points give the equilibrium price pairs in this market

configuration. These are depicted by the thick line.

Uncovered Market - C};. In this case we suppose ex ante that the market is uncovered with both platforms
serving the market. We first identify the equilibrium prices and then the values of (7,a) for which this
market configuration is feasible. The condition for an uncovered market in which both the high-quality and

low-quality platforms serve the market is given by,

_ wy (wo —ws)  _
¥—a< < <7 +a. (12)
(Ga+48)Ys  Ga(Yo —Yp)

The best reply functions of the respective platforms are obtained from the first order conditions of the

platforms profit functions and are given below.

0 19) =25 (g~ ) + 25— y) + 0 (13)
wﬁ(wa):lyﬁ(f(i_a)(ya_yﬁ)+9w&). (14)

6 (2ya + yﬁ)
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Note that the above functions are linear. Solving the above two simultaneous equations yields the following
unique equilibrium prices,

_ J((BY+40a)yz — (237 + a)ysya — (17a+ 77)y3) (15)
9(Ys + 8Ya) ’
4fys(F +2a)(ya — ys) '

3(Ys + 8Ya)

The reaction functions and their intersection point are shown in Figure 8. Since the market is not covered

w,

Qe

wy = (16)

the lowest quality content provider does not join the lower quality platform. Therefore a necessary condition
for the above configuration to hold is (7 — a)(ga + ¢s)ys — wj < 0. Substituting for wj the above condition

can be rewritten as,
2/ (Yo — Ys) +30ya — 3ys

< .
2f (Yo — Ys) + 18Ya + 9ys

(17)

Q[

(7 — a)ys

\J

Qe

(7 - a)(qqya + Qﬂyﬁ) w e

Figure 8  The reaction curve of platform 3 given w. > (¥ — a)(y393 + Yaqa) and the reaction curve of platform

a given ws > (ga +qp) (7 — a)yp intersect at the price pair (wj, wy,).

Covered market- C;;;. We now suppose ez ante that the market is covered with both platforms serving
the market. We again identify the equilibrium prices and then the values of (7,a) for which this market
configuration is feasible. Proceeding as we did in the previous market configurations, to derive the equilibrium
prices, we first derive best response prices of each platform to the price set by the other platform. The
condition for a covered market in which both the high-quality and low-quality platforms serve the market is
w Wo — W

(40 + Zﬁ)yﬁ =7 q(a(ya - ;ﬁ))

The first order conditions associated with the profit functions for both platforms yield the following best

<7 +a. (18)

reply functions,

0o (105) = (v~ 95) (3 /T 0) = 2 55— a)) + s

3 2
S Wa—ys)(5f(a=7) = 55 2T —a)) + 3wa if wa <w
ws(wa) = {(7— a)(qa +q5)Ys if wa 2wy,

where w}, = ya(§£*(a=7) + 5/ (T +a) ~ys(3/*(a = 7) + §£ (50— 7).
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Interior Solution. From the above best response functions we get the following unique equilibrium prices

in the case of an interior solution.

W =0~ )= (T (7~ 0) ~ 6(3a—7)), (19)
W = — 5) = f (17— @) + (30~ 7). (20)

A market is covered with an interior solution in the price subgame if the price charged by the lower quality
platform is lower than the value derived by the lowest quality content provider, i.e., (¥ —a)(qa +¢5)ys — wf,i >
0. In this market configuration the lowest quality content provider prefers the lowest quality platform,
otherwise we have a preempted market. Moreover, the lowest-quality content provider’s net utility must also

be positive. Thus the following condition has to hold in equilibrium,

(T = a)(qa + q5)ys — wi > max{ws — (¥ —a)(ysqs + Yaga), 0}.

By plugging the equilibrium prices in (19) and (20) into the above inequality, we obtain the following
necessary conditions on the tuple (y,,ys,7,a) for this configuration to exist.

2f (Yo — ys) + 18ya + Yz <= 5f+18
2f (Yo — yp) + 6ya +21ys 5f+6°

Corner solution. We denote the content provider market to be covered with a corner solution in the price

(21)

wg

(7 —a)(qa + 45)ys

We wci *

2f(ya—y3)+18ya+9ys <
2f(ya—yp)+6ya-+21yg)

curves intersect at (w§, wg').

g < 51418 These

Figure 9 The best response functions of platform 5 and « given 2776

subgame if the lower quality platform quotes a price that is just sufficient so that the lowest quality content
provider joins the platform. In this case, a corner solution occurs and we have the following price charged
by platform g,

wi = (¥ = a)(¢a + qs)Ys- (22)
From the first order conditions of the high quality profit function we deduce that the equilibrium price is
given by,

wee = %(félf(a —7) +6(a—7))ya + 1—18(4f(7— a+3(Y—5a))ys. (23)
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For configuration Cy;; to occur with a corner solution the following three conditions need to hold,

cc

(¥ = a)(ga + 45)ys — w5 >T — a)(Ysqs + Yala) — W,

w§ 2(3 — a)(¢a +4s)Ys, (24)
wi (Y= a)(qa + ¢5)Ys- (25)

The above inequalities yield the following necessary and sufficient conditions on 7%,y,,ys for the above

equilibrium prices to yield Configuration C;;;,

2f(ya _ yﬁ) + 3Oya — 3y5 < j < min { Qf(ya - yﬁ) + 18ya + gyﬁ 4f(ya - yﬁ) + 18ya - 9yl3 } ) (26)
2F (Yo —ys) + 18ya+ 9y —a 2f (Yo = Y5) +6Ya +21ys" 4f (Yo — Ys) + 6ya + 3ys

wp

(7 — a)(qa + 43)Ys5

Wi

\

Wey

Figure 10 The best response functions of platform 5 and « given

2f(ya—yp)+30ya —3ys 5 . 2f(ya—y3)+18ya+9ys 4f(ya—vg)+18ya —9ygs . cc . cc
<X . .
2T (W —v3) 1800 T = a = 0\ 350y =) 57 6y0 1210y 47 (Wa—vp)+6va 135 These curves intersect at (w§°, wg’)

Covered Preempted market Cry .

In this case we suppose ez ante that the market is covered with only the high quality platform serving the
market. We identify the equilibrium prices for this market configuration and derive the best price responses
of each platform in the usual way. The condition for a covered market where only the high-quality platform

participates in the market is,
(Y — ) (Y595 + Yada) — wa = max{0, (Y — a)(¢a + 4s)ys — ws}. (27)
The profit functions for platforms o and 3 given y, and ys are

fQW(ya - yﬁ) + Wa, (28)

F(ya —yp). (29)
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We note that in this configuration, given w,,, platform (’s profit does not depend on w,,. Thus any ws that
meets the condition specified by (27) is a best response. Given wg, it follows from the condition specified by

(27) and the first order conditions of (28), that

o — {w ~0)(@avata5s) i wp > (T~ 0) (a0 +45)u, (30)

(T = a)qa(Ya —yp) +wp  if wg < (T —a)(qa +qs)Ys-

Thus the above characterizes the price equilibrium combinations for configuration C7y .

X X x X
x x x
X x x x
wg
x X X
x x X x

(3 — a)(¢a + 45)y5 - T a7~ @) (Y — yp) — wa

(¥ — a)(ys4p + Yada)

v

We

Figure 11 The reaction correspondence of platform (3 given w. < (7 —a)(yggs + yaga) and the reaction curve

of platform o given wg. Their intersection points give the equilibrium price pairs in this market configuration.

These are depicted by the thick line.

A.3. Nash Equilibrium in the Price Subgame

In this section, we show the existence of pure strategy Nash equilibrium in the price-subgame. We look at
the equilibrium price pairs derived in the pervious section and determine if they are best replies across all
the configurations. We characterize the price subgame equilibria in terms of the tuple (7,a, f,v.,ys) and
give the conditions for their existence. Specifically, we give the conditions for these price equilibria to yield
their corresponding market configurations.

We show that the uncovered market configuration, (Cy), does not occur at a subgame price equilibrium.
We then show that market configurations Cr;, Crrr and Chy exist. In doing so, we determine the set of
parametric values (7, Y,,ys,a) for which these different configurations exist and characterize the prices in
each configuration using the same parameters.

In the remaining part of this section, we show that configuration C; does not exist while C;;, C;;; and Cry
exist. We also give the conditions for their existence given the tuple (7,a, f, ya,ys) and their accompanying

equilibrium prices.

LEMMA 2. Any equilibrium price pair (wgi,wgi) € Ry is not a pure strategy Nash equilibrium in the price

subgame.
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Proof. We assume to arrive at a contradiction that their exists a pair of equilibrium prices (wgi,wgi) eR;
that are a pure strategy Nash equilibrium in the price subgame. To prove our Lemma we show that given a
subgame (7, a, f,ya,ys) such that condition in (11) is met, the prices in the pair (wj’, wy’) are not best reply
pairs on the whole domain of strategies, i.e, there exists for at least one platform the incentive to deviate to
a price that will yield a different configuration and higher profits. In particular, we show that w’[;i does not,
beat all price strategies in the projection of R;; | JR 1 |JRrv against w®i.

As shown in section A.2 there are two possible characterizations for the equilibrium price pair that holds
if configuration C; is exogenously imposed. We show that prices satisfying both characterizations are not

best reply pairs on the whole domain.

Case I. Equilibrium price pair (wy',wg') in (9) and (10).

As previously discussed in section A.2, the above price characterizations yield configuration C; only if
the condition in (11) is met. We denote the profit for platform $ under the price pair (w2’,wj’) as " and
that under the pair (wy’,Ws) as Tz. We also denote the difference between the two profits, " — 75, as
d(7%). Let 7* denote the upper bound value of v such that configuration C; is possible. We now show that

there exists configurations with price pairs (w4’ ws) such that 7j <74 for 7 <7*, which implies that these

ui
«a

price characterization cannot be a subgame equilibrium. For this purpose we fix w** and consider profits of
platform [ under configurations C;;; and Cfiy .

Let w5 = (7 — a)(¢a + 95)ys, then configuration C;;; will arise whenever ¥** < F < ¥*, where 7** =
(a(4f (Yo —ys) +33ys — 6Ya))/(4f (Yo — ys) + 6Ys + 3ys). The function d(7) is convex since 92d(¥y)/9*(7) > 0.
Moreover, d(¥) has two roots:

4f (Yo —ys) + 18ya +9ys
4f (Yo —Ys) + 6Ya + 3ys

It follows that whenever 7, <7 < 7* then d(¥) < 0. This implies that platform 3 would prefer to deviate

Ti=a , and 7,=a.

to a covered market with a corner solution. However, this configuration is possible for all values of 7 > a
when ¥** <7,. And this occurs when y,/ys > 5/2. So we now proceed to show that when y,/ys < 5/2 that
platform [ would prefer to deviate to configuration Cy, where all masses of CPs join it.

Let w5 = (7 — a)(qa + ¢s5)ys and consider the case when y,/ys < 5/2. It follows that ¥** > a, so for
a <7 <7** a covered preempted market results. The difference d(7) under this configuration is convex since
02d(7)/0*5 > 0. The roots of d(¥) are r1 * and a. Moreover, r1 >7** whenever 1 <y, /ys <9/f + 1. Since
5/2<9/f+1for fe(0,1]) platform § prefers to deviate to configuration Cry whenever y,/ys <5/2.

Case I1. Equilibrium price pair (wi', wj') in (8).

We show that if platform 3 picks the price Ws = (¥ — a)(qa + qs)ys then it makes a higher profit in the
resulting configuration. We denote the profit of platform 3 under the price pair (wi',wj’) as " and that
under the price pair (w*,Ws) as T 5. Note that when platform (3 picks the price w5 the market becomes covered
and configuration Cr;; emerges. The function 7, — 7, = d(w®*) is increasing in w** since dd(w™)/Ow™* > 0.

Moreover, it has a single root at w™ = (¥ — a)(yaga +ysqs). Thus for given any w*’ > w** platform § would

3 The root r1 can be expressed as a(4y§f2 +4f%y2 +3fyays +216yays — 8f yays + 108y§ + 3fy§ —6fya)/f/(4fya +
6y2 — 3Yays — 8fyays +4fy5 — 3y3).
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prefer to deviate to price Ws. Therefore an equilibrium price pair (wj*,wg’) for which the characterization
in (10) holds is not a subgame Nash equilibrium. O
We now show that the equilibrium price pair characterized for configuration C;; in Section A.2 is a subgame

equilibrium price pair and give the conditions on %, a yz, and y, for this to hold.

LEMMA 3. Given a tuple (7,a, f,ya,ys), there exists a unique equilibrium price pair (w},wj) € Ry only
if
j < 2f(ya - yﬁ) + 30ya B 3yﬁ
a 2f(ya_yﬁ)+18ya+9yﬁ

Proof. From section A.2 we know that the prices in the pair (w(,w}) are unique and mutual best replies in

1<

the restricted domain R;;; which corresponds to the market configuration C;;. Therefore this price pair is
our only candidate for the price equilibrium that falls in R;;. To show that the candidate pair (wy,wj) is a
price subgame equilibrium, we need to show that the prices in these pair are also mutual best replies on the
whole domain of strategies, i.e, given price w!, platform [ does not have an incentive to change to price wg
which will result in another configuration and a higher profit. Formally, we have to show that wj beats any
strategy wg in the projection R; U R;;; U Ry against w! and vice versa. We denote the equilibrium price
candidate (wy,wy) as (w},w}).

We first fix wj and show that platform « has no incentive to deviate to any price W, in any configuration.
We denote the profit under the price pair (w},w}) as 7, and that under the pair (., w}) as T,. We denote
the difference 7 — 7, as d(7).

1. Platform o has no incentive to deviate to configuration Cr. We find platform o's best reply given wj
under market configuration C; and show that the profit realized is less than that under configuration C;;
at price w}. Let w, be the best reply of platform under configuration C;. It is given as the solution to the

following maximization problem,

max T (Wa,w)),

W5 qaYa + dsYp

s.t. w, <
Ys  Gatgs

The constraint in the above problem arises from the necessary conditions expressed in (6) for market con-
figuration C; to hold. The profit function 7, is concave in w, since 9?7, (wy)/0%w, < 0. The unconstrained
optimal solution to the above maximization problem is lager than the constraint. Therefore the constraint
binds and it is the best reply.
We now compare the two profits under both configurations. After evaluating the difference d(¥) =77 — T4,
we obtain that d(¥) is a convex function in 7, because, 9d(5)/9%y > 0. In addition, d(5) > 0 since d(7) is a
quadratic function in 7 with a single root at (a4(1+ f)ya + 2+ f)ys)/(4(f — )ya + (f —2)ys). Therefore,
given wj platform « has no incentive to deviate to a price w, that would result in configuration Cf.

2. Platform o cannot deviate to configuration Cyr;. Form section A.2 we know that wj is defined only if
the condition in (17) is satisfied. This implies that wj > (7 — a)(qa + ¢s)ys. Therefore, it is not possible to
have a covered market with content providers patronizing the two platforms when platform (’s price is fixed

at Wg.
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3. Platform « has no incentive to deviate to configuration Cry. We proceed in a similar manner to the
first case. We find platform o's best reply given wj under market configuration Cry and show that the profit
realized is less than that under configuration C;; at price w}. Let w, be the best reply of platform under

configuration Cpy . It is given as the solution to the following maximization problem
max 7, (W, ws),
s.b. Wo < (V= a)¢aYa + qsYs

Since T, is linear and increasing in w,, the constraint binds and is the best response. Under this price d(¥)
is a convex function in 7, because 9%d(y)/9%y > 0. The function d(¥) has two roots 7, and 7,, these have
been defined in the proof of the previous Lemma. Since configuration C;; is defined outside these two roots
it follows that d(¥) is positive. Therefore, platform « has no incentive to deviate to configuration Ciy .

We now fix w} and show that platform 3 has no incentive to deviate to any price Wz that will yield another
configuration. We denote the profit of platform § under the price pair (w},w}) as 75 and that under the
pair (Wg, w},) as Ts. We denote the difference 7, — 75 by d(7).

1. Platform [ has no incentive to deviate to configuration C;. We proceed in a similar fashion to the
previous parts. We find platform ('s best reply given w under market configuration C; and show that the
profit realized is less than that under configuration Cr; at price wj. Let ws be the best reply of platform

under configuration C;. It is given as the solution to the following maximization problem,

max (W}, ws),
S WaYs(da +s)
T Ga¥Ya 1t 48Ys

The constraint in the above problem arises from the necessary conditions expressed in (6) for market con-

Bzﬂﬁ(wﬁ)
a2wﬁ

one can show that the optimal solution is at the boundary since the constraint binds.

s.t. wg

figuration C; to hold. The profit function 74 is concave in wg since the > 0. Through computation

02d(3)
» 52 (7)

a(4ya+4fya+2us+rfyg —
FvatTos—Aya—Ty) " Therefore, for all 5

the difference d(¥) > 0. Thus given w?, platform ( has no incentive to deviate to a price that results in C;.

We now compare the two profits. The difference, d(7), is a convex function in 7, because > 0. Moreover,

this function is a quadratic function in 7 with a single root at v =

2. Platform [ has no incentive to deviate to configuration Crrr. We show that platform [ makes more
profit under configuration C;; than if it changed its price and deviated to configuration C;;;. Let Wz be the

best response price under configuration Crrr given w. It is defined below,

Wz =argmax (W), wg),

s.t. ws < (Y —a)(¢a +4s)Ys- (31)
2
The above profit function is concave in wg since 22—;2‘; < 0. Moreover one can show through computation

that the constraint in problem (31) binds at the optimum. We now compare profits under C;; and those

resulting in C;; under the deviation price Wg. The difference in profits given by d(7¥) is a convex function in

82d(7) 2f(ya—yp)+30ya —3ys
22(%) 3 F(ya ) Fi8yaToy, therefore

d(¥) > 0. Thus given w?, platform 3 has no incentive to deviate to a price that results in configuration Cy;;

¥, because > 0. In addition, the function d(7¥) has a single root at ¥ =a
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3. Platform [ has no incentive to deviate to configuration Cry. If platform § chooses to deviate to a
configuration where all CPs subscribe to it, the best price it can offer is given by Ws = w? + (k+ a)qa(Ys — Ya )-
Platform [ has no incentive to deviate in this case. Therefore we consider cases where Wy is positive.
Proceeding in a similar manner to the previous cases we can show that d(7) > 0 for 7 > a. This implies that
platform [ has no incentive to deviate to configuration Ciy .

O

We have shown that the equilibrium price pair (wj,w}) for which condition (17) holds is a pure strategy
Nash Equilibrium in the price subgame. We next show that configuration C;; with a corner solution exists

and give both the necessary and sufficient conditions under which this configuration exists.

LEMMA 4. Let Assumption 1 hold. Given a tuple (7,a, f,Ya,Yp), there exists a unique equilibrium price
pair (W}, ws) € Ry such that wi = (¥ — a)(qa +qs)ys only if
2f (Yo —ys) +30ya =3ys 7 _ . { 2f(Ya — ¥s5) + 18Ya + s Af (Yo — ¥s) + 18ya — s }
2f(ya—ys) +18ya+9ys ~ a ~ 2f (Yo —y5) +6ya +21ys” 4f (Yo — Ys) + 6Ya + 3ys

Proof. In Section A.2 we determined that the prices, in the unique equilibrium pair (wg, w§’), are unique and

mutual best replies in the restricted domain R;;; if a covered market configuration with a corner solution*
was assumed. Thus this price pair is our only price subgame equilibrium candidate.

Since our only candidate pair is (wg®, w§), we need to show that the prices in these pair are also mutual
best replies on the whole domain of strategies, i.e, given price w, platform § does not have an incentive to
change to price ws which will result in another configuration and a higher profit. We show that w§® beats any
strategy wp in the projection Ry U R;r U Rry against wg” and vice versa. We denote w}, = wg® and wj = wg'.

We first fix wj and show that given this price, platform « has no incentive to deviate to a price that
would result in configuration C7, C;; or C1yy. We note that under the price wy it is not possible to have the
uncovered configurations C; or Cy; since all content providers have an incentive to participate. So we only
look at the possibility of deviating to configuration Cr. We denote the profit under the price pair (w},w})
as 77, and that under the pair (W,,w}) as 7. We denote the difference 7 —7,, as d(7).

1. Platform « has no incentive to deviate to configuration Cry. We find platform o's best reply given wj
under market configuration C;y and show that the profit realized is less than that under configuration C;;;

at price w}. Let W, be the best reply of platform under configuration Cyy . It is given by,
Wo = argmax o (W, ws),
S.t. We S (7 - a)Qaya + 45Ys-

The constraint in the above problem arises from the necessary condition expressed in (27) for market con-
figuration C'y to hold. The profit function 7, is linear and increasing in w,. Therefore the constraint binds
and it is the best reply. We now compare profit at the price pair (w},,w}) in configuration Cy;; to that under
the pair (W,,w}) in configuration C;y . The difference in profits is given by d(¥) which is a convex function
a;d((%) > 0.5 Moreover, d(7) has a single root at v = a(:}cgzizgiészi}jzﬂ)’ therefore d(¥) > 0.
Consequently platform o« has no incentive to deviate to configuration Cry-.

in 7 because

4 . . * —
A corner solution refers to the instance when wj = (7 — a)(ga + ¢5)ys-

2
°5E) > (216a(ya — y6)) T (= (Yo — ¥8)*16° + (ya — ¥5)*32f° + (12yays + 84y2 — 15y3) ).
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We now fix w and show that platform § has no incentive to deviate to any price wgz. We note that it is not

possible for platform ( to come up with prices which will result in configuration C;y where all CP’s flock

2f(ya—yp)+18ya+9ys 4f(ya—vz)+18ya—9ygs
2f(Ya—yg)+6ya+2lys’ 4f(ya—yg)+6ya-+3yg

. We denote the profit of platform 3 under the price

to platform «, because w, is defined only for 7 < min{ }, where as

2f(ya—vyg)+18ya+9ys
2f(Ya—vyg)+6ya+2lyg

pair (w},,wp) as 75 and that under the pair (wg,w}) as 73. We denote the difference 7 — 75 as d(7).

configuration Cry results only if 7 >

1. Platform B has no incentive to deviate to configuration Cr We show that the best response given w?,
such that configuration C; emerges, will yield a lower profit. Let ws; denote the best response under C; given

w?. It is given by,

Wz =argmax mz(w’,wg),
o Walda +4s)Ys

s.t. wg =
45Yp + 4aYa

For this configuration to occur we need the condition in (6) to be satisfied hence the constraint in the above

maximization problem. Since w4 is independent of ws we have the best response satisfying the constraint

9%d(%)

T2y < 0. Moreover,

inequality i.e., Wz > %. The function d(7) is a concave function in 7, because

d(¥) has two roots at
a(4f (Yo = ys) + 18y — 9ys)
4 (Yo = Yp) + 6ya + 3ys

Thus for all y; <7 <2, we have d(3) > 0. In Section A.2 the equilibrium pair (wg, w§°) is defined only if

n1=a and 7=

3 € [y1,72]- Therefore platform (8 has no incentive to deviate to a price that results in Cj.
2. Platform B has no incentive to deviate to configuration Crr. This follows from the fact that the maxi-

mization problem given below has no solution.

Wy =argmax s (W, wg),
s.t. wg > (Y — a)(qa + ¢5)Ys-

We note that the supremum to the this problem is given by Ws = (¥ — a)(¢s + ¢s)ys- Therefore any price wg
satisfying the maximization constraint will yield a lower profit.
3. Platform [ has no incentive to deviate to configuration Cry. If platform § chooses to deviate to a

configuration where all CPs subscribe to it, the best price it can offer is denoted by w4 and is given by,

Ws =argmax ms(w), ws),

s.t. wg <wl 4+ (T4 a)qa(Ys — Ya)-

The profit function is increasing in wg, therefore the constraint binds and we have Wy = w’ + (k+ a)q. (ys —

Ya)." The difference d() between the profits under the price pair (w},w}) in configuration C;;; and that

©02d(y)/0*(§) < 92d(V)/0*(7) < (F(=12y2 — 108y ya — 33y5 — 90usy2 — 48Fy2ys +3Fyayh +4fye + 411y} +8y2f* +
4y S~ —12ya f7yp))/ (108a(ya — y5) (2ya + ys))-

" The constraint directly arises from the utility maximization by the CPs. In particular, all CPs have to prefer joining
the low quality platforms including those with highest quality (7 + a).
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9t+f
!

8

under price pair (w,Ws) in configuration C}y is concave whenever y, < yg and convex vice versa.

Moreover, d(¥) has two roots at

_ B Nye+ (124 flya) o al(15—4F)ys + (=6 +4f)ya)
" (=9~ F)ys + fya) T (CA ¥ 3)ys + (61 4)ya)

One can show that when y, < yﬁ% the interval in which configuration C7;; is defined lies between the

(32)

interval defined by the two roots. Since in this case d(7) is concave the difference is positive implying that
platform S has no incentive to deviate. In the case where For the region in which configuration Cj;; is

defined d(7¥) > 0 since previous cases we can show that d(3) > 0 for 7 > a. This implies that platform g has

ots
!

is convex and configuration Cy;; is defined only for positive 5 we have that platform 3 has no incentive to

no incentive to deviate. In the case when y, > ys the roots given by (32) above are negative. Since d(7)

deviate.
O
We now show that configuration C;; with an interior solution exists and give both the necessary conditions

under which this configuration exists.

LEMMA 5. Given a tuple (7,a, f,ya,Yys), there exists a unique equilibrium price pair (w},,wj) € Ry such
that wj < (Y — a)(qa + qs)ys only if

2f(ya _yﬁ)+9yﬁ+18ya j 5f+18
2f (Yo —Ys) +6yo +21lys a  5f+6"

Proof. We follow the same line of proof applied in the previous two lemmas. From section A.2, we know
that the prices in the pair (w¢',w§) are unique and mutual best replies in the restricted domain R;;; if a
covered market configuration was assumed and an interior solution resulted.® Thus this price pair is our only
candidate for the price equilibrium pair that falls in R;;; (with an interior solution). Moreover, it is also
shown in the same section that for (wg,w§') to be in Ry, it is necessary and sufficient that the condition
expressed in (21) holds.

We now show that the prices in the equilibrium price pair (wg,w§) are also mutual best replies on the
whole domain of strategies, i.e, given price w, platform  does not have an incentive to change to price wWg
which will result in another configuration and a higher profit, and vice versa. Formally, we show that w§
beats any strategy wgs in the projection R; U R;; U Ryy against we and vice versa.

We first fix wj; = wg and show that platform « has no incentive to deviate to any price w,. We note
that it is not possible for platform a to come up with prices which will result in either configuration C; or
Ci; because wj < (§ — a)(qa + qs)ys.'® We therefore check to see if platform a deviates to a covered but
preempted market, i.e, configuration Cr. We denote the profit of platform « under the price pair (w},w})

as m, and that under the pair (@,,w};) as T.. We denote the difference 7, — 7, as d(7).

®02d(7) /677 = (3315 — 27Ty5 — 8ya f2ys + 6y — 54yays — 39y fys +4ya f* +4y5 /) f)/(108(a(ya —ys)))-
? An interior solution refers to the instance when wj < (¥ — a)(¢a + q3)ys-

10 The fact that wj is an interior solution implies a covered market will result for any value ..
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1. Platform « has no incentive to deviate to configuration Cry . If platform « chooses to deviate to a

configuration where all CPs subscribe to it, the best price it can offer is denoted by w, and is given by,

Wo =argmax o (Wa, w}),

8.t Wo < (¥ — @) (Yo — Yp) + wg.

The constraint in the above maximization problem reflects the fact that all content providers should prefer

platform a to platform  for configuration Cjy to occur. Since m, is linear and increasing in w,, W, =

2%d(%)
G

. Thus for all values of 7, the following inequality holds, d(¥) > 0. Consequently

(¥ — a)qa (Yo —ys) +w}. Under this price d(7) is a convex function in 7, because > 0."* Moreover d(7)

5f+18
5/+6

has a single root at y =a
platform « has no incentive to deviate to configuration Cjy .

We now fix w = w< and show that platform 3 has no incentive to deviate to any price Wg in any other
configuration. We denote the profit of platform § under the price pair (w},w}) as 75 and that under the
pair (Ws,w},) as Tg. We denote the difference 75 — 75 as d(7).

1. Platform [ has no incentive to deviate to configuration C;. We show that the best response given w;,
such that configuration C; emerges, will yield a lower profit. Let ws; denote the best response under C; given

wr. It is given by,

Wz =argmax ms(w’, wg),

s.t. wg > .
(@aYa +Ysq5)

For this configuration to occur the lowest quality content provider should not join platform «, which implies

7f(ya—yp)+36ya —9ys

77 (ve—v5) T 1290 TT0u;° WO
2f(ya—yp)+18ya+9ys
2f(ya—yg)+6ya+21lyg "

We denote this upper bound by 4. Therefore, configuration Cry can occur only if 4 <7 < 4. The function

9%d(¥)
» 2()

w, > (¥ —a)(gaYa + qpys)- This implies that the configuration is possible only if Z <

denote this bound by 4. Moreover, from section A.2 we know that w?, is defined only if g >

d(7%) is a convex function in 7, because > 0.12 Moreover d(¥) has two roots at v; and 7,. These are

given explicitly below,

a(Q(f,ys) + \/ (812 + 216+ 96 )y + 36(18 43 + 6123 — 6y f2ys + 36ya fyi))
((36 =30f +67f2)ys + (8f2+ 72+ 48f)ya) ’

a(Q(f,ya) + /(857 +216 + 96 )y — 36(185y3 + 67y — 6 f2ys + 36y..fys))
((36 —=30f +67f2)y, + (812 + 72+ 48f)ya) '

where Q(f,ys) = (67f2+102f +108)ys. Thus for 7 < 75, we have d(7) > 0. It is also the case that v, >3 >4

1= (33)

Y2 = (34)

when Z—; < %. Therefore for z—; < f—‘;g platform 3 has no incentive to deviate. For Z—; > % , ¥ <4 which
implies that configuration C;y is not possible. Thus given w?, platform $ has no incentive to deviate to a

price that results in Cjy .

02d(¥y

H @2(%) = 4816a (6+ 5f)2(y04 - yﬁ)f'

12 82d(F) _ (Wa—yp)f((36—30f+67f2)ys+(8f2+72+48f)ya)
2F) 186(y5+2ya)a :
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2. Platform (8 has no incentive to deviate to configuration Cry. For this configuration to occur the lowest
quality content provider should not join platform (3, which implies ws > (7 — a)(qa + ¢5)ys. Therefore,

platform [’s best price under this configuration is formally given by,

Wz =argmax (W, wg),
s.t. wg > (¥ — a)(qa + ¢5) Y-

The profit function 74 is concave in wsz. An interior solution to the above maximization problem exists only

if W5 > (7 —a)(qa + qs)ys. One can show that this happens only if 7 < § where ¥ = a(fg}c((:::zi’;)tizzt;izz))
5418

But configuration C;;; with an interior solution is only defined for 4 <7 < vl Since 4 >, a maximum

does not exist and the supremum of the profit function under this configuration is that given under the price

Ws = (¥ —a)(qa +4q5)ys. The function d(¥), under this price, is a convex function of 7, because 2dm) 5, 9,13

52(7)
Moreover, d(77) has a single root at 4. Therefore d(5) >0 for all § < 2 < %. This implies that given w,

platform [ has no incentive to deviate to a price that results in configuration Cy;.

3. Platform [ has no incentive to deviate to configuration Cyy where all CPs migrate to platform «. For
this configuration to occur the lowest quality content provider should not join platform [ but platform
«. This implies ws > (¥ — a)(ys — yo) + w. Therefore, platform (’s best price under this configuration is
formally given by,

W =argmax mg(w, wg),
s.t. ws = (7= a)(ys — ya) + g
9%d() () 15

22(%)
Therefore d(7) > 0 for all 7, and in particular when 7 > 4. This

For this configuration to occur 7 > 7.'* The function d(¥) is a convex function of 7, because

5f+18
5/46) "

implies that given w¥, platform g has no incentive to deviate to a price that results in configuration C7y .

Moreover, d(¥) has a single root at a

4. Platform B has no incentive to deviate to configuration Cry where all CPs migrate to platform 3.
For this configuration to occur the highest quality content provider should join platform ( . This implies

wg < (F+ a)(ys — Yo ) + w,. Therefore, platform (s best price under this configuration is formally given by,
W =argmax mg(w, wg),
st ws < (Y —a)(ys — Ya) + w5
2%d(7) 518

92(¥) 5/+6)
Therefore d(3) > 0 for all 7, and in particular when this configuration occurs. This implies that given w?,

> 0. Moreover, d(7) has a single root at a

The function d(7¥) is a convex function of 7, because

platform [ has no incentive to deviate to a price that results in configuration Ciy .
O
We finally show that configuration Cjy exists. We give the necessary conditions for its existence together

with the possible price characterizations in this configuration.
13 02d(w) _ ((F43)((F+3/2)2—=63/4))2y3+((f+3)((f+3/2)%—63/1)yays+4f> (F+3)%y2)
92(7) 486fa(ya—vg) :

1 1f ¥ < 4 then we cannot have a covered market where all CP’s patronize platform .

5 0%d(5)/0*y = (25f% 4 60 + 36) (ya — ys) f /486a.
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LEMMA 6. Given a tuple (7,a, f,Ya,ys), there exists an equilibrium price pair (w},, wj) € Ry such that

Lowy > (7 —a)ys, wi = (T —a)(asys + qala) only if,

4f (Yo — 18y, +9 9
S (o = yo) + 18y + 95 0 [
4f (Yo — ys) + 6Ya + 3ys f

2. wy = (7 —a)ys, w, = (T~ a)(@sys + daYa) only if,

4F(yo — 18y, — 9 9
S (Yo —ys) + 18y — ys andya2f+ v,
4f (Yo — Ys) + 6Ya + 3ys f

3wy =(F—a)ys — (T —a)ys, w, = 5(7 — a)(qsYs + qa¥Ya) — (T — a)ys only if,

7
- > .
= Yp

T>
a

¥ A4f(ya — 18y0 —9ys — 9
T 4o = ys) + 18y — 9ys — Iysc and g > 105 — 9cys,
a 4f(ya - yﬁ) + Gya + 3yﬁ - gyﬁc
9-9
where 0 < c<1 and y, > %yﬁ.
4wy =0, w;, =37 —a)(ya — ys) only 7,
94+2f 7
— < =<
312f ~a ">

Proof. From section A.2, the condition in (30) characterizes the equilibrium price pairs that exist if configu-
ration Cy is exogenously assumed. We show a subset of this characterization is a subgame Nash equilibrium

for the range of values of 7 stated in the Lemma.

Proving case 1 : wj > (Y —a)(qa + 48)ys, Wi = (T — a)(4sYs + ala)-

Let (w},w}) be a price pair that satisfies the condition in 30 where wj > (7 — a)(qa + q5)ys. We fix w,
and check whether platform ( has an incentive to deviate to configuration C;;;. Note that this is the only
configuration that platform S can deviate too; since w* = (§ — a)(¢a¥a + ¢sys) the lowest quality content
provider will join at least one platform. Thus platform [ can only deviate to a covered market configuration.

We denote the profit of platform 3 under the price pair (w},w}) as 7 and that under the pair (g, w,)
as Tg. We denote the profit difference 73 — 74 as d(7). Platform  maximizes its profit function to find the
best price ws that will yield configuration Cp;; given the tuple (y,,ys,7,a). The maximization problem has

a constraint which ensures that the price is less than the value gained by the lowest quality CP.
Let Wz =argmax mg(w, wg),
s.t. 0<ws < (V= a)(¢a +4s)ys-

It follows that 0 <Ws < (7 — a)(qa + ¢s)yp only if 7> a and 7;—; < %. Consequently, market configuration
Crrr is possible with this price only if Z—Z < # since we assume in the problem formulation that 7 > a.

Under the price ws the function d(¥) is a concave function of 7, because a;;_g)) < 0.'® Moreover, d(y) has

a single root a. Therefore for all 7% > a and y, < yﬁ% platform @ will deviate to configuration Crrr. This
suggests that we potentially could have a preempted solution when y, > yﬁf—}rg.

We fix wj; and check whether platform a has an incentive to deviate to configuration C; or C;; when %.

We only consider those two configurations because configuration Cp;; is not possible given wj > (7 — 1yg.

100%d(7)/0°7 = (=yaf + 9+ f)ys)* f/(216a(ya — ys))-
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We denote the profit of platform « under the price pair (w},w};) as 7, and that under the pair (W,,w}) as

To. We denote the difference 7% — 7, as d(7).

Let W, =argmax m,(wj, w,),
s.t. w, <w;(7qﬁyﬁ+%ya )
(qa + qﬁ)yﬁ

Let w," be the interior solution. It follows that this solution exists whenever wj; > %. We denote

this bound by wj*. Therefore an interior solution wy" results in market configuration C; only if wj > wg* >

_ . e a(4f(ya—vs)+18va+9y5) .
(¥ — a)(qa + 95)ys. One can show that this occurs only if 7 < (4f(zaizg)+6yz+3y?;§ . We denote this bound as

02d(5)
92(%)
a single root at 7. Therefore, for all ¥ <7¥* platform @ will deviate to configuration C;.

~*. The function d(¥) under this price is a concave function of 7, because < 0. '7 Moreover d(7) has

wz% (vgap+aaya) _ We

We now investigate the case when wj € (¥ —a)(qa +qs)ys, ws"). In this case W, = va(@oFan)

denote the difference 7, — 7, as d(w}).. This difference is convex in wj since a;d((%) = q"‘y‘l’;;ﬁ Y8 > (.. This
difference has two roots at r; and ry.'® Whenever wj € (r1,72) platform a has an incentive to deviate.
It follows that this occurs whenever ro > r1 which in turn results whenever 7 <7%". Therefore if wj €
(7 = a)(qa +q5)ys,w5") , which occurs only if 7 <7* platform a has an incentive to deviate. This implies
that there is a potential for a preempted market if 7 > 7*.

We now check whether there is an incentive for platform to deviate to configuration C;; or C;;; where r, €

(0,1). This can occur whenever wj € (7 — a)(qa +q5)ys,2/9(—7(2f +3) +a(2f — 3))(Ya — ys) f]. Moreover,

(4f(ya—yp)+18ya—9y3)
(4f(ya—vyp)+6ya+3yg)

incentive to deviate to whenever the former applies since d(@}) > 0 is positive in this range.

this interval is non-empty whenever Z < This implies that platform o would have an
Putting all the above results together implies that configuration Cry with the price pair given above is

possible only if 7 > 7*.

Proving case 2: wi = (3 — a)ys, wi = 5(7 — a)(qsYs + daYa)

The first part of the proof where we fix w} and check whether platform 3 has an incentive to deviate to
configuration C7;; is exactly the same as in the previous case. We fix wj and check whether platform a has
an incentive to deviate to configuration C;;; when Z—Z > #. We only consider these configuration because
configuration C; and C;; are not possible given wj = (¥ — a)(qa + q5)ys-

We denote the profit of platform o under the price pair (w},w}) as 75 and that under the pair (@, w})

as T,. We denote the difference 7% — 7, as d(7).
Let W, =argmax m, (W}, w,),
s.t. wa > (Y — a)(45Y5 + Ga¥a)-

It follows that w, exists whenever 7 <7*. It is also the case that function d(¥) is a concave function of 7,

2 =
because aa;i((%) < 0.'% Moreover, d(7) has a single root 7*. Therefore for all 7 #%* platform § will deviate
17 02d(y) _ —(36y2+16y2 f2+48y2 f—24ya fyp—32ya f2ys+36ygya+9u5+16f2y3—24fy3)

22(%) 108fa(2yatyp) ’

— Fyg((2f(F—a)+3a)yg+(2f(a—F+6a)ya))

18 T = (7 - a)(qa +Qﬁ)yﬁ7 and r2 = % = = Zyziyﬁ . . .
19 92d(3) _ —1(Waf—(9+up)*f

92(7) 216a(ya—yg)
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to configuration C;;;. In particular, when 7 < F* platform a will always deviate since configuration Cy;; is

defined for that range. This implies that a preempted market with prices (w?, wy) occurs only if ¥* <7¥ and

Yo f+9
Y3 = £

Proving case 3: w;, = (¥ — a)(qa¥a + qsys) — c(F — a)ys and wi = (F — a)(qa + q5)ys — c(F — a)(da + q5)Ys,
where ¢ € [0,1).

We fix w and check whether platform ( has an incentive to deviate to configuration Crrr. Note that this
is the only configuration that platform 5 can deviate too since w? < (¥ — a)(qa¥a + ¢sys) which implies that
the lowest quality content provider will join at least one platform.

We denote the profit of platform 3 under the price pair (w},w}) as 7 and that under the pair (g, w,)
as Tg. We denote the difference, 75 — 74 as d(¥). Platform 3 maximizes the following profit function to find

the best price Wy that will yield configuration Cr;; given the tuple (ya,ys,7)-

Let Wz =argmax 75w, wg),
s.b. 0<ws < (F—a)(ga +qs)ys(1—c).

It follows that w;s € (0, (F — a)(¢a + ¢5)ys(1 — ¢)) whenever z—; < (QL;H). It is also the case that function
02d(3)
(%)
¥ > a and Z—Z < w platform  will deviate to configuration Crrr. This suggests that we potentially

could have a preempted solution when 7 > a and z—; > (QL;H) .

We now fix wj = (7 — a)(qa + q5)ys — ¢(¥ — a)ys where c € [0,1) and check whether platform a has an

d(¥) is a concave function of 7, because < 0.2° Moreover, d(¥) has a single root a. Therefore, for all

incentive to deviate to configuration Cr;; . We again consider only this configuration because configuration

C; and Cj; are not possible given wj < (7 — a)(qa + q5)ys-

Let w, =argmax 7, (wj, wa),

_ 45Ys + GaYa _
st we > (7 — a)% —c(7—a)(qa +q8)Ys-

It follows that We > (¥ — a)(qsYs + ¢a¥a) — (7 — a)(¢a + qs)ys and results in configuration Cyy; only if 2 >

4f(ya—yp)+18ya —9ygc—9yg
4f(ya—yp)+6ya—9ygc+3yg

together we find that this price configuration holds whenever, Z <

. Therefore platform « deviates only in the above case. Putting all the above results

4f(ya—yp)+18ya —9ygc—9yz y 9+f—9c
and Yo > ZTi—dc
4f(ya—yp)+6ya —9ygct+3yg yg — f

Proving case 4:wj =0, w), = qa (¥~ a)(Ya — yp) -
We proceed in a similar way to that used in proving case 3. We fix w} and check whether platform 5 has
an incentive to deviate to configuration C;;;. Note that this is the only configuration that platform (8 can

deviate too since w? < (¥ — a)(qaYo + qsys). This means that platform § maximizes its profit function to

find the best price Wy that will yield configuration C;;; given the tuple (y.,ys,7,a).

Let W =argmax ms(w’,ws),

s.t. wg <0.

20 92d(7) _ 1 F(f(ya—yg)+9ys(c—1))*
92(y) — 216a a(Ya—vg) :
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However any price wg <0 is dominated by wz = 0 thus platform [ has no incentive to deviate for any 7 .
We fix wj =0 and check whether platform o has an incentive to deviate to configuration Cr;;. We again

consider these configuration because configuration C; and Cy; are not possible given wj < (5 —a)(qa +q5)ys-
Let W, =argmax 7, (W}, wa),

st W > (T — a) (Yo — Yp)-

2f+9
2f+3"

~ 2/49

It follows that W, > ¢ (7 —a)(ya — yp) only if 2 < > 5

This implies that when g this price structure
and market configuration are possible.

O

In this Appendix we have shown that there exists equilibrium price pairs that are Nash equilibrium in the

price subgame. Moreover, we have shown the market configurations in which they occur and the conditions

for them to occur. In particular, we have shown that each of the configurations C;;, Crrr, and Cry exists.

A.3.1. CP Pricing Equilibrium for y, >y3 >0 In this section, we provide results showing that given
a tuple (7, a, f,ya,ys) such that y, >yz > 0, there exists a pure strategy price SPE pair (w},, w}). In addition,
we prove that just one market configuration is feasible in the price subgame Nash equilibrium, and for market
configurations C;; and Cyy;, the price characterizations are unique. Specifically, we show the conditions
under which particular market configurations arise as a function of the tuple (7, a, f, Yo, Ys)-

Our results show that the uncovered market configuration C; does not occur at an SPE. In this configu-
ration no CPs join the low-quality platform even though it has positive quality. We show that there exists
a profitable price deviation by the low-quality platform that involves CPs joining this platform. On the
other hand, we show that given a tuple (7,a, f,ya,ys) one of the other configurations, C;;, Cyr or Cry,
will emerge. In doing so, we determine the set of parametric values (7, a, f,¥a,ys) for which these different
configurations exist.

We prove the existence of the price SPE constructively. To do that, we first identify candidate equilibrium
price pairs in each possible market configuration (see Appendix A.2), and then check whether these price
equilibrium pairs are indeed Nash equilibria of the price subgame (see Appendix A.3). We do so by verifying
that the equilibrium price candidates are best replies on the whole domain of strategies: That is, not only
are they best responses in their respective market configurations but also best replies if the other market
configurations are taken into account.

We now present a theorem showing that for any tuple (%, a, f,ya,ys) & price subgame Nash equilibrium
exists, and only one market configuration is feasible. In addition, for market configurations C;; and Cy;y,

the price characterizations are unique.

THEOREM 6. Given a tuple (7,a, f,Ya,Ys) that satisfies that y, >y >0, there exists a Nash equilibrium

. % .o%\ 2 . . _ 2f(ya—y3)+30ya —3ys _ 2f(ya—yp)+18ya+9ys _
pair (w,,wy) in the price subgame. Moreover, letting ) = 3 (va—vs) T 1850 T995° T2 = 2f(ya—us) Tova +31yg’ 3 =
4f(ya—y3)+18ya—9yps _ 5f+18 . . . . . .

7 (ve—vg) F6ua F3ys ’ and T4 = 56 the resulting market configuration is unique and the following holds:

1. If1< z <11, then the equilibrium price pair is unique and (w},ws) € Ry;.
2. If < g <min{ry, 73} then the equilibrium price pair is unique and (w},wj) € Ryrs.

3. If < Z <74 then the equilibrium price pair is unique and (w},wj) € Ris;-
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4. If max{rs, 74} < I then (w},wj) € Ryv.

Proof. Given a tuple (7,4, f,ya,ys), we know from Lemma 2 through 6 that an equilibrium pair (w},w})

exists. Moreover, cases 1, 2, and 3 directly follow from Lemma 3 through 5. In particular,

7 . 2/ (ya—ys)+30ya—3ygs ey . - . o .
LIfl<I< 2 va—vs) T 1890035 then the equilibrium price pair is unique and (w},, w};) € Ry;. This follows
from Lemma 3.

2f(ya—vyg)+30ya —3yg <7 .
2 I SRy T8y oy, = & < min

2f(ya—yg)+18ya+9us 4f(va—vp)+18ya—9yg
2f(ya—yp)+6ya+21lys’ 4f(ya—vyg)+6ya-+3yg

pair is unique and (w,w}) € Ryr;. This follows from Lemma 4.

} then the equilibrium price

3 If 2f(ya—y3)+18ya+9ys < Z < 5f+18

e . o . .o .
3 (v ) T0m F31ys 516 then the equilibrium price pair is unique and (w},,wj) € Ryr;. This

follows from Lemma 5.

57418 4f(Ya—yp)+18ya—9 = - .
4. If max { s, 4féaizﬁﬁ)+6yya+3yy;} < I < oo then (w;,w}) € Ryy. This follows from Lemma 6.

TvsT
a

Tnverse of scaled coefficient of variation

Pre—empted Market

S(5f+18)
(5£+6)

Covered Market
(Interior Solution)

Investment Ratio 7

f+9
I

Figure 12 Resulting market configurations for the inverse scaled coefficient of variation 7/a versus platform

quality investment ratio 7.

Figure 12 shows the resulting market configurations for different values of the quality investment ratio
T =y./yp, the inverse of a scaled coefficient of variation, 7/a and a fixed mass f of consumers. For a fixed Z,
as 7/a increases the covered market is more likely. At the extreme, when 7/a is high, CPs tend to be close
to each other with respect to quality. Hence, a decision made by a CP will be mirrored by other CPs and a
covered market is likely. On the other hand, for a fixed and low value of 7/a, as the investment ratio increases
the two platforms become more differentiated and price competition becomes less intense. This softening of
price competition results in an uncovered market because less CPs can afford to join the platforms. However,
for a fixed and high value of 7/a, the low heterogeneity in content quality dominates the differentiation

effects of the platforms and a preempted covered market is realized as all CPs flock to one platform.
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A.3.2. Proof of Theorem 1 We first show that without loss of generality we can assume platform (3
chooses a price wsz > 0. This will enable us to show that no content provider joins platform 3 and consequently

enable us to rule out the existence of configuration C7; and Ciyy.
LEMMA 7. Platform (8 charges wg > 0.

Proof. We first show that wg > 0 dominates any price ws < 0. Assume that wg <0 and rg >0, then platform
[ makes negative revenue on the content provider side. By raising its price to ws =0 it increases its total
revenue. This is because the revenue from the content provider side becomes non-negative and the profits on
the consumer side increase: This happens across all configurations because r, is non-decreasing in wg. U

Since by Lemma 7, wsz > 0, it follows that any content provider j joining platform § will get utility v; <O0.
Therefore, no content provider has incentive to join platform 3. This implies that market configurations C;;
and Cj;; where content providers patronize both platforms do not exist. We now show that there trivially
exists pure strategy subgame equilibrium price pairs when one platform has zero investment. We show that
these prices result in configurations C; and Cry and give the conditions on 7 for these to occur. We now
proceed to prove Theorem 1. Proof. We first derive the demand function r,(w,). Given yz =0, y, > 0 and
Lemma 7, the content provider decisions are as if only one platform is on offer. Therefore, the demand

addressed to platform « is equal to the mass of content providers with content quality v; such that v,y,q, >

1 /_ Wy
To(Ws) = — ’y—l—a—qy .

w, and is given by

2a

The value W, that maximizes platform alpha’s profit problem for platform « is represented as,

W, =argmax T, (W ),
8.t Wo > (Yalo) (T — a).

The profit function does not depend on wgs so platform o maximizes the above function with respect to w,
and ensuring that w, > ynga (7 — a). This last constraint reflects the fact that when the constraint binds all
content providers are on board; a price lower than this yields no more content providers and results in a loss
of revenue. The interior solution for the above maximization is w}, = § fy.(2f(a —7%) +3(7+a)), and occurs
whenever 1 <75 < (942f)/(342f). In this case since w}, > ¢,y (7 — @) the resulting configuration is Cj.
The constraint binds when 5 > (94 2f)/(3 4 2f). In this instance the resulting configuration is Cy since all

content providers join platform «. O

A.4. Best reply in the domain [0,y;)

In order to avoid confusion when platform [ is the high quality firm we will change notation as follows; we
label the high(low) quality platform as h(l) and the quality associated with it as y,). Given y;, we will
compute firm [’s best reply. We will show that the profit for the low quality firm is decreasing in y; across all
configurations which are possible given (7, y,,a). This will help us infer that the low quality platform chooses
0 as its best response. Since the choice of y; by the low quality firm determines the market configuration we

define the critical limits for which the various configurations exist given ;.
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e Market is uncovered, with positive masses of consumers on both platforms, in the in the price subgame

whenever,
a(f+15) - (f+99)
<2 . 35
NS 2T+ a2f +3) (35)
e Market is covered and a corner solution applies in the price subgame whenever,
a(f+15) = (f +97) a(f+9)—(f+3)7
€ |2y 2 36
Ve P2y raar ) R 2P - (9-2f)a )
f+15
1f 1< ”’ < Sroo
(f+9)a—(f+3)7
2
e O’ M RI=277 - (0-2/)a o
f+15 5418
if 7o < 1< 5746 °
(2f—|—9)a— (2f+3)7
0,2 38

5f+18 ol 2f49
1f 5716 <@ <5713

e Market is covered and an interior solution applies in the price subgame whenever,

(437 +(F+9)a) .7 _5f+18
(2yh(21—2f)7—(9—2f)a’yh>’ <<% (39)

e Market is preempted whenever,

(2f+9)a—(2f+3)7 5418 5 _ 942
- Pyh (3- 4f)7+(9+4f)a’yh>’ e <2< 1)
9+2
. ﬁ (1)

We now show that given the tuple (7, yx, a) the profit function m; is decreasing in every configuration that it

is defined.

LEMMA 8. Given (yn,7,a),f >3/5 and y, € [0,ys) , the profit function m,(y;,yn) is decreasing in y, for all

market configurations for which it is defined.
Proof. We show that for each configuration the revenue function r, = m;(y;, yn) + ¢(y;) is decreasing in y;.

Uncovered Conﬁgumtion C;: Let the revenue function in this configuration be defined by r,;, one can by
show that for 1 < I < £ f4:~_195 and y; in the set defined in (35), 86%; < 0. Hence the revenue function in this

configuration is decreasmg in y;.

Covered Configuration with interior solution Crrr: Let the revenue function in this configuration be defined

by r.;. One can also show that for 1 < < 55f ff: and y; in the set defined in 39, the derivative of the above
function, %T;; < 0. Therefore the profit functlon is decreasing in y; when y; lies in the set specified in (39).

Covered Configuration with corner solution Crrr: Let the revenue function in this configuration be defined

by 7c.. One can show that for 1 <2 < E;Ig and y; in the sets defined in (36), (37) and (38) the derivative of

the above function, %’—;; <0.

Pre-empted Configuration Cy : Let the revenue function in this configuration be defined by r,. The deriva-

tive of the above function, ‘ZL;Z’ = —2/9f%y. The above derivative is negative therefore the profit function is

decreasing in y; when this configuration is defined. O
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LEMMA 9. Given the tuple (Yo, ¥,a, f), f > 3/5 and the domain [0,y,), then Bs(y,) =0.

Proof. We show that given (y,,7, a) platform [ will prefer not to invest. Specifically, we show that the profit
function m; is continuous in y; over the domain [0,y). This coupled with Lemma 8 implies that platform
l picks the lowest quality as the Lemma claims. We split the domain in which z lies into four sections
depending on the number and type of market configurations that are possible. We show that in each section
the profit function is continuous.

Case I. 1 < g < [ts

F+9

Four market configurations are possible when 1< 2 < L filg‘r’; these are uncovered (C;), uncovered (Cy)

with both platforms participating, covered with a corner solution and covered with an interior solution (both

of which are in configuration C;;;). Given a Z in the above range, the domain [0,y,) in which y, lies can
be partitioned into three sets, each of which corresponds to one of the latter three market configurations.
These partitions are captured in (35), (36) and (39). By Lemma 8, we know that profits are decreasing in
y; for each partition. We will first show that the value of the profit function in the partition defined in (35),
is larger than any profit attained in the partition defined in (36). Similarly, we show that any profit attained
when y; lies in the partition defined by the constraint in (39) is not greater than that attained when y; lies
in the partition specified by (36). Lastly we show that the profit of a platform in configuration C;; tends to
that in configuration C; as y; — 0 and is in fact equal at the limit.

To show the first result we compare the infimum value of the profit function in the uncovered configu-
ration to the highest possible profit attained when platform [ chooses y; such that a covered market with
a corner solution results (i.e, y; is in the set specified in (36)). Let yf° = 2yh%, it follows that
limy, . yee 77 (Y2, Yn) = 77°(Y;°, yn) (Since ;" is right continuous, the limit exists). Since 7 (yi,yn) > 7 (Y7, yn)
when y; satisfies the inequality in (35), it also follows from Lemma 8 that 7} (y;, ysn) > 77°(4, yn) when g lies
in the set specified in (36).

To show the second result, we compare the lowest value of the profit function in the covered configuration
with a corner solution to the supremum profit value attained when platform [ chooses y; such that a covered

market with an interior solution results. The interval over which the covered configuration with an interior

—(37+(f+9)a)
(21-20)7—(9-2f)a’

the range in which this configuration is defined as 7{*(yf’,ys). We note that yf* is the infimum of the

solution, Cj;;, is defined is open. Let yf* = 2y, we define the supremum of 7/ (y;, ys) over

interval over which this configuration is defined, therefore lim,, . c: 7 (y1, yn) = 77" (", yn) since 77" (yn, y1)
is left continuous. By plugging in y, = y¢* into 7°(y;, yr) we note that 7wf(yr, v, ) = 7 (y*, yn ). Therefore, it
follows from Lemma 8, that 77 (ys,y;) > 7 (9, yn) when y, satisfies the constraint in (36) and § satisfies the
constraint in (39).

Finally, since 7 (y;,yn) is left continuous by plugging y; = 0 to the function 7}*(y;,y,) we show that
lim,, o 7 (Y1, yn) = 71°(0, yn). Where 71/(0,y5) is the profit function when configuration Cy is defined.

Case II. % < z < %.

In this instance three market configurations are possible depending on the value of y; and y;; these are

uncovered C', covered with a corner solution, C;;;, and covered with an interior solution, C;;;. Given a

z in the above range, the domain [0,y;,) in which y, lies can be partitioned into two sets each of which
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corresponds to the latter two of the three market configurations. These partitions are captured in (36)
and (39). We proceed in a similar manner as we did for the previous case. By Lemma 8 we know that profits
are decreasing in y; for each partition. We claim that any profit attained in the partitions defined in (39)
is less than that attained by the minimum profit in the partition defined in (36). The proof is exactly the
same as that described in case I. We then show that as y; — 0 the profit of a platform in configuration C;;;
with a corner solution approaches that of the profit in configuration C; and in the limit when y; =0 they
are equal. Since 7f°(y;, y,) is left continuous by plugging y;, =0 to the function 7f°(y;, y,) one can show that
lim,, o 75 (Y1, yn) = 71(0, yn). Where 71(0,y3) is the profit function when configuration C; is defined.

Case III. 355 < T < 305

In this section we need only show that the profit function is continuous across configuration C;; with a
corner solution and a pre-empted market configuration C7y . Indeed these are the only two configurations
possible when y; > 0. (We already showed in the previous case that lim,, .o 77°(y;,yn) = 7;(0,95)). To show
this result we compare the infimum value of the profit function in the covered configuration with a corner
solution to the profit value attained when platform [ chooses a y; such that a pre-empted market results.

Note the interval over which the covered configuration with a corner solution, C;;;, is defined is open on

(2/+9)a—(27+3)7
(3—4f)7+(9+4)a

configuration is defined as 7i°(yf,ys). Since m{(y,y,) is right continuous lim,, _,» 77(y, yn) = 77 (Y7, Yn)-

its upper limit. Let y7 = 2y, , we define the infimum of 7f¢(y,y;) over the range in which this
Note y7 is the infimum of the range. By plugging in y; = y; into the profit functions under a covered market
(with a corner solution) and a pre-empted market, we find that 7°(y?,y,) = 7¥ (y7,yn). This implies that
the profit function is continuous across these two market configurations at this point.

2/49 ~ 7

Case 1V. 33 <1 <oo.

When 7 falls in the above range only market configuration Cry is possible when y;, > 0. We showed in
Lemma 8 that the profit function m(y;, ys) is decreasing in y; in this configuration. So we only need show that
limy, —o 7} (y1, yn) = (0,95, ), where 7¢(0, ;) is the profit function in C;. Since 7} (y,yy) is left continuous
lim,, o7} (y1,yn) =7 (0,y5). Via simple algebra, one can show that 77 (0,y5,) = 7*“(0,y) which shows that

7 is continuous. ]

A.5. Proof of Theorem 2

We first show that a symmetric equilibrium is not feasible. Let 7,7 € {«, 8} and B;(y;) be the set of y; € [0, 0]

such that y; € argmax, (o oomi(¥is ¥;)-
LEMMA 10. Ify; €[0,00] then y; ¢ Bi(y;).

Proof. We show that given y;, platform ¢ never chooses y; =y, > 0 and therefore a symmetric equilibrium is
not possible. A symmetric argument applies for the other platform. Assume y; € B;(y;) so that y; =y; >0,
then both platforms would make zero profits because of Bertrand competition on both sides of the market.
We now check if platforms would prefer y; = y; =0 and show that there exists a profitable deviation for
platform 4. There are two cases to consider, when 7/a < (2f+9)/(2f +3) and ¥/a > (2f +9)/(2f + 3). The
arguments for both cases are very similar so we present only one.

5 _ 2f49
Case I. 1< SFs
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Let platform ¢ increase its quality by a small € > 0; platform ¢ becomes the high quality platform. Results
from Theorem 1 imply that the resulting equilibrium profit 7; for the high quality platform given the subgame
(7. a,€,y;) can be expressed as follows using a Taylor series expansion, 7,;(€,0) = Q(7, f,a)e— 2 I'(0)e—o(|e)|?|,
where Q(7, f,a) is a positive number. There exists an €* such that for all € € (0,¢*) the above quantity is
positive. Thus platform ¢ would prefer to set quality € € (0, ¢*) instead of 0. O

We now proceed to find the sets in which the best replies lie given each platform’s investment level. Given
quality choice y,, platform [ can choose a best reply that depends on whether it acts as a high-quality or
a low-quality platform. In the former case it chooses a reply in the domain (y,,c0) and in the latter case it
chooses a reply in the domain [0,y,). Lemma 9 shows that if platform « invests in a positive quality and
platform [ acts as a low quality platform, then platform g prefers not to invest. By symmetry a similar
claim exists for platform « given platform §’s quality choice. We now proceed to prove Theorem 2.

Proof. Given that platform (3 invests in yz > 0 platform o can choose to be a low quality or a high quality
platform. The best response for platform « given it acts as a low-quality (high-quality) platform is given by
B.(y3) =0 (Bs(ys) € (ys,00)). The former follows from Lemma 9 and the latter from Lemma 10. The overall
best response is the maximum of these two best responses, i.e., the value for which the profit function is
highest. Let § = {ya|ya > ys}. Given ys >0 then B,(ys) € {0J7y}. If y5 =0 then the best response is given
by y* = {Yall' (Ya) =7, (Ya) }; where r,(y,) is the revenue made by the high quality platform. Note that given
the tuple (7,a, f), 7o (yo) is a linear function in y,. It follows that y* is a singleton since the profit function is
concave in y,. Therefore given yz =0, B, (ys) = y*. Since the explicit form of the revenue function depends
on whether ¥/a < (9+2f)/(3+2f) or 7/a > (94+2f)/ (34 2f) we have two implicit characterizations of this
singleton. The sets in which platform «'s best response lies is similar by symmetry. Consequently, the only

points of intersection are [y*,0] and [0, y*]. O
A.6. Proof of Theorem 3
Proof. We show that for a ¢ >1 and f large enough the pair (y*,0), as defined in the Theorem statement is

a SPE. Some of the expressions involved are too large to put in the paper. Where this is the case we state
the importance of the results for the proof. In Theorem 2, we showed that the pair (0,y*) is a candidate
equilibrium pair. In particular y* is the best response of one platform given the other platform chooses not
to invest. We proceed to show that for a quadratic investment function when one platform invests in y* the
other opts not to invest concluding that a SPE exists for this investment function. To analyze this response
we partition the space in which %/a lies into three regions corresponding to the types of market configurations
that exits in each of the region. Note that the revenue function, which equals profit plus investment cost, is
of a different form in each of these regions, hence the different analysis.

Case I. 1 < < 55ff':_168.

If the platform acts as a high quality platform, i.e., chooses y > y* there are three possible revenue functions
that may result depending on the choice of y. Let r(y,y*) denote the revenue function of the platform that
is responding to an investment level of y* by the other platform. This revenue function is made up of a
concatenation of three other revenue functions. These are,

r ) ify € (y v SR +((f2f3)9w)a)
re(y) iy € [y 3 GETERI e )

wi *\ 3 «1 (9=2)7+(2f+3)a
Py ity e (v e )

(9-2/)7+(2f/+3)a
(f+15)a—(f+9)7
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The restrictions over which these functions are defined are derived from the market configurations in The-
orem 6. The first refers to the revenue function when the market is covered with an interior solution, the
second refers to the revenue function when the market is covered with a corner solution and the last refers
to when the market is uncovered with masses present in both configurations.

We find a differentiable upper-bound of r(y,y*) and show that the best response when the platform acts as
a high-quality platform, under this function, is dominated by the best response when it acts as a low-quality
platform. Let this upper-bound be denoted by r***. Lemma 11 shows that r“(y,y*) over the domain y > y*
is an upper-bound of r(y,y*). So we find the best response under this function and compare it with the
best response when the platform acts as a low-quality platform and opts not to invest. Let the maximum

profit value when the platform acts as a high-quality platform under the upper-bound revenue be denoted

est ( est

by m* (y*s*, y*), where

est (

Yv,u),
s.t.y>y” (42)

Y=t =argmax 7

Let the maximum profit value when the platform acts as a low-quality platform be denoted by 7'°%. From
Lemma 9 this occurs at y = 0. One can show that 7'°% > gest 2L

Case II. 55f"_"_168 < Z < gig;

In this region two market configurations are possible if the platform picks y > y*. These are a preempted
market and a covered market with a corner solution. Since in the preempted market several price equilibria
exist we pick the one that yields the highest price and use that to calculate an upper-bound for the profit
function. We denote it by 7. We compare this solution against 7'°%, which is the profit of the platform
when it chooses to be the low-quality platform. In a similar manner to the first case we show 7'°% > 7, In
particular 7t — rloV = —2/27f2(3a — 4f5 — 3¥)(a — ¥ + f7) <0 whenever f >1—a/k.

Case I11. 55f fTGS < ”

In this interval, when the platform decides to act as a high quality platform, only the pre-empted market
exists. Moreover, there are multiple price equilibria. So we use the price equilibria that yields the highest
possible profit and use it to derive an upper-bound for the profit function. The analysis then proceeds in
exactly the same manner as that in case II because the upper-bound for the profit function when the platform

chooses to act as a high-quality is the same as that in case II.
O

LEMMA 11. Ifye€ [y*%%,oo then v (y,y*) > r(y,y*).
Proof. Note that r(y,y*) is continuous since lim, ;7 (y,y*) = r°*(y,y*) and lim, ;7 (y,y*) = r*(9,y*)

«1 (21-2f)7+(2f—9)a «1 (9-2/)7+(2f4+3)a
(f+9)a—(f-3)7 2 (f+15)a—(f+9)7 °

are increasing in y since the derivatives are positive. Moreover, the former is convex in y, while the later is

I+15
F+9 "

where 7 = y*3 and § =y The revenue functions r°¢(y, y*) and r“*(y,y*)

concave y. The difference ' (7, y*) — (g, y*)>? is positive whenever 1 < T < Furthermore, 7' (g, y*) —

2! The expression showing that the difference of the two terms is positive has many terms and is omitted for the sake
of clarity.

20 g, y") =@,y = F((f +9)a — (f +3)k)((5f +6)k + (18 — 5f)a) / (486a).
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24 are also positive in this interval. This coupled with the fact that

' (g,y7)* and " (g,y7) — (g, y7)
the revenue functions are increasing implies that 7 (y,y*) > r*“(y,y*) in the domain of y where r°*(y,y*)
is defined. Moreover, the concavity of 7"/ (y,y*) also implies that r(y,y*) > r**(y,y*) in the domain of y
where the latter is defined. Therefore, whenever 1 < 1 < % then r<(y,y*) > r(y,y*). In the case where
% < g < % only two market configurations exist, a covered market with an interior solution and an
uncovered market with a corner solution. The difference between the revenue functions over the region where
the covered market with a corner solution is defined is concave in y and increasing. This follows because i)
the second derivative of the difference, ' (y,y*) —1'°(y,y"), is negative?> whenever y > y*; ii) the difference
is increasing in y since the derivative is positive in this range; iii) for y >y, the range in which the covered

market with corner solution is defined, the difference is positive. O
Appendix B: Technical Details for the Non-neutral Model
B.1. Sets of Prices that yield relations (i),(ii) and (iii) as defined in section (5.2)
We now define sets Wr(:), Wris) and Wri) that contain price pairs (w,,ws) that may yield relations (i),
(#) and (ii7), as defined in sections 5.2, respectively. First we define set Wr(;) by solving for the price pairs
for which F;(ya,-) > Fi(yg,-). We characterize this set below;

{(Wa, wp)|Wa <Wa,ws >Ws and wy < gofA+qa/qaws} if yo €A,

WR(Z) = {(wa,wﬁ)|wa <We,,wg > wﬁ} if Yo € A,
{(Wa,ws)|we > 0,ws >0} if y,, € ©.

St a)2— (F—a)2
Herev (qaaqﬁ) = (2/351/3)7 A= (ya - yﬁ)(7 + a)Q/(7 - CL), A= (yﬁvyﬁ%)a A =
T a)2— (F—a)2 - = _ _ _ —
[yﬁ%vzgﬁw_la)v 6= [2yﬁ7wﬁvoo)' It Yo € A then w, :qafA_an('Y_ a)fyﬁa and Wg = (7"’
a) fyo — [Aqs. If yo € A then W, = (F+ a)2/3fy, and Ws = (7 —a)1/3 fys.

We similarly characterize set Wg(;;) by solving for price pairs for which F;(ya,-) < F;(yg, -);
{(waa wﬁ)|wa > W,,ws < We and w, > qafA + qQ/QBwﬁ} if Ya € A,
WR(M) - {(waawﬁ”wa >meﬁ <Mﬁ} if Ya EA,
{(wa,ws) €0} if y, € O.
Here, (qa,q3) = (1/3,2/3), A, A, A, and © are as previously defined. In addition, if y, € A then w, =
qafA+qa(7_a)fyﬁa and Wg = (7+a)fya _fAQﬁ' Ifya € A then w, = (7+a)1/3fya and Wg = (7_a)2/3fyﬁ
We similarly characterize set Wr;s:) by solving for price pairs for which Fj(ya,-) = Fi(ys, -);

{(wa, wp) Hwa = w0, if wg <(F—a)l/2fys and y, € A,
{(Wa, wp) Hws = wy if we > (F+a)1/2fyg and y, € A,
{(wa,wp) Hwa = qa fA+qa/qpws i w. € (F—a)y./2,(T+a)y./2)

Wh(iii) =
R(##) for z € {a, B} and y, € A,
{(wcwwﬁ)lwa Zwauwﬁ Swﬁu if yaEAU2yﬁ§j_au
{(wa,ws) €0, if yo €0/2ys=1.
R (TRT r(g,y%) = fla—7)(5f%a*+32fa* — 261a* — 10f*Fa — 58 fa7 + 1207a + 5 f*7° + 26 /7> — 37%)/

(27a((F +3)a+ (3 F17)).
)= 1 (§y") = (5 Fa+ 57+ 24a) (fa -+ 15a— 57— 97)° fa((f + 3)a+ (3 — £)7)/486.
) =y, y) = —(3y (T — %)/ (Baly —y°)?).

* lce
—r
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Here, (qa,q3) = (1/2,1/2), A, A, A, and © are as previously defined. In addition, if y, € A then w, =
qafA+qa(7_a)fyﬁa and W= (7+a)fya _fAQﬁ' Ifya € A then w, = (7+a)1/2fya and Ws = (7_a)1/2fyﬁ
We note that if a price pair lies on the intersection of any of the sets Wr(;), Wr(i), and Wrg(, then more

than one equilibrium allocation exists.

B.2. Relation (ii) does not hold on the equilibrium Path

We first present a lemma showing that if a price subgame results in multiple CP allocation equilibria, such
that relations (7) and (i¢) hold, the CP allocation equilibrium for which relation (7) holds yields the highest
profit for platform «. Let T, (wea,ws) (To(wa,ws)) denote platform o's profit whenever relation (i) ((i))

holds.

LEMMA 12. Given a price pair (wy,ws) such that the CP allocations which yield relations (i) and (i) can

occur, then To(Wa, Wa) > To(Wa, Wp).

Proof. Let T,,,T5 (Ta,7s) denote the CP demand when relation (z) ((i7)) holds. It follows that 7, > 7, and

T <7 since g, > G, and gz < gp. Moreover, ,q,, > Pafn- To see this note that,

Po =a(ya((V+a) + (V= a)Ta) —ys((T + @) + (7 — a)Ts)),

Po=0a(ys((Y+a) + (T — a)7a) —ys((F+ a) + (7 — a)75)).

Therefore, T, (Wy, Ws) =TaWe + DG, > TaWa + Pale = To(Wa, wp). O
We now show in the next lemma that if an SPE exists then the CP allocation that holds in the equilibrium

path does not yield relation (i7).

LeEMMA 13. If (w},w}) is an SPE of the quality subgame then the CP allocation on the equilibrium path

does not yield relation (ii).

Proof. From Appendix B.1, there are three cases to consider; y, € A, y, € A and y, € ©. In the last case, a
CP allocation equilibrium that yields relation (i) does not exist. Therefore, we only consider the first two
cases.

(a) ya €A

Let 7o (w},w)) =Tow}, + pig. denote the revenue under the equilibrium price pair (w},w}). Here, 7o (qa)
refers to the mass of CPs (consumers) at equilibrium and p* is the price offered to the consumer at equilib-
rium. Let W, = w}, — €, where € > 0. Observe that since y, € A and (w},,wj) € Wh, it is always possible to
choose € such that (Wa, w;) € Wi . Let mo(wa, w};) be the profit function for platform o generated by choos-
ing the CP allocation equilibrium which yields relation (i7), whenever more than one CP allocation equilib-
rium is possible. This profit function is quadratic and concave in w,, over the interval Z = (max{w,,1/3fA+

1/2ws}, (7 — a)1/3fya). Here, w, is as defined in appendix B.1, where (¢a,qs) = (1/3f,2/3f). The unre-
stricted maximum w, = argmax 7(w.,w;) < max{w,, (¥ —a)1/3fya.}. Therefore, 7(w,,w}) is decreasing in
the interval Z. If we pick an € small enough, then @, € Z. This implies that m(@W.,w};) > 7, (w},w}). Note
also that at price (W,,w}), the revenue arising under the CP allocation equilibrium which yields relation (i)

is higher, see lemma 12. Therefore price W, dominates price w! and platform a has an incentive to deviate.
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(b) yo €A

Let @, = w,_, — €, where € > 0 such that (w,, w;) € Wri N Wf?(m). Here, w,, is as defined in appendix B.1,
with (¢a,qs) = (1/3f,2/3f). Denote the revenue under the equilibrium price pair (w},w}) by 7, (w}, w)) =
oW’ + k.. At the price pair (Ea,w;) only one CP allocation equilibrium is possible; the one that yields
relation (7). Let o (Wa,w)) = TaWa +D,4,, represent the revenue at this price.

We next show that T, (Wa,w;) > T (W}, w}). First we note that revenue made on the CP side by platform
« is higher under the new price since 7, > 7, = 0. This follows from the fact that w, <w,_, < (74 a)2/3 fya.
Therefore, a positive mass of CPs will patronize the platform since they gain positive utility upon joining.
Revenue on the consumer side is also higher under this new deviation. To see this, note that since relation
(i) holds, g4 < gs. This implies 75 < 75 which further implies that p, > p},. Observe that g, > g, (since the
CP allocation equilibrium yields relation (7)), y, > ys and,

Po =0 (Wa((T+a) + (V= a)Ta) —ys((T+a) + (7 = a)7s)),
P =a(ys((Y+a) + (T — a)7a) —ys((F+ a) + (7 — a)75)).

B.3. Proof of Theorem 4

In this Appendix, we show that given the tuple (7, a, f, ya,ys) such that y, > ys a unique SPE exists in the
CP price game. We define the baseline CP price game as the game induced by selecting the CP allocation
equilibrium which yields relation (i), whenever multiple equilibria exist. We then show that this game has a
unique SPE. In addition, we show that all reduced extensive form games, for which an SPE exist, have this
same unique SPE. Thus without loss of generality we may only consider the baseline CP price subgame. Recall
we are considering reduced extensive form games in which the CP allocation equilibria chosen, whenever
multiple equilibria exist, are those that yield either relation () or (iii).
Proof. The proof involves the following two steps.

Step. 1 Baseline-CP price game has a unique SPE

Given a tuple (7,a, f,vya,ys) such that y, > ys and price ws, we denote platform «’s profit func-
tion by m,(w,,ws). This profit function is quadratic in w, over the range Z = [(§ — a)2/3fya, min{ (7 +
a)2/3fYa,2/3fA+2ws}]. It is linear and decreasing for w, < (§—a)2/3fya,. Let w® = argmax m, (wa, ws) be
the unrestricted maximum of the quadratic function. This value is given by w® = %((3 =217+ (34+2f)a) fya-
Whenever y, > ys then w? < min{(¥ + a)2/3fYa,2/3fA + 2wz}, where ws > (¥ — a)1/3fys. Therefore,
given wg, the best response is given by w}, = max{w}, (¥ — a)2/3fy.}. Given another wj, the profit func-
tion 7, (Wa,w}h) = Ta(Wa,ws) + k(wg,wy) over the range [0,2/3fA + 2((F — a)1/3fys)]. Therefore wy' =
wy = argmax T, (wa,wj) and the best response w;, is also the same. Thus given any wy the best response
is a constant w’. We can similarly show that given any w, the best response by platform [ is given by
wh =max{w}, (F—a)1/3fys} where wj = 7= ((3+ )7+ (3 — f)a) fys. Thus the pair (w},,w}) form a unique
SPE.

If w* < (¥ —a)2/3fy, then all CPs will connect to platform «. Following some algebra the former holds

when 2 > gig; On the other hand, only a fraction of the CPs join the platform whenever 2 < %. If
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wy < (¥ —a)l/3fys) then all CPs will connect to platform 3. Following some algebra, one can show the

> 9=/ 9—f
former holds when * > 3% 3=

We define the following sets of prices which we use to characterize market configurations that hold at the

SPE.

Therefore, only a fraction of the CPs join the platform whenever z <

R}L :{(waawﬁ)|ra(wauwﬁ) < 17 rﬁ(wa’wﬁ) < 1}7
R ={(wa, wp)|ra(wa, ws) <1,r5(ws, wa) =15 o 74 (Wa,ws) = 1,75(wa, ws) <1},
R?]I :{(wa;wﬁ|ra(wa;wﬁ) - 17 Tﬁ(wa’wﬁ) = 1)}

The set R7 consists of prices (w,,ws) such that only a fraction of the CPs in the market subscribe to
the platforms. Set R}, consists of prices (w,wg) such that the market is covered; all CPs patronize either
platform « or 8 but not both. Lastly set RY;; consists of a pair of prices such that the market is covered
with all CPs patronizing both platforms. We summarize results of the previous paragraph below.

b 942 * * m
a) fl1<I< 3+2;, then (w},w;) € R}.

b) If T35 <7 < 5L then (w},wp) € Ry,
¢) If =5 < T < oo then (w},w;) € Ry,

Step. 2 CP price games that have a SPE, have the same SPE as the baseline CP price game Given a
price game and any pair (wg,w}) € R, the profit value 7, (wa,ws) = 7o (wWa, w}) + k(wg, w) for all w, €
[0,2/3fA+2((¥ — a)1/3fys)] except possibly at w, =1/2fA +wj and w, =1/2fA + w,. Therefore the
best response for platform a given platform [ charges wy is given by w} as defined in the previous step if
w}, #1/2fA+wg. In the case w), =1/2f A+ w, then a best response does not exist. Similarly, we can show
that the best response given any w, is given by wj, as defined in step 1, if a best response exists. Thus if

the best responses intersect they only do so at the price pair (w},,w}). O

B.4. The case when y, =y3

Lemma 13 implies that neither relation (i) or (i¢) hold at the SPE when y,, = y5. Therefore, if an SPE exists
it must be that relation (i7) holds. We bound the maximum revenue value that can result in instances for
which an SPE exists. Given a tuple (7,a, f), we show later in the investment stage that this pair is not an
SPE because either platform has an incentive to deviate.

We now provide an upper-bound for the revenue gained by the platforms if an SPE exists. Revenue for both
platforms is derived only from the CP side. This follows because only relation (#i4) can hold in equilibrium; due
to Bertrand competition, platforms earn no revenue from the consumer side. As discussed in section 5.3, the
allocation of consumers is evenly divided when relation (ii¢) holds, i.e, ¢, = g3 = 1/2f. Moreover, if relation
(i7) holds then r, =rs which further implies w, = ws. Let revenue for platform a and  be represented
by 7. (w, w}) and ms(w},, w}) respectively at the SPE price (w},,w}). Then m,(w}, w}) = mg(w},, w};) where
w € (7 — a)(¢aYa)s (T + a)(gaya)). We consider only prices in this range because other prices are dominated
and will not be picked in equilibrium. Consider the function 7(w, ) = r,w, where r, =1/2a(¥+a— wa/GaYa)-

This function is concave and quadratic in w, and at the value w}, we have 7(w},) = 7, (w,, w};). Let,

W, =argmax 7(w,),
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s.t. wa € (Y= a)(¢aya), T+ a)(¢aya)) -
If an SPE exists platform o’s profits are bounded by m (1, ). Since platform [’s profits are the same as o's
they are also bounded from above by the same value.

B.5. Proof of Theorem 5.

Given a quality choice ys, we derive platform’s o best response and vice versa. We then find the intersection
points that form the SPE. We will give Lemmas that define the best responses and then we will be able to

infer the SPE’s from these responses.

LEMMA 14. Let Ry hold. Then

B( ): y*(77a7f7c) nyﬁ<y7
0 if 5 >7,

where

y'(7a ) " 216¢ < a3 7t 02 ¥+ . > ,
_(_ a f C) _487fa+36fa2 4 12f72 +4f272 o 8f27a+4f2a2 + 972 +187a + 9@2)2
Y o= —432ac(—607a — 4502 — 1592 + 2fa? + 2f7° — 17 fa) .

Proof. We first find the best response given ys = 0. Let y* = argmax 7, (Yo, Ys),S-t. Yo € R4. In region Ry
the market is uncovered as shown in Appendix B.3. The profit function 7, (y.,¥s) is quadratic and concave
in y, in this market configuration. The best response, B, (y3) = y*(-) exists since m, (ya,ys) is coercive and
its value is that given in the Lemma statement.

Next, we find the best response when yz > 0. The price equilibria that holds depends on whether platform
« acts as the high-quality or the low-quality platform. Indeed, given yz > 0 platform «’s choice of investment
Yo will determine which of the following three relations defined in section 5.2 will hold on the equilibrium
path.

If y,, is higher (lower) than ygz then relation (7)((47)) will hold. When y,, = y5 , relation (iii) may hold if an
SPE exists. Therefore, we partition the domain [0,00) depending on whether platform « acts a high quality
or low quality platform. These partitions are defined as, I; = [0,yg), I> = (ys,00). In interval I; (I3) only
(#4)((7)) holds. In contrast, at the point y, = ys relation (iii) holds if an SPE exists. In order to find the best
reply given yz we proceed as follows. We find the best response of platform « in partitions I; and I,. We
pick the best reply among these choices and show it dominates the maximum possible choice given y, = y;

as calculated in the previous appendix.

Y, =argmax 7o (Yo, Ys) (43)

S.t. Ya1 € 1.

Where 7, is the profit function in the interval I;. In a like manner we denote the best reply in interval I,

by y¥,. Formally,

y:;Q =argmax Tq (yaa yﬁ) (44)

S.t. Yao € I>.
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Where 7, is the profit function in the interval I,. The profit function 7, is concave in y,. Let y“] be
the unrestricted solution. This value is less than zero in region R,. Therefore, the lower constraint in the
maximization problem 43 binds and we have y%; =0. On the other hand , the unrestricted maximization of
problem 44 yields y*, = y* (7, a, f, ¢) as defined in the statement of the Lemma.

Next we compare the profit values at the solutions in both intervals. Let 7 = 7o (Ya,Ys)|ya=y=, and
7T = To(Yas Ys) |lya=o0- One can show that the difference 7% — 7% is decreasing in yz. Moreover, the two are
equal at ys =7; the value presented in the Lemma statement. Hence whenever ys <7, y’, dominates vy},
and vice versa. In addition, y}, > ys whenever ygz < 7. Therefore this solution lies in the interior of I5.

To complete this proof we now show that the profit attainable when y, =y is less than max{#* 7 }. We
denote the upper-bound profit value when vy, = ys by 7. It suffices to show that this value is less than 7
when yz > 7 and less than @ when yz; <7. We first show the former, i.e, the difference 7} — 7 is positive
wheneverys > 7. This difference?® is convex and quadratic in ys. Moreover it has roots at 0 and 7. Therefore

the difference is positive whenever yz > 7. Next we show 7, — 7 is positive. The difference is quadratic and

convex in yz. Moreover, the roots are imaginary?” thus we infer that the difference is positive. O
A
Y
v s
Ys :
0 - -
Oy v Y

Figure 13 The best reply responses of both platforms in region Ri. The intersection points, (y*,0) and (0,y"),

give the equilibrium investment levels in region R;.

A similar analysis follows for platform (. The best responses of the platforms intersect at points (y*,0)
and (0,y*). Consequently this points form an SPE, see Figure 13.
We next state a number of Lemmas that yield the other results in Thereof 5. We omit the proofs because

they are very similar. Where there’s significant diversion we add comments.
LEMMA 15. Let Assumption 1, f >% and Ro hold. Then

B( /3): y;(i,a,f,C) nyﬁ<ya
yr (3,0, f,c)  ifys >,

265 — T =1y5(48f*Fa + 36 f2a® + 12f°7° + 837 — 16 f*Fa + 8 f3a® — 27 7% — 547 fa — 27fa* + 432cypa) /432a.

Mroot = (27a® — 16f%a® + 144fa® + 32f%5a + 48f7° + 1923fa — 16f°F% + 273° + 547ya =+
V=37 +a)(96fa+21a+ 217 + 32f7)(32f2a2 + 9a2 — 64 27a + 185a + 32f27% + 952) ) f/ (864ca).
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LEMMA 16. Let Assumption 1 and Rs3 hold. Then

Bi(ys) = y'(v,a. fr0)  ifys <7,
n 0 if ys 2.

where
* (= _ f —2 —
vi(3ra, f,0) =52 (477" + 37 = 3a),
yl* (77 a’ f7 C) :O7
B (—4f5— 35+ 3a)%a
~ c3(185a + 9a2 + 372 — 72+ 2fFa — fa2)’
LEMMA 17. Let Assumption 1 and R4 hold. Then

7(7,a, f,c)

B(yﬁ) _ y;(ia a, f7 C) Zf Ys < ya
yr (3,0, f,c)  ifys >79,%

where
* (= _ f —2 —
vi(Foa. fre) =g (417" + 37 = 3a),

i (.. f,0) =L ((f;j) o —90+2gf+6) _ ((f—9C>L —72))

T 432¢

LEMMA 18. Let f>0.47 and Assumption 1 and Rs hold. Then

y*L W,a,f,c ny <7,
Bi(ys) = i(_ ) cor Y
Y (’}/,CL,f,C) nyﬁ > Y,

where
(= _ I e
yr (7, a, f,c) = % (4f7+ 37 —3a),
* f— f — —_
v, (7, a, f,c)= 150 (=2f7+37—3a),
1
77, a, f,c)= W@Of?ﬁ? +36f5° — 367 fa+ 95 — 185a + 9a?).
BIE

Proof. We first find the best response given yz = 0. Similar to the proof of Lemma 14 we let y* =
argmax o (Ya,Ys),s.b. yo € RT. In region R5 the market is covered as shown in Appendix B.3. The profit
function 7, (Y, ys) is quadratic and concave in y,, in this market configuration. The best response, B, (ys) =
y*(+) exists since 7, (Ya, Ys) is coercive and the solution is that given by v (¥, a, f, ¢) in the Lemma statement.

Next we find the best response when yz > 0. Given yz > 0 a platform o decides to have a quality that is the
same as platform § or to be either the high or low quality platform. The choice made will determine which

of the three relations defined in section 5.2 will hold.If y, > (<)ys then relation (i)((ii)) results. If y, = ys
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and an SPE exists then relation (¢i7) holds. Therefore we partition the domain [0,y,) into two regions that
do not include the point yz. These partitions are defined as I1 = [0,y3),l2 = (y5,00).
In order to find the best reply we proceed as follows. We find the best response of platform « in partitions

I; and I,. We pick the best reply among these choices and show it dominates the choice y, = ys. Let

Y, =argmax 7o (Yo, ys) (45)

S.t. Ya1 € 1.

Here, 7, is the profit function in the interval I;. In a like manner we denote the best reply in interval I> by

Y. Formally,

Yo =ATEMAX To (Yo, Ys) (46)

s.t. Ya2 € IQ.

Here, 7, is the profit function in the interval I. The profit function 7, is concave in y,. Let y’, be the
unrestricted solution of problem 45. Its value is given by y*; = y; (7, a, f, ). This value is greater than zero in
region R5. The unrestricted maximization of problem 46 yields v, = v (7, a, f, ¢) as defined in the statement
of the Lemma.

Next we compare the profit values at these solutions. Let 7 = 7o (Ya, Ys) lya =y, a0d 75 = T (Yas Y8) [ya =y , -
One can show that the difference 7’ — 7" is decreasing in yz. Hence whenever yz <7, y’, dominates y}; and
vice versa. Moreover, the two are equal at ys; =; this is the value presented in the Lemma statement. In
addition, one can show that 7 € (y%,,y,) whenever f > 3(2v/19—1)/50~ 0.47.

To complete this proof we now show that the highest profit attainable when y, = ys, and a SPE in the
quality subgame exists, is less than max{#*,7*}. We denote the upper-bound profit value when y, =y by
m,,. It suffices to show that this value is less than 7. From previous Appendix it follows that 7, < 7. To
see this note that when y, =y, and an SPE results, platform o makes no revenue on the consumer side. [

The best responses for platform 3 are similarly derived. These responses intersect at the investment pairs

(yr,y;) and (y;,y;). Thus these form the SPE as stated in the Theorem, see Figure 14.

|
Yn !

v s
yi- —
Ys i
0 P % -
0 yayl ] Yn

Figure 14  The best reply responses of both platforms in region R;. The intersection points, (y*,0) and (0,y"),

give the equilibrium investment levels in region R;.
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Appendix C: Social Welfare, CP and Consumer Surplus Comparison
C.1. Social Welfare Comparison

In this section we provide comparison of social welfare at the SPE under both models. First, we characterize
the difference between welfare of the non-neutral and neutral regime in terms of the following exogenous
parameters (7,a, f,c). We show that this difference is non-negative and that in general, the non-neutral
regime is favored to the neutral regime. Since the SPE for both models have been characterized for f >3/5
the comparisons are also based for the same range of f.

We denote the difference between the non-neutral and neutral welfare by dw. The welfare functions at the
SPE’s have different forms in both models depending on whether the market is covered or uncovered. The
restrictions on the tuple (7, a, f,¢) that define the limits in which the CP market is uncovered and covered
coincide in both models. So we compare the welfare between the two regimes for each of the regions defined

in Section 5.5. After some algebra, the difference in welfare for the different regions are given below:

Regions Difference in welfare dw

R1 and R3 | dw=20

= a)2 2 —6(5ta) (F43a 1 a)2) (= (F—a)? 2 W2 (F—7a)2 4 a) (25 2
Ry and Ry | dw = (F=a) " —6(F+a)(F+3a) f+9(F+a)~)( 9%123115 +(60a° —(7=7a)*) f+6(F+a)(27+3)) f

Rs dw = = f2(3a + 55+ 27 1) (35 — 3a — 27 )

324c

For f>3/5 the value dw is positive in regions Ro, R4 and Rs. In these regions, the low-quality platform
makes an investment that increases the gross value of CPs and Consumer surplus compared to their values
in the neutral regime. On the other hand, in regions R; and R3 the welfare in both regimes is the same

because the investment levels are the same.

C.2. CP surplus comparison

In this section we compare the CP surplus in both regimes. Let dcp denote the difference in CP surplus

between the two regimes. The following table shows this difference in the regions defined in Section 5.5.

Regions Difference in welfare dep

Ri1 and Rs | dep=0

Ry and Ry | dep = f2(—6(W+a>(w+3a>f+<w—al)82£222g+a>2>x(3(W+a>—f<%a>>2

Rs dep = 5 f*(7(3 — 2f) — 3a)a

For regions Ry and R3 the CP surplus is the same in both regimes. In these regions the investments across
both platforms are the same. Therefore, the aggregate utility gained by the CPs is the same across both

regimes. In regions Ro, R4 and R5 the value dep is positive.
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C.3. Consumer surplus Comparison
In this subsection we compare the consumer surplus in both regimes. Let dc denote the difference in consumer
surplus between the two regimes. The following table shows the consumer surplus difference in the regions

defined in Section 5.5.
Regions Difference in welfare dc

Rq1 and Rz | de=0

Ry and Ry | de= f2(76(W+a)(W+3a)f+(Wfa)2f2+9(:3-gri)22(21+10f)(3(k+a)(k+3a)f(kfa)2f)f2

Rs de = & F2(7(3 — 2f) — 3) (9)(1 + 10f)

In regions R and R3 consumer surplus is the same under both regimes because both platforms invest in
the same qualities. However, in regions Ro, R4 and R5 the value dc is positive.
C.4. Platform profits Comparison
In this subsection we compare aggregate and individual platform profits in both regimes. Let dtp denote the

difference in aggregate platform profit between the two regimes. The following table shows this difference in

the regions defined in Section 5.5.

Regions Difference in aggregate dtp

Rl and Rg dtp =0

Ry and Ry | dtp = f2(*6(W+a)(W—&-Ba)f+(W*a)2f2+9(W-ir§2;)2(‘;i§(k+a)(k+3a)f+17(kfa)2f+9(k+a)2)

Rs dtp = —155. f2 (B = 2f) = 3a) ) (k(6f — 1) +a).

In regions R1 and R3 the profits of the platforms are the same in both the neutral and non-neutral regimes.
This follows because the investments across platforms are equal in both regimes. In regions Rs, R4 and Rs5
the aggregate profit in the neutral regime is higher than that in the non-neutral regime since dtp is positive.

Next we show that profit of the high-quality platform is larger in the neutral regime in regions Ra, R4
and Rs5. Let dtph be the difference between the high-quality platform’s profit in both regimes.

Regions Difference in profits diph

Rl and Rg dtph, =0

Ry and Ry | dtph = f3(*6(7+a)(W+3a)f+(7*a)2f2+9(7-iﬁ§6)4(;§(k+a)(k+3a)f+17(k*a)2+9(k+a)2f)

Rs diph = —s=7f3(7(3 - 2f) — 3a)
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Given the restrictions that define regions Ry, R4 and R, dtph is positive whenever f > 3/5.
Next we show that in general the low-quality platform prefers the non-neutral regime. Let the difference
of profit between the low-quality platform in the neutral and non-neutral regimes be ditpl. The table below

shows this quantity in the different regions.

Regions Difference in profits ditpl

Ri1 and Rs | dtpl =0

R and R | dipl = rgegirz f* (—6(7+a)(T+3a)f + (7= a)* 2+ 9(7 + a)?))”

Rs ditpl = 53 272 (7(3 — 2f) — 3a)?

The value dtpl is non-negative. In regions R, and R3 the profits are the same because the investments
across both platforms are the same. In contrast, the low-quality platform’s profits in regions Ro, R4 and Rs5

are superior in the non-neutral regime because dtpl is positive.
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