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ABSTRACT. We embark on an agenda to investigate how stochastic tienes and risk aversion transform the
traditional traffic assignment problem and its correspogdiquilibrium concepts. Moving from deterministic
to stochastic travel times with risk-averse users intreduton-convexities that make the problem more diffi-
cult to analyze. For example, even computing a best respafrese@ser to the environment is still of unknown
complexity [50, 48]. This paper focuses on equilibrium &ige and characterization in the different settings
of infinitesimal (non-atomic) vs. atomic users and fixed (@mus) vs. congestion-dependent (endogenous)
variability of travel times. We show that equilibria alwagsist in three out of the four possible combinations.
The exception is the case of atomic users and endogenoabiityi Because cost functions are non-additive
(i.e., the cost along a path @t a sum of costs over edges of the path as it is assumed in thenagstity of
network routing problems), solutions need to be represeagepath flows since not all decompositions from
edge to path-flows are equivalent. Nevertheless, we shdwulainct representations of equilibria and optimal
solutions always exist. Finally, we investigate the inéfficies resulting from the stochastic nature of travel
times. We obtain that under exogenous variability of traiaks, the worst-case inefficiency of equilibria is
exactly the same as when travel time functions are detestiinmeaning that in this case risk-aversion under
stochastic travel times does not further degrade a systéme worst-case in relation to users’ self-mindedness.

KeEywoRDS. Non-additive Traffic Assignment Problem, Congestion Ga8techastic Wardrop Equilibrium,
Stochastic Nash Equilibrium, Risk aversion, Mean-stashdi@viation objective.

1. INTRODUCTION

Heavy traffic and the uncertainty of traffic conditions exaete the daily lives of millions of people
across the globe. According to the 2010 Urban Mobility Repé4], “in 2009, congestion caused urban
Americans to travel 4.8 billion hours more and to purchasexaira 3.9 billion gallons of fuel for a congestion
cost of $115 billion.” High and variable congestion necedes drivers twuffer in extra timevhen planning
important trips. The recommendation in the report was tcsican a buffer of approximately 30% (Los
Angeles) to 40% (Chicago) more than the average travel time,around twice as long as the travel time
that can be achieved when traffic is low. A common driver tieadh the face of heavy and uncertain traffic
conditions is to look for alternate, sometimes longer bss lerowded and more reliable routes [35]. With
the widespread use of ever-improving technologies for oméas traffic, one might ask: what is a good
routing strategy? And how does the risk-aversion of commsutansform the resulting traffic conditions?

We consider the traffic assignment problem on networks wvidblegstic travel times and analyze the re-
sulting equilibria when strategic risk-averse commutake into account the variability of their travel times.
This approach generalizes the traditional model of Wardappetition [71] by incorporating uncertainty.
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Risk aversion induces users to go beyond considering eeghéicivel times. Since it is unlikely that they
base their route-choice decisions on something as congliees a full distribution of travel times along an
exponential number of possible routes, it is reasonablectivesidering expected travel times and their stan-
dard deviations is a good first-order approximation on rgetection. To incorporate the standard deviation
of travel times into the users’ objectives, we consider thditionalmean-standard deviatiofmean-stdev)
objective [26, 40] whereby users minimize the cost on a pagfined as its mean travel time plus a risk-
aversion factor times the standard deviation of travel @oag the same path. By linearity of expectations,
the path mean equals the sum of edge means. However, theustateliation along a path does not de-
compose as a sum over edges in the path because $kkhdiversification effectAssuming independence
of travel times on edges, the standard deviation equalsaih&rs root of the sum of the squared standard
deviations on the edges of that path.

A compelling interpretation of this objective in the casenofmally-distributed uncertainty is that the
mean-stdev of a path equals a percentile of the travel timegait. Hence, we have a traffic assignment
problem where users minimize a given percentile of theiraréime, as opposed to the standard Wardrop
model where they minimize the expected value of their trévee [53]. Note that this objective is also
related to typical quantifications of risk, most notably aéue-at-risk objective commonly used in finance,
whereby one seeks to minimize travel time subject to amgivin time to a destination with at least, say, 95%
chance.

There are alternative, simpler models that could be usedidoeas uncertainty. The easiest would be
to incorporate uncertainty on an edge-by-edge basis. Ppigach has been used in the past but it fails to
exploit the risk-diversification effects of being exposedrultiple sources of uncertainty [69]. In our setting
it would mean that standard deviations aiaply summedlong a path as opposed to taking the square root
of the sum of squared standard deviations, as should be g denother alternative is to consider the
mean-variance objective. This approach also reduces tteandaistic Wardrop equilibrium in which the
travel time functions already incorporate the informat@mnvariability. However, the mean and variance
are measured in different units so a combination of themiid tainterpret and the objective seems less
justified. In addition, this objective leads to solutionatthre not intuitive in practice such as users selecting
routes that are stochastically dominated by others. Wdiglgtthat this counterintuitive phenomenon may
happen as well under the mean-stdev objective with somficeity constructed distributions, but it is
guaranteedhot to happen under normal distributions due to the equivalentgntile interpretation of the
travel times along routes. In contrast, the mean-variabgectve still suffers from this problem even in the
case of normally-distributed uncertainty.

Readers familiar with the concept of coherent risk meagisass surveys [58, 34]) will recognize that the
mean-standard deviation objective does not constitutdareat risk measure, because it lacks monotonic-
ity. Similarly, the value-at-risk measure (correspondioghe above-mentioned percentile objective) is not
coherent because it is not convex. We remark that the asgmspinderlying coherent risk measures were
developed with respect to risk preferences in finance. Whig may provide useful alternatives for the
risk-averse objectives in the context of network gamesy #re not necessarily the only correct approach
since routing preferences under uncertainty may diffesrastically from preferences in portfolio optimiza-
tion. For example, an intercity bus that needs to observeengleparture and arrival schedule may prefer
a more certain (albeit dominated) path if there are comggdhat prevent early arrival such as the lack of
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parking space at the bus depot. Thus, while monotonicityresaaonable requirement for risk measures in
the context of finance, it may sometimes be dropped in newvagplications such as transportation and
telecommunications.

We assume that the expected travel time and the standardtidavof travel time are nondecreasing
functions that depend on the load of an edd®. provide an example, one gets increasing functions on the
load when each segment of a network represents a queuet ratie the expected travel time and standard
deviation are increasing functions on the load of the qudta. tractability reasons, we also consider a
simpler case in which the standard deviation is considexedanous to the model and hence independent of
the flow. Although this may seem simplistic, it is a commongification done in earlier work in stochastic
network models [12, 53]. Furthermore, the traditional esgion models commonly used in a multitude of
disciplines make a similar simplification when they assulnae the error term has a fixed standard deviation
independent of the explanatory variables. As we will se@weWithout this simplification the standard
deviation is endogenously determined, which can causdilaiito fail to exist.

Even in the simpler case of exogenous standard deviatibasfotm of path costs is complicated by
the square root used to compute the standard deviation gpdttes. In this setting, solving a user's
subproblem—a shortest path problem with respect to sttichassts—is a honconvex optimization prob-
lem for which no polynomial running-time algorithms are fmo To the best of our knowledge, a precise
characterization of the complexity of the subproblem ismppilbe best algorithms known so far run in time
nOUogn) for networks ofn nodes, which is between polynomial and exponential [50, Z8]s is in sharp
contrast to the subproblem of the Wardrop network game—#estgath problem, which admits efficient
solutions such as Dijkstra’s algorithm [22].

Our mean-stdev model works farbitrary distributions with finite first and second moment. To simplif
the analysis, throughout this paper we assume that trawvestin different edges are uncorrelated. Neverthe-
less, correlation is to be expected in practice; e.qg., iftliean accident in a location, it causes ripple effects
upstream. We remark that local correlations can be addtesitle a polynomial graph transformation that
encodes correlation explicitly in edges by modifying thenstard deviation functions with correlation co-
efficients [47]. It is possible to obtain a graph with indegent travel times on edges where all our results
and algorithms carry through. Nie and Wu also consider locaklations [45].

Summary of Results. We generalize the traditional model of Wardrop competifioh] by incorporating
stochastic travel timess (see Section 3 for the model, antlo®e2 for related research). Technically, this
model is much harder to analyze than the traditional oneusec# isnon-additive namely the cost of a
path is not equal to the sum of costs of edges along the path T28s in turn means that an equilibrium
in the stochastic setting does not decompose to equilibreubnetworks of the given network, leading to
computational and structural complications. Dependinghenspecific details of the application one has in
mind, users may be small or large [29]. We consider both iefsiinal users, referred to as then-atomic
case, as well as users that control a strictly positive deinaferred to as thatomiccase.

To analyze the problem and to establish the existence ofileguin, we draw from a diverse spectrum
of tools from potential games and convex analysis to therthebvariational inequalities and nonconvex

Actually, some of our results also extend to the non-sepaucase, where these functions depend on the full vectoraoslof all
edges of the network, but this will not be the focus of thigigtu
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Exogenous Standard Deviations Endogenous Standard egiat
Nonatomic Equilibrium exists Equilibrium exists
Users (It solves exponentially-large convex program) (It solvagational inequality)

Atomic Equilibrium exists No pure strategy equilibrium
Users (Game is potential)

TABLE 1. Existence of equilibria in mean-risk stochastic traf§signment problems.

(stochastic) shortest paths. We consider four settingooétomic vs. atomic users and exogenous (Sec-
tion 4) vs. endogenous variability of travel times (Secttn Our conclusions and methods are different
in each of these settings. In the nonatomic case with stdratiuiation of travel times given exogenously,
we prove that equilibria always exist using a convex probleth exponentially-many variables similar to
that of Ordbfiez and Stier-Moses [53]. The atomic case @ithlgenous standard deviations is shown to be a
potential game and therefore a pure-strategy Nash equitibalways exists. To characterize the equilibria
of the nonatomic version of the problem when the standaréhtiens of travel times are endogenous, we
use a variational inequality formulation [31, 67, 18] thaawls ideas from the nonlinear complementary
problem formulation of Aashtiani and Magnanti [1]. In thise, an equilibrium always exists; in fact, not
only for our specific mean-stdev objective but also for angegal continuous objective. In contrast, the
atomic case with endogenous standard deviation does naysladmit a pure-strategy Nash equilibrium.
We summarize these results in Table 1.

Next, we investigate if there is a succinct representationiefms of a small set of paths) of user and
system optimal flows in the case of non-atomic users withhststic travel times (Section 6). Our results
here are independent of whether the standard deviationsxagenous or endogenous. We prove that if
one is given a solution (either a Wardrop equilibrium or ateysoptimum) as an edge-flow, not every
path decomposition is a solution, in contrast to the detgistic case where every decomposition works.
Nevertheless, there is always a succinct solution that aise®st|E| + | K| paths, whereV is the set of
edges in the network anll is the set of origin-destination pairs. Although the comjtjeof computing a
solution is left open (actually, even the complexity of cartipg a single stochastic shortest path is open),
this result says that there is some hope because at leasbssloan be efficiently encoded.

Finally, we quantify the inefficiency of mean-risk Wardrogudibria under stochastic travel times with
respect to the socially-optimal solution, for the case afatomic users (Section 7). The social optimum
is defined as the flow minimizing the total cost incurred byrsisas given by their mean-stdev objective.
Surprisingly, under exogenous standard deviations, taiogy and risk aversion do not exacerbate the in-
efficiency of equilibria. The price of anarchy remains equmathat of deterministic nonatomic games.
Namely, it is4/3 for the case of linear expected travel times [61] @&hd- 3(£))~! for an appropriately
defined constant (L) for expected travel time functions in a cla8$60, 15, 16].

The case of endogenous standard deviations presents ficsighadditional difficulty that makes the
square root terms in different paths interrelated funetioithe path flow that cannot be analyzed separately;
a general price of anarchy bound for this case remains elusilevertheless, we show that, despite the
square root term, the path costs are convex whenever thedadi travel times and standard deviations on

edges are convex. Consequently, we present sufficienttcammslfor convexity of the social cost, which are
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similar to the sufficient conditions for uniqueness of eguilim in its variational inequality characterization.
Unfortunately, these conditions are fragile and in geniralsocial cost will not be convex and may admit
a non-connected set of multiple global minima but we cahidehtify settings where the price of anarchy
is 1.

We provide concluding remarks and some open questions o8t

2. RELATED WORK

Our model is based on the traditional competitive netwonkgantroduced by Wardrop in the 1950's
where he postulated that the prevailing traffic conditioas lbe determined from the assumption that users
jointly select shortest routes [71]. The model was fornalin an influential book by Beckmamtal. where
they lay out the mathematical foundations to analyze nétwames [7]. These models find applications
in various application domains such as in transportaticyj #d telecommunication [3] networks. In the
last decade, these types of models have received renewati@itwith many studies aimed at understand-
ing under what conditions these games admit an equilibriwhgt uniqueness properties are satisfied by
these equilibria, what methods can be used to compute ledaikfficiently, what price is paid for having
competition instead of a centralized solution, and whagaxed ways to align incentives so an equilibrium
becomes socially optimal. For references on these topics & perspective similar to ours, we refer the
readers to the surveys [17, 52].

In the majority of models used by theoreticians who studypttoperties of equilibria in networks, and
by practitioners who compute solutions to real problenes;etrtimes have been considered deterministic.
For instance, most of the previous work assumes that tramelstdepend on the load of the edges, with
different degrees of generality. In recent times, reseascprogressively started paying more attention to
risk aversion and began incorporating various forms of tiag#y to their models (see, e.g., [5, 37, 41, 70]
and some more references below). Nevertheless, none efttiedels has become widely accepted in prac-
tice, nor have they been extensively studied. Perhaps tlyeegoeption is thestochastic user equilibrium
model, introduced by Dial in the 1970's [21], which has betrigd in detail and used in practice exten-
sively [66, 68]. Under it, different useperceiveeach route differently, distributing demand in the network
according to a logit model. To reduce route enumerationptbeel just takes into account a subset of “effi-
cient routes.” Daganzo and Sheffi [20] looked at the case péi@ent route costs, while Fisk [25] studied
the model in the context of congested networks, obtaininggaiivalent optimization problem. Methods that
avoid route enumeration have been proposed by Bell [8] doard.iu, and Patriksson [36], and Maher [39],
also leading to equivalent optimization problems in theispf Fisk’s. Based on Akamatsu [2], Baillon and
Cominetti [6] proposed a more general concept calliedkovian traffic equilibrium provided an equivalent
optimization problem and established the convergenceeoftbthod of successive averages in that context.
But the bottom line is that this model considers thatceptionson different routes are stochastic, and not
that the travel times themselves are. For this reason, tltehpoesented in this work is complementary to
the stochastic user equilibrium approach.

The route-choice model in this paper consists of users #iattsthe path that minimizes the mean plus a
multiple of the standard deviation of travel time. This desb belongs to the class of stochastic shortest path
problems (we refer the reader to some classic referenc&d]énd some newer ones [23, 24, 49, 46]). Wu

and Nie [72] make use of stochastic dominance to charaetadmissible paths in a route choice model with
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uncertain travel times. Besides stochastic formulatitms,e have been other approaches to this problem.
For example, Bell and Cassir consider that travel times erdy an adversary who will pick the worst-
possible travel time for the user [9], and Bertsimas and Siop@se a robust optimization approach that
considers a budget of uncertainty that limits the numberdgks on which actual travel times are different
from the mean travel times [12].

Going from route choice into equilibrium network assigntngmmblems, Lo and Tung study a probabilis-
tic user equilibrium model for networks with stochastic acipy [38]. Their equilibrium model requires
that used routes not only have the same mean travel time baluthat its variance is bounded by given
performance guarantees. The model most related to our wanki of Ordéfiez and Stier-Moses [53]. They
introduce a game with uncertainty elements and risk-avesses and study how the solutions provided
by it can be approximated numerically by an efficient colugemeration method that is based on robust
optimization. The main conclusion is that the solutions patad using their approach are good approxi-
mations ofpercentile equilibriain practice. Here, a percentile equilibrium is a solutionvimnich percentiles
of travel times along flow-bearing paths are minimal. Theypalse their algorithm to compare equilibria
with risk-averse players to those with risk-neutral playexs in the standard Wardrop model. The main
difference between their approach and ours is that theighis are based on computational experiments
whereas the current work focuses on theoretical analysisalso considers the more general settings of
endogenously-determined standard deviations and thé@tarse where users control a positive amount of
flow. Following up on Ordbfiez and Stier-Moses, Nie alsalisi percentile equilibria [44]. He studies an
instance with two edges and exogenous standard deviatiothstail, provides a gradient projection algo-
rithm to find percentile equilibria, and uses it to performoaputational study. Like us, he also considers
congestion-dependent standard deviations of travel times

3. THE MODEL

We consider a directed gragh = (V, E) with an aggregate demand &f units of flow between origin-
destination pairs$sy, ;) for k € K. We letPy, be the set of all paths betweepandt,, andP := Ugc x Pk
be the set of all paths. The users in the network—i.e., thgepdaof the game—must choose routes that
connect their origins to their destinations. We encode thkective decisions of users in a flow vector
f = (fr)rep € ]Ri‘f' over all paths. Such a flow is feasible when demands are sdtisdds given by
constraintszﬂepk f= =d forall k € K. For simplicity, when we write the flow on an edgedepending
on the full flow f, we refer to) " ___ f.. When we need multiple flow variables, we use the analogous
notationx, =, x..

The network is subject to congestion, modeled with stoah&stvel time functiond.(z.) + &.(x.) for
each edge € E. Here,/.(z.) measures the expected travel time when the edge hasfloandé. (z.) is
a random variable that represents a noise term on the tienel éncoding the error thét(-) makes. The
function/.(-) is assumed continuous and non-decreasing. The randorblegfiér.) has expectation equal
to zero and standard deviation equattoz. ), for a continuous and non-decreasing functo(). Although
the distribution generally depends on the flow valuewe will separately consider the simplified case in
which the functioro,(z.) is a constant. given exogenously, and therefore independent figmWe also
assume that these random variables are all uncorrelatbdeath other. As explained in the introduction,

risk-averse players choose paths according to the meadasthdeviation (mean-stdev) objective, a linear
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combination of the expectation and standard deviation efttavel time along the route. For simplicity,
throughout the paper we refer to the mean-stdev objectitieeasost along a route. Formally, the cost along

router is
Qn(f) = Ce(fe) +7, D 0e(fe)?, 1)
ecm ecm

wherey > 0 is a constant that quantifies the user risk-aversion, whielasgume homogeneous.

The nonatomicversion of the problem considers the setting where therarmiafinite number of users
who control an insignificant amount of flow each so that thé phabice of a single user does not unilaterally
affect costs experienced by others (even though the jofittrescof several players affect other players). The
following definition captures that users at equilibrium teotiow along paths with minimum co€l(-).

Definition 1. The stochastic Wardrop equilibriuraf a nonatomic routing game is a flofvsuch that for
everyk € K and for every pathr € P, with positive flowQ. (f) < Q. (f) foranyr’ € P

Instead, theatomicversion of the game assumes that each player wishes to metenit of flow. Con-
sequently, the path choice of even one player directly tffée costs experienced by others. When users
control a positive demand (the atomic case), there are twsilpitities: in the splittable case users can split
their demands along multiple paths, and in the unsplittabke they are forced to choose a single path. In
this paper we focus on thegomic unsplittablecase, which we will sometimes refer to justatemic The
natural extension of Wardrop equilibrium to the atomic casly differs in that players need to anticipate
the effect of a player re-routing the flow to another path.

Definition 2. A pure-strategystochastic Nash equilibriurof the atomic unsplittable routing game is a
flow f such that for everyc € K and for every pathr € P;, with positive flow, we have th&},(f) <
Qu(f+Z —I,) foranyn’ € P, . Here,Z, denotes a vector that contains a one for patland zeros
otherwise.

This game always admits a mixed strategy equilibrium bex#us a finite, normal form game [43]. Never-
theless, we focus on the existence of a pure-strategy Naslibegm because it is a more natural solution
concept.

To quantify the quality of solutions, and in particular ofudipria, we define a social cost function that
will allow us to compare different flows and determine theiropt one. We adopt a natural social-cost
function, given by the total cost among all users:

C(f) =Y fxQx(D). (2)

TeP

4. EXOGENOUSSTANDARD DEVIATIONS

In this section, we consider that noise factors affectiagettimes are exogenous, which result in constant
standard deviations.(xz.) = o, that do not depend on the flow on the edge. The motivation tmlystg
this case is given by variations of travel time that depenaxternal factors such as the weather, events,
traffic signals, or other phenomena that change the roaditajpadependently of the flow (for more details,
see Ordobfiez and Stier-Moses [53]). Although this setisngnore restrictive, it constitutes a first step in
understanding how variability of travel times influencesiilorium models. In the next section, we study

the more general setting where the standard deviationiumaiay depend on the flow.
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For constant standard deviations of travel times, the path(@) can be written &g, (f) = > . Le(fe)+
V(X oer 022, Itis important to highlight that the second term is a comistaat depends on the path but
does not depend on the flow on the edges. We investigate tsierse of equilibria and provide a charac-
terization, first for the nonatomic case and then for the at@me.

4.1. The Nonatomic Case.Despite the challenge posed by the non-additive cost fm@i (-), we show
that an equilibrium always exists using a path-based copvegramming formulation given by Ordoéfiez
and Stier-Moses [53].

Theorem 4.1. A nonatomic routing game with exogenous standard devistalways has a stochastic
Wardrop equilibrium.

Proof. Even though we cannot separate the cost into a sum of costthevedges as traditional formulations
of Wardrop equilibria [7], we can characterize the equiilibr using a convex program as follows:

min Z /Oxe le(2)dz + Z v fr /Z o2 3)
ecT

eeE TeP
stz = Z f. forecE,
TEP: eeT
dp= Y fr forkek,
TEPy

fr>0 formeP.

The term in the objective with the square root is linear inftbe implying that the objective is a continuous
convex function provided the functiorfs(x) are continuous and nondecreasing. Since the constraint set
of feasible flows is a polytope, a minimum is attained. MorFpthe first order conditions for the convex
program exactly match the definition of Wardrop equilibriysmoving its existence. O

The formulation in the previous proof also implies that thyeigbrium is uniqgue when the convex objec-
tive function (3) is strictly convex, which leads to the @mlling corollary.

Corollary 4.2. The stochastic Wardrop equilibrium of the nonatomic rogiggame with exogenous standard
deviations is unique (in terms of edge loads) whenever theated travel time function& (-) are strictly
increasing.

Besides proving existence, the formulation (3) also presid way to compute this equilibrium using a
column generation procedure. The convex program (3) am@iponentially many variables (the flows on
all paths) and a polynomial number of constraints. We wil seSection 6 that an equilibrium always has
a succinct decomposition that uses at nm@gt+ | K| paths; unfortunately, since we do not know ahead of
time which paths these are, we cannot write a succinct veididhe convex program. Nevertheless, this
succinctness property provides a practical method for edimg equilibria. We refer the reader to Ordofiez
and Stier-Moses [53] for details on computation and for a matational study of the equilibria of these
games.

In the case of constant expected travel times, the obje3iveoincides with the social cost, and both

problems reduce to computing a stochastic shortest patbafcn origin destination pair. Thus, both the
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equilibrium and social optimum computation are at leastaad s the stochastic shortest path problem [50,
48].

Theorem 4.3. When the expected travel times and standard deviations @istant for each edge, the
equilibrium and social optimum coincide and can be foundriret,©(lcg™).

Proof. In the case of constant expected travel times/s@y.) = b. > 0 for all edges:, the convex program
formulation (3) is the same as the social optimum minim@aprogram and turns into the following linear

program:
minZ:f7r Zbe—F’y /Zag 4)
TeP ecm TeP

st.d = Z fr forkeK,
TEPy

fr>0 formeP.

The optimal solution to this problem assigns all demand betwa origin-destination pair on the least-cost
path between that pair. So, for each origin-destinatiom pat K, we solve the stochastic shortest path
problemmingep, {3 e, be + V(X er 02)/?}. Since|K| € O(n?), the problem can be solved in time

ecm ~ e

nOogn) 0

4.2. The Atomic Case. Now, we switch our attention to atomic unsplittable routgemes and show that
they admit a potential function. We prove this using the abgarization given by Monderer and Shap-
ley [42]. This property implies that a pure-strategy statitaNash equilibrium always exists.

Theorem 4.4. An atomic unsplittable routing game with exogenous stathdaviations always has a pure-
strategy stochastic Nash equilibrium.

Proof. Since the game is unsplittable and players control a unitacheheach, a flow is described by a set
of pathsr := (m;);cx chosen by players. The corresponding edge-flow is denotgd fpat is, f7 counts
how many players selected a route that includes edgénally, the set-.J refers to the complement of the
players in a given sel. Following the characterization of potential games by Mened and Shapley [42],
we consider the strategy graph that associates a node tp w»etior of players’ strategies. This graph
contains an edge between two nodes whenever their cormdigsigovectors of strategies differ exactly in the
strategy of a single player. To prove that a potential funmcexists, it suffices to show that the total change
of players’ costs is zero along an arbitrary cycle of lengtlrfin the strategy graph.

Let us consider two playersand j, who initially select routesr; andr;, respectively. The cycle of
length four must consist of the following four moves in theattgy graph, where both players select a new
route w; and 7}, respectively. Indeed, the cycle consists of vertigesro) = (7}, 7, 7_(;51), T(3) =
(T, T iy )y Ty = (i, ™, T_gi53), and back tor. Let us now evaluate the cost variations. When
playeri changes its strategy from to «/, his cost difference is

Qi(m(2)) — Qi) = Zfe(fgm))%-v Zog — Zée(fe”) — /Zag,

eem) eem’ eem;
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When player; changes its strategy from; to 773, his cost difference is

Qi(me) — Qi(me) = Y Lelfe ™)+ [ 02 =Y Le(fe®) =~ | D 2.
e€m; e€m; €ET; ecm;

When player changes its strategy back fromto ;, his cost difference is

Qi(mw)) — Qi(m(z) = Z Co(fe ™)+ Z o Z Co(fo®) =~ /Z o2,
e,

ecT; ecT; eeﬂ—;

Finally, when playerj changes its strategy back frozrgl to 7, his cost difference is

Qj(ﬂ-)_Qj(ﬂ-M)): de(fg)_F'V Zgg_zge(feww)—’}/ ng.
eEm; V eEm; e€ \l e€m;

Summing the previous equations, all the terms with squats rmancel out, leading to

Qi(m(2)) — Qi(m) + Q;(m(3) — Qi (7)) + Qilmy) — Qilmz) + Q;(m) — Qj(may) s

where@ denotes a modified path cost that ignores the variabilityaeE times. This implies that the change
in the original cost summed across players is equal to zerause the associated deterministic routing game
with costs/, () is potential [59]. O

Itis well known that equilibria for deterministic, nonatangames are essentially unique (Corollary 4.2 is
a generalization to that). This means that if there is maae tine equilibrium, the travel time along any edge
is the same under different equilibria. Consequently,aisgperience the same cost under all equilibria, and
different equilibria are indistinguishable from each otHeoth from the users’ perspective and from the
edges’ perspective. Instead, there can be different praiegy Nash equilibria in the deterministic, atomic
game. A simple example that illustrates that is given bydhparallel edges with (deterministic) travel time
functions equal ta: + 1, x + 1 andx + 1/2, respectively, and two players that control a unit demarth.ea
When none of the players select edge 3, one of them can pigfidabiate to it, so a necessary condition
for equilibrium is that exactly one player selects edge 3iddethere are four equilibria in total, where one
player selects edge 1 or 2 and the other player selects edgeguilibrium players can experience a travel
time of 2 or 3/2 depending on the selected edge. Furthermore, edge 1 mayhesael time of 1 or 2 at
equilibrium, depending whether a player selected it or fibie multiplicity of equilibria arises because of
the atomic nature of the players, and not because of the tancéravel times.

5. ENDOGENOUSSTANDARD DEVIATIONS

In this section, we consider the more general case of flovewdgnt standard deviations of travel times.
This makes the standard deviations endogenous to the gacheaa be used to model the impact of con-
gestion not only on the expectation of travel time but alsthenensuing variability. For instance, incidents
are more likely when there is more traffic in a road. Other sesirof delay that are also more likely to
occur are that more users may be looking for parking, may l@epéark and may stop to pickup or drop
off passengers. Using a variational-inequality formulatin the space of path flows, we show that in the

nonatomic case equilibria continue to exist. Unfortunatebntrary to the setting with deterministic travel
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times, a formulation using a minimization problem is notgbke. In the case of atomic users, equilibria
may fail to exist as a consequence of the consideration afgembus standard deviations of travel times.

We start with an example that illustrates how an equilibricimanges when standard deviations are en-
dogenous. Assume a demanddof 1 and consider a network consisting of two parallel edges trétbel
times/;(z) = x and/y(z) = 1, followed by a chain ofc edges that users must traverse. This instance
admits two paths, each comprising one of the two paralletgdnd the chain. We |étdenote the expected
travel time along the chain (a constant since the flow tramgiisis fixed) and assume that (z.) = sz, for
all edges, for some constant> 0. Although both the deterministic and the exogenous stalhdaviation
games are equivalent to the classic instance with two rquieforward by Pigou [56, 61], the equilibrium
with endogenous standard deviations changes significdniiged, it can be characterized by the roots of
the degree-4 polynomidll — 4s%)z* + 45223 + (4s* — 252 — 4ks?)z? — 4s*z + s* that are in0, 1], where
x denotes the flow on one of the two paths. Although in princiipie not evident whether these roots exist
or not, we will see that an equilibrium always does.

An important insight that arises from this example is thategnilibrium in the stochastic game does
not decompose to equilibria in subgraphs of the given grapl, in fact it may be quite different from
the equilibria in the subgraphs. Hence, it is not immediaw to decompose the problem by partitioning
a graph into smaller subgraphs: this is a major challengeesigding efficient algorithms for computing
equilibria, or even just best responses, for which tradéiadynamic-programming type approaches will
likely fail (e.g., Dijkstra’s algorithm [22]).

5.1. The Nonatomic Case.At the end of the 1970’s, Smith [67] and Dafermos [18] propsecharacter-
ize Wardrop equilibria in nonatomic routing games usinggbkitions of variational inequality problems.
Some earlier research used this approach for nonadditidelmbtke ours [28, 1, 53]. All these papers show
that a flow minimizes a modified cost function (2) thetlds path costs fixeil and only if the flow is at
equilibrium. In other wordsf is at equilibrium if for any feasible flo,

Q(f) - (f —f) <0, (5)

whereQ(f) denotes the vector of costs along all pattys (f)).<». Hence, the existence of an equilibrium
can be proved through establishing the existence of a ealtwi the variational inequality above. This is a
corollary of the following result from the theory of variatial inequalities because the set of feasible flows
is convex and compact, and the cost function is continuoude that the existence of an equilibrium also
holds in the much more general setting where the travel timetfons depend not only on the flow of the
given edge but also on the other edges, as long as this demendecontinuous. This is referred to as
nonseparabldravel time functions in the literature.

Theorem 5.1.[31] LetK ¢ R" be a compact convex set and@t: K — R be a continuous mapping.
Then, there exists a vectare K such thatQ(x) - (x —y) < 0forall y € K.

Corollary 5.2. The nonatomic routing game with endogenous standard denghas a stochastic Wardrop
equilibrium.

In contrast to the case of exogenous standard deviatiomgeven, the game with endogenous standard
deviations is nopotential[42] and equilibria cannot be easily characterized as thatisn to a (convex)

optimization problem.
11
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(a) Expected travel time functions. (b) Total flows in each edge.

FIGURE 1. An example that shows that there is no cardinal potentiztfon.

Proposition 5.3. The stochastic routing game with endogenous standard tif@vsadoes not admit a cardi-
nal potential.

Proof. For games with infinite player sets, as is the nonatomicmgugame, Sandholm provides a condition
that characterizes potential games. This condition, d@ai¢ernality symmetrywhich we define below),
does not hold in our game. To see this, suppose that our gamigsaal cardinal potential functiof® :
RIPI — R. Note that the domain is the set of all path flows, not only ¢hibst satisfy demands (technically,
this is called &full population game see, e.g., [63]). By definition, this is a continuously €liintiable
function whose gradient is the vector of path-cost fun&iozquivalently, since the path-cost functions
are smooth, they must satisfy thgternality symmetrgondition [62], which means that for any two paths
m, 7' € P, the effect on the cost of patt of adding flow on pathr is equal to the effect on the cost of
pathr of adding flow on path’. In other words, the cross partial derivatives are the sahenvthe order is

exchanged:
82(1)(f) o aQw(f) o aQW’(f) o 82q)(f)

OfeOfw — Ofw — Ofx  Ofwdfr’
However, the following example based on the Braess paradtwonk shows that externality symmetry is

not satisfied, proving the claim.

Consider the travel time functions indicated in Figure lhitandard deviation functions equalftofor
all edges. There are three possible paths: top, down and zigzag, witisftlenoted by, fo, f3 and cost
functions respectively equal to

Qi(f) =1+ fi+ fs+/(fr+ f3)2+ fE
Q2(f) =1+ fo+ fs+1/(f2+ f3)% + f2,

Qs(6) = fi+ fo+ 2fs +\/(Fu + a2 + f3+ (fa + f)2.
Considering the cross effects of pathand3:

o1 (f) _ 1 fi+f3 q 0Qs(f) _ 1 fi+f3
Afs i (fi+ f3)? + f} o f i VI + B2+ 3+ (2 + 32

we see thabQ, (f)/0fs # 0Qs(f)/0f1, so externality symmetry does not hold. O
12




5.2. Uniqueness.As in the deterministic case, the stochastic routing gamy mage multiple flows that
are at equilibrium when expected travel times and theirdgtechdeviations are not strictly increasing with
flow. (We present one example below in Lemma 6.1, which shbaisunder constant expected travel times
and standard deviations, there are different edge flowsuditium. In the example, any flow of the form
(f,1—f,1—f, f)for f € [0,1] is an equilibrium.) Thus, a relevant question is whetherlesists a unique
equilibrium when the expected travel time and/or standidation functions are strictly increasing, as is
the case when travel times are deterministic. Although quenequilibrium exists for extreme risk attitudes,
we leave the question for general risk attitudes open. W $toov some of the standard methods that are
used for characterizing equilibria and establishing uaierss using the theory of variational inequalities
and nonlinear complementarity problems fail. The follogvia a classical result usually employed to settle
guestions of this kind (see, e.g., [30]).

Theorem 5.4. Consider the variational inequality’(z) - (x — y) < 0 for all y € X, over a nonempty,
compact and convex domaik C R". If the mappingF' : R™ — R™ is strictly monotoneover X, meaning
that

[F(z) = F(y)]-(z—y)>0 Ve#yeX, (6)

then the variational inequality has at most one solution.

There are some other weaker notions, such as monotonidtpsaudo-monotonicity, that can be used to
prove existence of solutions and other properties but theyat enough to guarantee uniqueness.

Remark 5.5. It is easy to see that the sum (and also the convex combifaifdwo monotone operators
is monotone. In our setting, the path-cost operator is adineombination of the mean and the standard
deviation of travel times along paths. The mean is alwaysatome because it is separable and non-
decreasing. If the standard deviations are monotone on ssctd graphs, we would directly obtain that
path costs are monotone, resulting in uniqueness of edquitib (under appropriate conditions fastrict
monotonicity such as strictly increasing path means). @mely, for monotonicity to fail, it needs to fail in
the case oinfinitely risk-averse usersvhereby path costs are given only by the standard-deviagam.

Following the remark, we present counterexamples for namoity under the case of infinitely risk-
averse users where— co.2 The key insight is that the square-root function is not monet By continuity,
these counterexamples can be extended to the case with atelgaisk-averse users where costs include
positive expectation terms. We say that a mappingse&udo-monotonever a domainX if

F(y)-(x—y)>0impliesF(z) - (x —y) >0  Vz,ye X. (7)

We present the following counterexample for the most gémfiition of monotonicity because it implies
that none of the other monotonicity properties hold for k&stic routing games with endogenous standard
deviations. In particular, the operator is not monotone stiictly monotone.

Proposition 5.6. The path-cost operator of the nonatomic routing game witlhogenous standard devia-
tions is not pseudo-monotone.

2An easy way to capture an infinite risk-aversion is by assgrthiat mean travel times are zero. Note that the possibilibaging
negative realizations of travel times does not impose éitiihs since one could add an appropriate constant to adisedghout
changing the solutions of the examples that we provide.

13
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(a) Pseudo-monotonicity (b) Monotonicity

FIGURE 2. Counterexamples to (pseudo-)monotonicity.

Proof. Consider the network on the left of Figure 2, and assume tigaéxpectation of travel time in each
edge is zero and that the standard deviatiofy.) on the edge equalg. Hence Q- (f) = (3, f2)V/2.
We refer to path(e;, e;) in this network byr;; and we encode the full vector of flows fis= (fi4, fa4,
f34, f15, f25, f35). Flow vectorsf = (0,0,0.1,0.2,0.7,0) andf’ = (0.1,0,0,0,0.7,0.2) violate pseudo-
monotonicity becaus@(f’) - (f — ') = 0.00494 andQ(f) - (f — f') = —0.00494. O

An even simpler instance can be used to provide a countemgaim monotonicity. Indeed, consider
the network on the right of Figure 2 with similar charactécis as that in the previous proposition. De-
noting flows asf' = (f13, f23, f14, f24), flow vectorsf = (0,0.1,0.2,0.7) andf’ = (0.1,0,0,0.9), violate
monotonicity becausef — ') - [Q(f) — Q(f')] = —0.00114.

Although Proposition 5.6 implies that strict monotonidiyes not hold, we can nonetheless prove unique-
ness when users have extreme risk attitudes. In partioukashow that in those cases the stochastic game
resembles a deterministic one.

Proposition 5.7. The equilibrium of a stochastic routing game with endogensiandard deviations is
unique in the two extreme settings where users are eithlkemesitral or infinitely risk-averse, for strictly
increasing expected travel times and standard deviations.

Proof. When users are risk-neutral, the stochastic game trivigitiuces to the deterministic game with

travel times given by the expected travel time functions.ustwe already know that the equilibrium is

unique [7]. When users are infinitely risk-averse, althoughsaw that the standard deviation operator is
not monotone, the game in which path costs are squared attrmitame equilibria as the original game.

This transformation makes the path costs additive and hirecgame has a unique equilibrium because it
is equivalent to a deterministic one with increasing trairakes (given by the variance functions on each
edge). O

5.3. The Atomic Case. In contrast to the nonatomic case, the atomic unsplittailginrg game may not
have pure-strategy Nash equilibria. Note that a mixedegjsaNash equilibrium always exists (under the
standard expected cost for mixing) since there are a finiteeu of players and strategies [43].

Proposition 5.8. The atomic unsplittable routing game with endogenous stahdeviations may not have
pure-strategy Nash equilibria, even in the case of a singlece, a single sink and a series parallel network
with affine cost functions.

Proof. Consider two users that want to route one unit of flow frota ¢ in the graph shown in Figure 3. Let
the mean travel time and standard deviation on edges e, e3 be (4.8,0), (x,v/2z), (z,1), (z + 0.4,0),

respectively. We refer to the three paths in the graphas,, 73, where pathr; uses edge;. The table in
14



Figure 3 shows the path costs under each strategy for resisian coefficienty = 1. A simple inspection
shows that the game does not have a pure-strategy Nastbequili O

6. SUCCINCT REPRESENTATIONS OFSOLUTION

We now turn our attention to how one can decompose equilimibsocially optimal solutions represented
as edge-flow vectors into path-flow vectors. Furthermomhtbpe of efficient algorithms to compute those
solutions depends on the existence of succinct vectorstbfffmavs, meaning that not too many paths are
used. In this section, we set to study these questions, sxely from the perspective of the nonatomic
routing game.

Decompositions are easy in deterministic routing gamegpath-flow decomposition of an equilibrium
or a social optimum, given as an edge-flow, works since pasitscare additive. Instead, path costs of
the stochastic game are non-additive and different flow mipositions of the same edge-flow may incur in
different path costs. In particular, for an equilibrium @ystem optimum, given edge-flows, some path-flow
decompositions are at equilibrium or optimal, respecjivehd others are not.

The next lemma illustrates that shortest paths with resppectir nonadditive path costs do not need to
satisfy Bellman equations since a subpath of a shortestyesti not be shortest.

Lemma 6.1. In a nonatomic routing game, not all path-flow decomposgiohan edge-flow at equilibrium
are at equilibrium.

Proof. Consider the graph on the right of Figure 2 with mean traveks for edges, es, e3, ¢4 equal to
a,a+1,b,b—1 for somea, b > 0, and standard deviations of travel times equal/& v/3, 1, v/8. The costs
along the four possible paths apes = a+b+3, Q24 = a+b+3, Q14 = a+b+3,andQa3 = a+b++/11,
which are constants independent of the flow. The edge flovstiratsl /2 unit of flow along each edge is an
equilibrium, but only if decomposed properly. We know thateguilibrium can only use the minimum-cost
pathsris3 andmyy. (Although pathr4 is also minimum-cost, using this path with the given edge fAawld
require sending flow on the higher-cost patly as well, to make the flow feasible, hence this cannot result
in an equilibrium.) Viewed as a path-flow, the only decomposithat satisfies the equilibrium conditions
iS f13 = foa = 1/2 and fi14 = fo3 = 0. Any other decomposition uses; and therefore does not provide
an equilibrium. O

A key insight from the above Lemma 6.1 is thett all minimum-cost paths can be used in a decomposi-
tion. Similarly, the social cost of different decompositionsaajiven edge-flow can vary.

Lemma 6.2. In a nonatomic routing game, not all path-flow decomposgiohan edge-flow minimize the
social cost.

el | Player strategief = | m | w3 |
7 || 4.80, 4.80] 4.80, 3.22] 4.80, 3.11
™ | 3.22,4.80| 5.73, 5.73| 4.73, 4.81
3 || 3.11, 4.80] 4.81, 4.73 5.81, 5.81

S => €2 [

e 63

FIGURE 3. Instance with no pure-strategy Nash equilibrium in amétainsplittable game
with endogenous standard deviatioR$ght: Normal form game with two players.
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Proof. Consider again the graph on the right of Figure 2 with meavetrames for edges;, es, e3, e4
equal to2f1,6f2,4f3,10f,, and standard deviation of travel times equal ©f1, f2, 2f3, f4, respectively.
Let the edge-flow b#.3,0.7,0.4,0.6 respectively, andy = 1. The costs along the four possible paths
are Q13 = 3.02, Qoq = 11.12, Q14 = 7.23, and ()23 = 6.86, which are constants independent of the
decomposition of the flow. Routing the unit demand at mininaaost, we get the flowf;3 = 0, fou = 0.3,
fia = 0.3, and fo3 = 0.4, with a total cost of8.24. The alternative of routing the flow a§3 = 0.3,
faa = 0.6, f14 = 0, and fo3 = 0.1, provides a total cost of.27. O

The instance in the previous proof does not depend on thdat@meviations being endogenous. An
instance with exogenous standard deviations can be giverewhe structure does not change.

Remark 6.3. A surprising fact raised by the example in Lemma 6.2 is thsigasng flow to paths greedily
does not provide a cost-minimizing flow. Indeed, the shop&th 713 carries zero flow.

The lemmas above prompt the need of characterizing thetsteuaf path-flow decompositions of equi-
libria and social optima. Does a succinct flow decompositiban equilibrium or a social optimum always
exist (namely one that assigns positive flows to only polyiadigimany paths)? The following results an-
swer this question in the positive. First, we prove that ageeftbw of a socially-optimal solution can be
decomposed into a small number of paths.

Theorem 6.4. For a social optimum(z.).cr given as an edge-flow in the nonatomic case, there exists a
succinctflow decomposition that uses at mpst + | K| paths.

Proof. Because the edge-flowis fixed, path costs are constant independent of the decdtioposThere-
fore, even though the cost functio@s. (-) are nonlinear, the flow-decomposition problem can be writte
the following linear program:

min Y Qr(x) fx ®)
TEP
stz = Z f, forecE,
TEP: eET
dy, = Z fr forkeK,
TEPy

f=>0 formeP.

The previous problem ha€’| + | K| equality constraints, from where the result follows beeatlere is
always an optimal solution to a linear program in which thenbar of non-zero variables is bounded by the
number of equality constraints. O

Next, we prove a similar result for succinct equilibrium deypositions. The subtlety is that in the
endogenous case, we do not even have an optimization faionyléet alone a linear programming formu-
lation of the equilibrium as we do for the social optimum gesb above. The insight is that forfixededge
flow, the path costs are fixed. Therefore, equilibria of emthogis problems have corresponding equivalent
equilibria of exogenous problems, in which the standardadien values areonstant

Theorem 6.5. For an equilibrium(z.).c g given as an edge-flow of a nonatomic routing game, theresexist

a succinctflow decomposition that uses at m@st + |K| paths.
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Proof. For the exogenous setting, recall that the equilibrium islat®n to the convex program (3). For
fixed edge flows, this is a linear program in the path-flow \#€s f, with the same feasible set as the
social optimum problem (8). Therefore, by the same argurasnih Theorem 6.4, there exists a succinct
flow decomposition that uses at mé¢gY + | K| paths.

For the endogenous setting, we do not have an optimizationulation that can be turned into a linear
program; however, since edge flows are fixed, so are the sthdeésziations corresponding to the edges.
Therefore, an equilibrium in an endogenous setting has aivagnt equilibrium in the corresponding ex-
ogenous setting, in which the standard deviations are gbbse in the endogenous formulation under the
given edge flow. The edge flow must remain an equilibrium beeawosts along all paths do not change.
Proceeding as in the previous paragraph, we obtain a sta@tomposition at equilibrium for the ex-
ogenous game, which will also be an equilibrium of the odgiformulation with endogenous standard
deviations. O

It remains open whether finding an equilibrium path-flow deposition from an equilibrium given as
an edge flow can be done in polynomial time. This is relatethécopen question of whether the stochastic
shortest path problem defined for finding a single minimurstgath is in P [50].

7. EFFICIENCY ANALYSIS OF STOCHASTIC WARDROP EQUILIBRIA IN NONATOMIC ROUTING GAMES

In this section, we analyze the worst-case inefficiency efrttean-risk equilibria of the nonatomic rout-
ing game. To quantify this inefficiency, we make use of thecepm of price of anarchy [54], first introduced
by Koutsoupias and Papadimitriou [33] and used extensivelglation to transportation and telecommuni-
cations networks [61, 60, 15, 14, 55, 16].

The price of anarchy (POA) is defined as the supremum overalilgm instances of the ratio of the
equilibrium cost to the social optimum cost. A central planwould like to minimizeC'(f) (see (2)) but
typically a flow achieving that minimum is not possible whesers make self-minded decisions and select
paths that minimize their own costs, leading to an equilitorioutcome instead.

7.1. Exogenous Standard Deviations.Prior research on deterministic routing games has showvirthiba
price of anarchy is bounded by a relatively small constanhats most surprising is that the inefficiency
does not grow unbounded when networks become bigger and eoamplicated. Following Roughgar-
den [60], the price of anarchy is typically computed for aafetravel time functions given a-priori. We
prove that in the case of stochastic travel times with exogerstandard deviations, the price of anarchy is
the same as in the deterministic case. The bounds resultanmwodification of the bounding techniques of
Correaet al.[15, 16].

For example, when the expected travel time functions aealiin the edge flow, the price of anarchy
is 4/3, meaning that, at equilibrium, the total cost experiencedders does not exce&d.33% of that in
an optimal solution. For nonlinear functions, such as tlmggested by the Bureau of Public Roads [13],
one needs to adjust the constant. When the expected tranad tire degree-4 polynomials, as is typically
used in practice, the price of anarchy evaluates 161. We highlight that this is a worst-case bound, which
by definition tends to be pessimistic. Although it is tighechuse it was already tight for deterministic

networks, the inefficiency of equilibria achieves it onlysipecially-constructed instances that are far from
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realistic. There is theoretical and computational redetrat tries to refine this to understand the worst-case
inefficiency among ‘realistic’ instances [27, 32, 57, 16].

To prove the price-of-anarchy result in our stochastidrsgtive use the same definition for the parameter
B as Correeet al. [15]. Namely, we consider a family of expected travel timediions £, and define
for a travel time function/ € £ and a numbew > 0, 5(v,¢) := maxz>o{z({(v) — l(z))}/(vl(v)),
B(£) := sup,>q B(v, £), and finally3(L) := supye . B(£).

Theorem 7.1. Consider a nonatomic routing game with continuous nondesing expected travel times
belonging to a familyC of travel time functions, and exogenous standard deviatidnstochastic Wardrop
equilibriumf and a socially-optimal flof* minimizing the social cost (2) satisfy(f) < (1-3(£))*C(f*).

Proof. We define the social cost of path-flawvunder the prevailing path costs for the equilibridniy
Cf(x) := Q(f)-x. Under this definition((x) = C*(x). Denote the (constant) path standard deviations by
or = (X .er 022, The variational inequality characterization of equibimplies thatC'(f) < Cf(x)

for any feasible flonk. Furthermore,

Cle) = Y Lelfe)ae + D 10wt < Y Lel(we)ze + Y BL)e(f)fe + Y 10ntn

ecE TeP ecEl ecE TeP
= C(x) + B(L) > _Le(fe)fe < C(x) + BL)C(F).
eckE

Here, the first inequality uses the definition @fand the second follows after completing the social cost
function with the standard deviations. Therefargf) < C(x)/(1—/(L)) for any feasible flowk, implying
that the price of anarchy g — 8(£)) L. O

7.2. Endogenous Standard Deviations.In the case of endogenous standard deviations, an anafytbis o
price of anarchy is more elusive, not only for the complimasi of stochastic Wardrop equilibria but also
because characterizing social optima in this case is diffica. With the hope of simplifying the problem,
we study the limiting case of extreme risk-aversion (theentextreme’ case of risk-neutrality is already
well-understood, as explained earlier). In that case, wsider that expected travel times are zero because
users only care about standard deviations of travel timeicklepath costs are equal to the path standard
deviationsQ (f) = (3., oc(f.)?)"/2. Recall that in this extreme case, Proposition 5.7 showdiee is

a unique equilibrium that be computed efficiently with a asnprogram. We leave the case of intermediate
values of risk aversion open.

For the extreme case of infinite risk aversion and polynostehdard deviation functions, we prove that
the price of anarchy is one whenever the social cost fundiatonvex. Unfortunately though, even in
simple instances, the social cost is not convex becausecpattoperators, although convex themselves, fail
to be monotone as required. This, once more, happens beagilmecomplicating square root. We finish
by proving nevertheless that the price of anarchy is 1 buinfstances with more restrictive assumptions.

We now show that the first-order optimality conditions of tpimization problem that defines socially-
optimal solutions are satisfied at the equilibrium, whemd#ad deviation functions are monomials of the
same degree. Note that in the deterministic case, it is ik that the price of anarchy is exactly one
precisely for monomials of the same degree [19].
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Theorem 7.2. Consider a nonatomic routing game with zero travel times endogenous standard devi-
ations of the formv.(z.) = a.2? for some fixegp > 0. A stochastic Wardrop equilibrium is a stationary
point in the social-optimum (SO) problem that consists ommmizingC'( f) among feasible flows (S€2)).

Proof. Consider the Lagrangian of the SO problef{(f, \) = > p f=Qx(f) + M1 = > cp fr) —
> rcp lrfr (SE€, e.g., [10]). Its derivatives are

/
B g )+ 3 g Bl = Qi) I Zeeﬂﬂﬂéjf((g)%(f ) .
Let us evaluate the derivative above at the equilibrium fidar a pathz with flow £, > 0. The multiplier
1 can be discarded because the path carries positive flow andehthe corresponding constraint is not
binding. Since the equilibrium conditions imply that patists along flow-carrying paths are constant, we
can replace the denominat@r,. (f) with Q. (f). Therefore, we have

1 /
f) + Qﬂ——(f)z O-e(fe)ae(fe)(ﬂ,e;rlae f7r’> A= QTK’ eezﬂ— Oe¢ fe
_Qn Zae fe )\:Qﬂ(f) Qﬂ( ) _)\:(p+1)Qﬂ(f)_)\

Qw( )

Here, we have used that for monomial standard deviatiortime; z 0’ (z.) = paczt = poe(z.). Setting
A= (p+1)Q(f) results in0L(f, \) /0 f = 0 for pathsr carrying positive flow at equilibrium. For a path
7 that does not carry flovy,,, evaluates to a positive number becagsgf) > Q. (f) for any pathr’ that
carries flow. Hence, the Kuhn-Tucker necessary conditioasatisfied at equilibrium. O

e€7r

As a corollary from the above theorem, whenever the SO pnolilas a unique stationary point (for
example, if the social cost objective is strictly convex)wbuld follow that equilibria and social optima
coincide and, consequently, the price of anarchy would Iieiore we identify settings for which convexity
of the social cost holds, we show that despite the square ttomtpath costs are convex in the edge-flow
variables when the standard deviatien$z. ) are convex functions.

Proposition 7.3. The path costs),(x) are convex functions or whenever the expected travel time and
standard deviation functions are convex.

Proof. Path costs)(x) can be split into two parts. The part corresponding to exgeetraivel times on all
the edges om is convex because it is additive and the expected travektoneedges are convex. Hence, it
suffices to show that the standard deviation component gbdlkte cost is convex. Since the edge standard
deviationso,(x.) are convex, we have that (Sz. + (1 — 8)ye) < foc(xe) + (1 — B)oe(ye) for all e, so it
suffices to show that

Z [Bae(xe) + 5)08 ye < B‘ /Zae xe (1 - /8)1 lzae(ye)z s

for any two feasible flows andy, andg € [0, 1]. Squaring both sides and rearranging terms, the previous
inequality is equivalent to

5) 3 e(re)o () < 251 - 5 \/[zwe 2] [ oe(we)?].

ecm ecT ecT
19



O..‘\‘.‘
s
‘\“‘:‘::::‘:‘:‘0"
(AN
KA )
S (W
RER00Y Yl

‘ o
it Sy
X/

000,
LB
oo ey
R

y 048 041

FIGURE 4. Non-convex slice of the social cost function correspogdo the instance used
in Proposition A.1.

2
which holds if and only iff >~ Ue(xe)ae(ye)] < [Ze@r ae(me)ﬂ {Zeew oe(ye)?|. The last inequality
is true because it is equivalent ¥o [0e(xe)oi(yi) — 04(x:)oe (ye)]? > 0, proving the claim. O

eleT

Next, we identify sufficient conditions for the convexity tife social cost, which bear an intriguing
resemblance to the sufficient conditions for the uniquenéssuilibrium mentioned earlier. The definition
of a monotone operator is the same as a strictly-monotonéédnexcept that the inequality is weak instead
of strict.

Proposition 7.4. The social cost’(x) is convex whenever the path-cost operatbis monotone and the
path costs),(x) are convex.

Proof. We need to prove that the social cost satistiégx + (1 — f)y) < SC(x) + (1 — 8)C(y) for
any two feasible flows andy, andjs € [0, 1]. Using the convexity of path costs, it suffices to show that

Bx+ (1 =By [BQ(x)+ (1 —B)Q(y)] < fxQ(x) + (1 — B)yQ(y). This condition is equivalent to
B2xQ(x) + (1 = B’y Q(y) + B(1 - ) [xQ(y) + yQ(x)] < fxQ(x) + (1 - B)yQ(y).

Regrouping the terms in one side and dividing o9ér — /3), we see that the last inequality holds because
(x —y)[Q(x) — Q(y)] > 0, by monotonicity of the path costg(-). O

Having convex path-cost functions may suggest that thekoast function is also convex. Unfortunately,
the convexity of the latter fails to hold even in the basicecaglinear standard deviation functions equal to
o.(x) = z, as shown in Figure 4 and more formally proved in Proposifidhin the appendix. Nevertheless,
we can still show that the POA is 1 in a networkofpairs of parallel edges connected in series (e.g.,
Figure 2(b) shows a network like this with 2 pairs of edgesgsjiite the limited class of topologies that
are allowed, this example illustrates the difficulties onmsrinto when looking for bounds on the price of
anarchy under the mean-risk objective. Although the duyiilim is characterized in the same way as when
there is no uncertainty, analyzing optimal solutions idfam trivial, even with this specific structure. This
should be contrasted to what was done for the case of exogatandard deviations under general graphs
and costs in Section 7.1. For the case of endogenous statieldedions, whether the nonconvexity of the
social cost can be circumvented to obtain price of anarcluntt® for more general graphs and travel time
functions remains open.
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Proposition 7.5. Consider a honatomic routing game on a networkigdairs of parallel edges connected
in series. There is an end-to-end demand of 1 and the meaal times are zero and the standard deviation
functions are equal te.(z) = z in all edgese. For these instances, stochastic Wardrop equilibria and
socially-optimal flows coincide.

Proof. We take a flow that routes half a unit of demand in each edgegeeondpose it arbitrarily in two
paths. By symmetry, this must be an equilibrium. We want taverthat it also minimizes the social cost.
To do that, for a given edge-flow, we characterize the decaitipn that minimizes the social cost. Then,
we will use the optimal decomposition to show that the edge-fbutes half a unit of demand in each edge,
as the equilibrium.

It will be useful to refer to the sefti, ..., n} by [i]. For the instance we consider we can refer to a path
by naming the top arcs that the path goes through. Indeedetws |be the path that takes the top arcs in
X C [1] and the bottom arcs iX (the bar overX indicates the complement). We refer to thth pair of
parallel edges asfor that on top and asfor that in the bottom.

Assume we are given an edge-flanand we want to decompose it in a path-flofy)c» to minimize
its total costC(f) = > _.p fQx(f), whereQ,(f) can be assumed constant because it depends on the
edge-flowx that is fixed. Without loss of generality, we can assumethatz; < zo < ... <z, < 1/2
because we can reorder the the pairs and reverse the top toich lealges.

Let us consider the following feasible decompositiorxofm =1, fwm =x;—x;_1fori=2,...,n,

f., = 1 — x,, and zero for all other paths. We prove the optimality of teeaimposition by induction.
The basic case follows from the same argument as the industidp. Assume that we are in stepf the
induction. Then, pathsy, for k € {1,...,7 — 1} are routed optimally and top arcs {i,...,i — 1} are
saturated. We will prove that path; must be saturated, which happens when the flow ori eaches;,
achieving the required decomposition.

If path ;) does not carry flow because_; = z;, the path is already saturated, proving the inductive
step. Otherwise, we have that; > 0. To prove the claim we will see that any feasible directign) <
from f that removes flow fromr|; must induce a nonnegative gradient for the objective cdsé gradient
is just(Q(f))rcp because the path costs do not depend on the decompositi@asiblie direction in this
problem is a path-flow ilR” whose corresponding edge-flow is zero for all arcs. The kitan may have
a negative flow along a path but only if thef,, > 0 because one cannot remove flow from a path that does
not carry it.

We see this first for simple directions and then note that bitrary feasible direction can be decomposed
in a conic combination of these simple directions. ForC [i], the simple direction associated with
consists on removing flow from the path that takes all top aras all bottom arcs from stageonwards
and adding that flow in two complementary paths that take dpeatcs inl¥ and the bottom arcs i/,
and vice-versa. Concretely,}ﬁ‘[’i = gy = —landg) = g}f[/; \w = L Itis straightforward to see
that " is a feasible direction because the resulting edge-flow ris aadf;’g] > 0 by assumption and
f}%/ > 0 becauser,, < 1/2. We must prove that the gradient alop{ is not an improving direction,
Qrw + Qrppw — Qnyy — @y = 0. By grouping the terms appropriately and lettiBg = Zke{1...,i_1} x%

Tw = Ykew i T = Zpepiw Tho Bw = 2gew 23, @nd By, = 34w 7, the previous inequality
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can be written as

VBo+ Tw + By + v/Bo + Ty + Bw > \/Bo + Tw + Ty + \/Bo + Bw + By .
Squaring both sides, canceling equal terms and squaring, agaget that the previous is equivalent to
(BQ+Tw+BW)(BQ+TW+Bw) (BQ+Tw+TW)(Bo+Bw+BW)

Distributing and simplifying, we getly — Bw ) (T — Byyy) > 0, which must hold because both terms are
negative sincer;, < 1/2 < z; for all .

By linear algebra arguments, we can see that an arbitraibleadirectiong can be expressed as
ngm Awg" for \yy > 0, therefore proving that the gradient alopgs also nonnegative. Because
decreasing the flow on patt); cannot improve the objectiver;) must be saturated in an optimal decom-
position. The rest of the flow can only take the bottomiammompleting the inductive step. Therefore, the
minimal social cost as a function of the edge flrwgatisfies:

C(r1,...,xn) = :Ul\/:n%—l—x%%—...—I—x%—l—(mg—xl)\/(l—m1)2+x%+...—|—x%
+. A A —z)VA —z)2 .+ (1 —x,)?

v

[T1(z1+ 22+ .+ 2p) + (w2 —21) (1 —21) + 22+ ... + TY)

+(1—$n)((1—$1)+ (1—%))]
= \/_Zw + 1—315Z Z

where the first inequality follows from applying the root-amesquare inequality? + ... + a2 > (a1 +
.+ a,)?/n to every square root term. Therefo@(xzy,...,z,) > C(1/2,...,1/2). Since the cost of
the equilibrium is a lower bound for the cost of an arbitraopflthe claim holds. O

7
_|_

8. CONCLUSIONS ANDOPEN PROBLEMS

We have set out to extend the classical theory of Wardrogdibgaiand network assignment problems to
the more realistic setting of uncertain travel times. lis thork, we have focused exclusively on theoretical
guestions about the nature of the competition. The unceytaf travel times calls for models that incorpo-
rate users’ attitudes towards risk, which we have capturemligh a linear combination of the expectation
and the standard deviation of travel times along the chasaie r

We have considered nonatomic and atomic routing games véitiexogenous or endogenous standard
deviation functions and provided results on (1) the existeand characterization of equilibria; (2) succinct
path decompositions of equilibrium and socially optimahio (3) the inefficiency of equilibria. The direc-
tions pursued in this work have opened many other questi@tsatould be interesting to explore in future
studies. Some of these questions are:

e What is the complexity of computing an equilibrium when itstx (exogenous standard deviations
with atomic or nonatomic players; endogenous standardtiexs with nonatomic players)?

e What is the complexity of computing the socially optimalug@n? What is the complexity of
computing the socially-optimal flow decomposition if oneolus the edge-flow that represents a

socially-optimal solution?
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FIGURE 5. Instance that illustrates a non-convex social cost fonct

e Can there be multiple equilibria in the nonatomic game withagenous standard deviations?
e What is the price of anarchy for stochastic Wardrop equdilim the setting of nonatomic games
with endogenous standard deviations, for general grapthgameral classes of cost functions?
e Ordonez and Stier-Moses considered the case of userhetithogenous attitudes toward risk [53].
Can some of the results in this paper be extended to thatgetti
Of course, one could pursue other natural models and pléyectives and build upon or complement the
theory we have developed here. In particular, our model trighenriched by also considering stochastic
demands to make the demand side more realistic.
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APPENDIXA. ADDITIONAL PROOFS

The following theorem shows that the convexity of the socat fails to hold even in the basic case of
linear standard deviation functions equabtdz) = z.

Proposition A.1. The social cos}_, .p 7x(3",c, 22)'/? is not convex.

ecm e

Proof. Consider the network of 3 parallel edges, followed by 2 pelralges shown in Figure 5. Taking the
same flows as in the pseudo-monotonicity counterexampkndiv Proposition 5.6 violates the convexity
condition

Q(Bx+ (1-PB)y) < BQ(x)+ (1 -8)Q(y)
for 4 = 1/2. In particular, we denote a path flow vector Ry=[z14, 224, T34, Z15, T25, 35] Where
the subscript;j denotes the path using edggse; with the notation from the figure. Taking flows =
[0,0,0.1,0.2,0.7,0] andy = [0.1,0,0,0,0.7,0.2] yields corresponding path costs

Q(x) = [V0.05,v0.5,4/0.02,0.85,v1.3,0.82]
Qy) = [V0.02,/0.5,4/0.05,0.82,v1.3,/0.85]

Q(x;—y> = [V0.0325,v/0.5,v/0.0325,/0.8325, V1.3, /0.8325].

After some algebra, we have a counterexample to the copvelihe social cost function:

X+y X+y\ 1 1
. .Q( 5 >—0.99863>O.99666_2x Q) + ¥ Q).
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The question of the uniqueness of equilibrium in the nonata@mtting with endogenous standard devia-
tions invites the seemingly simpler question of whetharfif®d path cost values for all paths, there exists a
unique edge flow vector that attains them. We have not seemjti@istion addressed even for the determin-
istic setting. Below, we show that it is true for the latter fioear travel times but leave open whether this
statement is true in the stochastic setting.

Lemma A.2. Consider a deterministic nonatomic routing game with lingavel time functions. Suppose
we are given a (valid) vector of path cost values } .cp, for all possible paths. Then, there is a unique
edge-flow vector that attains those costs.

Proof. Denote byA the feasible edge flow polytope ®IZ!. We define the following auxiliary optimization
problem:
2
%HEIKH Z (Zﬁ (fe) — 7r> . 9
T€EP \e€m
Clearly, the minimum ofH (f) is zero, which is attained when the path costs are given bylthethat

generated the cost values. To show that (9) has a unique solution, it suffices to show tiira objec-
tive function is strictly convex, which can be done by prayihat the gradient of the objective is strictly
monotone. Hence, we need to prove that

(f— ) (VH(f) - VH(f')) >0, V£, with f # . (10)

Denote the travel time functions y( f;) = a; f; + b;, for all edgesi € E. Then,0l;(f;)/0f; = a;Li—
whereZ is the indicator function and

05 -) 4

TeEP JET

]!

The LHS of (10) becomes

Z(fi — i) (agﬂé ) agj(cif/)> Z {22% Zﬁ (fi) —ex) = ZQai(Z 0(f7) - Cﬂ)}

i€k i€E i jen T jerm
=D (=8 | D2 ) (G(f) - @(fﬂ"))]
icE | 71 JE™
=D Ui £ | 220 3 a5~
i€E | 71 Je™ J
= Zz2ai(fi — 1) {Z a;(fj — fj)
i€E T3i Jem J
= 2ai(fi— f) {Z aj(fj — fa{)]
TEP (€T JeE™
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=23 1D alfi— 1) >0
weP Lienw

In particular, we see that the above expression is striaijitpe for all pairs of flow vectors that are not
equal,f # f’. O

The proof exploits the fact that the travel time functions lnear in at least two places: first, where
the travel time derivatives simplify to constants and secavhere the difference of travel times for two
different flow value<.(f.) — ¢.(f.) can be represented as a multiple of the difference betwesse tthow
values(f. — f!). Consequently, the cross products of flow value differemdqmirs of edges, whose sign
is not necessarily positive, can be conveniently subsumele square of the sum of differences of flow
values over edges so that the overall expression becomiisgohus, it is not immediately clear if such
a proof is possible for nonlinear travel time functions. dctf it is not even clear if uniqueness holds for
general travel time functions.
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