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Abstract

This paper studies a model of long-term contracting for experimentation. We consider a
principal-agent relationship with adverse selection on the agent’s ability, dynamic moral haz-
ard, and private learning about project quality. We find that each of these elements plays an
essential role in structuring dynamic incentives, and it is only their interaction that generally
precludes efficiency. Our model permits an explicit characterization of optimal contracts.
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1. Introduction

Agents need to be incentivized to work on, or experiment with, projects of uncertain feasibility. Par-
ticularly with uncertain projects, agents are likely to have some private information about their project-
specific skills.! Incentive design must deal with not only dynamic moral hazard, but also adverse selection
(pre-contractual hidden information) and the inherent process of learning. To date, there is virtually no
theoretical work on contracting in such settings. How well can a principal incentivize an agent? How do
the environment’s features affect the shape of optimal incentive contracts? What distortions, if any, arise?
An understanding is relevant not only for motivating research and development, but also for diverse

applications like contract farming, technology adoption, and book publishing, as discussed subsequently.

This paper provides an analysis using a simple model of experimentation. We show that the inter-
action of learning, adverse selection, and moral hazard introduces new conceptual and analytical issues,
with each element playing a role in structuring dynamic incentives. Their interaction affects social effi-
ciency: the principal typically maximizes profits by inducing an agent of low ability to end experimen-
tation inefficiently early, even though there would be no distortion without either adverse selection or
moral hazard. Furthermore, despite the intricacy of the problem, intuitive contracts are optimal. The
principal can implement the second best by selling the project to the agent and committing to buy back
output at time-dated future prices; these prices must increase over time in a manner calibrated to deal

with moral hazard and learning.

Our model builds on the now-canonical two-armed “exponential bandit” version of experimentation
(Keller, Rady, and Cripps, 2005).2 The project at hand may either be good or bad. In each period, the
agent privately chooses whether to exert effort (work) or not (shirk). If the agent works in a period and
the project is good, the project is successful in that period with some probability; if either the agent shirks
or the project is bad, success cannot obtain in that period. In the terminology of the experimentation
literature, working on the project in any period corresponds to “pulling the risky arm”, while shirking
is “pulling the safe arm”; the opportunity cost of pulling the risky arm is the effort cost that the agent
incurs. Project success yields a fixed social surplus, accrued by the principal, and obviates the need for
any further effort. We introduce adverse selection by assuming that the probability of success in a period
(conditional on the agent working and the project being good) depends on the agent’s ability—either high
or low—which is the agent’s ex-ante private information or type. Our baseline model assumes no other
contracting frictions, in particular we set aside limited liability and endow the principal with full ex-ante

commitment power: she maximizes profits by designing a menu of contracts to screen the agent’s ability.’

1 Other forms of private information, such as beliefs about the project feasibility or personal effort costs, are also
relevant; see Subsection 7.4.

2 As surveyed by Bergemann and Viliméki (2008), learning is often modeled in economics as an experimentation
or bandit problem since Rothschild (1974).

3Subsection 7.2 studies the implications of limited liability. The importance of limited liability varies across
applications; we also view it as more insightful to separate its effects from those of adverse selection.



Since beliefs about the project’s quality decline so long as effort has been exerted but success not ob-
tained, the first-best or socially efficient solution is characterized by a stopping rule: the agent keeps work-
ing (so long as he has not succeeded) up until some point at which the project is permanently abandoned.
An important feature for our analysis is that the efficient stopping time is a non-monotonic function of the
agent’s ability. The intuition stems from two countervailing forces: on the one hand, for any given belief
about the project’s quality, a higher-ability agent provides a higher marginal benefit of effort because he
succeeds with a higher probability; on the other hand, a higher-ability agent also learns more from the
lack of success over time, so at any point he is more pessimistic about the project than the low-ability
agent. Hence, depending on parameter values, the first-best stopping time for a high-ability agent may

be larger or smaller than that of a low-ability agent (cf. Bobtcheff and Levy, 2015).

Turning to the second best, the key distinguishing feature of our setting from a canonical (static) ad-
verse selection problem is the dynamic moral hazard and its interaction with the agent’s private learning.
Recall that in a standard buyer-seller adverse selection problem, there is no issue about what quantity the
agent of one type would consume if he were to deviate and take the other type’s contract: it is simply
the quantity specified by the chosen contract. By contrast, in our setting, it is not a priori clear what “con-
sumption bundle”, i.e. effort profile, each agent type will choose after such an off-the-equilibrium path
deviation. Dealing with this problem would not pose any conceptual difficulty if there were a systematic
relationship between the two types’ effort profiles, for instance if there were a “single-crossing condition”
ensuring that the high type always wants to experiment at least as long as the low type. However, given
the nature of learning, there is no such systematic relationship in an arbitrary contract. As effort off the
equilibrium path is crucial when optimizing over the menu of contracts—because it affects how much
“information rent” the agent gets—and the contracts in turn influence the agent’s off-path behavior, we

are faced with a non-trivial fixed point problem.

Theorem 2 establishes that the principal optimally screens the agent types by offering two distinct
contracts, each inducing the agent to work for some amount of time (so long as success has not been ob-
tained) after which the project is abandoned. Compared to the social optimum, an inefficiency typically
obtains: while the high-ability type’s stopping time is efficient, the low-ability type experiments too little.
This result is reminiscent of the familiar “no distortion at the top but distortion below” in static adverse
selection models, but the distortion arises here only from the conjunction of adverse selection and moral
hazard; we show that absent either one, the principal would implement the first best (Theorem 1). More-
over, because of the aforementioned lack of a single-crossing property, it is not immediate in our setting
that the principal shouldn’t have the low type over-experiment to reduce the high type’s information rent,

particularly when the first best entails the high type stopping earlier than the low type.

Theorem 2 is indirect in the sense that it establishes the (in)efficiency result without elucidating the
form of second-best contracts. Our methodology to characterize such contracts distinguishes between the
two orderings of the first-best stopping times. We first study the case in which the efficient stopping time
for a high-ability agent is larger than that of a low-ability agent. Here we show that although there is no
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analog of the single-crossing condition mentioned above in an arbitrary contract, such a condition must
hold in an optimal contract for the low type. This allows us to simplify the problem and fully characterize
the principal’s solution (Theorem 3 and Theorem 4). The case in which the first-best stopping time for
the high-ability agent is lower than that of the low-ability agent proves to be more challenging: now, as
suggested by the first best, an optimal contract for the low type is often such that the high type would
experiment less than the low type should he take this contract. We are able to fully characterize the

solution in this case under no discounting (Theorem 5 and Theorem 6).

The second-best contracts we characterize take simple and intuitive forms, partly owing to the simple
underlying primitives. In any contract that stipulates experimentation for 7" periods it suffices to consider
at most 7" + 1 transfers. The reason is that the parties share a common discount factor and there are
T + 1 possible project outcomes: a success can occur in each of the 7' periods or never. One class of
contracts are bonus contracts: the agent pays the principal an up-front fee and is then rewarded with
a bonus that depends on when the project succeeds (if ever). We characterize the unique sequence of
time-dependent bonuses that must be used in an optimal bonus contract for the low-ability type.* This
sequence is increasing over time up until the termination date. The shape, and its exact calibration, arises
from a combination of the agent becoming more pessimistic over time (absent earlier success) and the
principal’s desire to avoid any slack in the provision of incentives, while crucially taking into account

that the agent can substitute his effort across time.

The optimal bonus contract can be viewed as a simple “sale-with-buyback contract”: the principal
sells the project to the agent at the outset for some price, but commits to buy back the project’s output (that
obtains with a success) at time-dated future prices. It is noteworthy that contract farming arrangements,
widely used in developing countries between agricultural companies and farm producers (Barrett et al.,
2012), are often sale-with-buyback contracts: the company sells seeds or other technology (e.g., fertilizers
or pesticides) to the farmer and agrees to buy back the crop at pre-determined prices, conditional on this
output meeting certain quality standards and delivery requirements (Minot, 2007). The contract farming
setting involves a profit-maximizing firm (principal) and a farmer (agent). Miyata, Minot, and Hu (2009)
describe the main elements of these environments, focusing on the case of China. It is initially unknown
whether the new seeds or technology will produce the desired outcomes in a particular farm, which
maps into our project uncertainty.” Besides the evident moral hazard problem, there is also adverse
selection: farmers differ in unobservable characteristics, such as industriousness, intelligence, and skills.®
Our analysis not only shows that sale-with-buyback contracts are optimal in the presence of uncertainty,

moral hazard, and unobservable heterogeneity, but elucidates why. Moreover, as discussed further in

*For the high type, there are multiple optimal contracts even within a given class such as bonus contracts.
The reason for the asymmetry is that the low type’s contract is pinned down by information rent minimization
considerations, unlike the high type’s contract. Of course, the high type’s contract cannot be arbitrary either.

>Besley and Case (1993) study how farmers learn about a new technology over time given the realization of
yields from past planting decisions, and how they in turn make dynamic choices.

®Beaman et al. (2015) provide evidence of such unobservable characteristics using a field experiment in Mali.
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Subsection 5.3, our paper offers implications for the design of such contracts and for field experiments on
technology adoption more broadly. In particular, field experiments might test our predictions regarding

the rich structure of optimal bonus contracts and how the calibration depends on underlying parameters.”

Another class of optimal contracts that we characterize are penalty contracts: the agent receives an up-
front payment and is then required to pay the principal some time-dependent penalty in each period in
which a success does not obtain, up until either the project succeeds or the contract terminates.® Analo-
gous to the optimal bonus contract, we identify the unique sequence of penalties that must be used in an
optimal penalty contract for the low-ability type: the penalty increases over time with a jump at the ter-
mination date. These types of contracts correspond to those used, for example, in arrangements between
publishers and authors: authors typically receive advances and are then required to pay the publisher
back if they do not succeed in completing the book by a given deadline (Owen, 2013). This application
fits into our framework when neither publisher nor author may initially be sure whether a commercially-
viable book can be written in the relevant timeframe (uncertain project feasibility); the author will have
superior information about his suitability or comparative advantage in writing the book (adverse selec-

tion about ability); and how much time he actually devotes to the task is unobservable (moral hazard).”

Our results have implications for the extent of experimentation and innovation across different eco-
nomic environments. An immediate prediction concerns the effects of asymmetric information: we find
that environments with more asymmetric information (either moral hazard or adverse selection) should
feature less experimentation, lower success rates, and more dispersion of success rates. We also find that
the relationship between success rates and the underlying environment can be subtle. Absent any dis-
tortions, “better environments” lead to more innovation. Specifically, an increase in the proportion of
high-ability agents or an increase in the ability of both types of the agent yields a higher probability of
success in the first best. In the presence of moral hazard and adverse selection, however, the opposite can
be true: these changes can induce the principal to distort the low-ability type’s experimentation by more,
to the extent that the average success probability goes down in the second best. Consequently, observing
higher innovation rates in contractual settings like those we study is neither necessary nor sufficient to
deduce a better underlying environment. As discussed in Subsection 5.3, these results may contribute an

agency-theoretic component to the puzzle of low technology adoption rates in developing countries.

Related literature. Broadly, this paper fits into literatures on long-term contracting with either dynamic

7We should highlight that our paper is not aimed at studying all the institutional details of contract farming or
technology adoption. For example, we do not address multi-agent experimentation and social learning, which has
been emphasized by the empirical literature (e.g., Conley and Udry, 2010).

8 There is a flavor here of “clawbacks” that are sometimes used in practice when an agent is found to be negligent.
In our setting, it is the lack of project success that is treated like evidence of negligence (i.e. shirking); note, however,
that in equilibrium the principal knows that the agent is not actually negligent.

?Not infrequently, authors fail to deliver in a timely fashion (Suddath, 2012). That private information can be

a substantive issue is starkly illustrated by the case of Herman Rosenblat, whose contract with Penguin Books to
write a Holocaust survivor memoir was terminated when it was discovered that he fabricated his story.



moral hazard and/or adverse selection. Few papers combine both elements, but two recent excep-
tions are Sannikov (2007) and Gershkov and Perry (2012).! These papers are not concerned with learn-
ing/experimentation and their settings and focus differ from ours in many ways.!! More narrowly, start-
ing with Bergemann and Hege (1998, 2005), there is a fast-growing literature on contracting for experimen-
tation. Virtually all existing research in this area addresses quite different issues than we do, primarily
because adverse selection is not accounted for.!> The only exception we are aware of is the concurrent
work of Gomes, Gottlieb, and Maestri (2015). They do not consider moral hazard; instead, they introduce
two-dimensional adverse selection. Under some conditions they obtain an “irrelevance result” on the
dimension of adverse selection that acts similar to our agent’s ability, a conclusion that is similar to our

benchmark that the first best obtains in our model when there is no moral hazard.

Outside a pure experimentation framework, Gerardi and Maestri (2012) analyze how an agent can
be incentivized to acquire and truthfully report information over time using payments that compare the
agent’s reports with the ex-post observed state; by contrast, we assume the state is never observed when
experimentation is terminated without a success. Finally, our model can also be interpreted as a problem
of delegated sequential search, as in Lewis and Ottaviani (2008) and Lewis (2011). The main difference is
that, in our context, these papers assume that the project’s quality is known and hence there is no learning
about the likelihood of success (cf. Subsection 7.3); moreover, they do not have adverse selection.

2. The Model

Environment. A principal needs to hire an agent to work on a project. The project’s quality—synonymous
with the state—may either be good or bad, a binary variable. Both parties are initially uncertain about
the project’s quality; the common prior on the project being good is Sy € (0,1). The agent is privately
informed about whether his ability is low or high, § € {L, H}, where § = H represents “high”. The
principal’s prior on the agent’s ability being high is o € (0,1). In each period, ¢t € {1,2,...}, the agent
can either exert effort (work) or not (shirk); this choice is never observed by the principal. Exerting effort

19Some earlier papers with adverse selection and dynamic moral hazard, such as Laffont and Tirole (1988), focus
on the effects of short-term contracting. There is also a literature on dynamic contracting with adverse selection and
evolving types but without moral hazard or with only one-shot moral hazard, such as Baron and Besanko (1984) or,
more recently, Battaglini (2005), Boleslavsky and Said (2013), and Es6 and Szentes (2015). Pavan, Segal, and Toikka
(2014) provide a rather general treatment of dynamic mechanism design without moral hazard.

' Demarzo and Sannikov (2011), He et al. (2014), and Prat and Jovanovic (2014) study private learning in moral-
hazard models following Holmstrom and Milgrom (1987), but do not have adverse selection. Sannikov (2013) also
proposes a Brownian-motion model and a first-order approach to deal with moral hazard when actions have long-
run effects, which raises issues related to private learning. Chassang (2013) considers a general environment and
develops an approach to find detail-free contracts that are not optimal but instead guarantee some efficiency bounds
so long as there is a long horizon and players are patient.

12Gee Bonatti and Horner (2011, 2015), Manso (2011), Klein (2012), Ederer (2013), Horner and Samuelson (2013),
Kwon (2013), Guo (2014), Halac, Kartik, and Liu (2015), and Moroni (2015).
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in any period costs the agent ¢ > 0. If effort is exerted and the project is good, the project is successful in
that period with probability \; if either the agent shirks or the project is bad, success cannot obtain in that
period. Success is observable and once a project is successful, no further effort is needed.'> We assume
1> AT > AL > 0. A success yields the principal a payoff normalized to 1; the agent does not intrinsically
care about project success. Both parties are risk neutral, have quasi-linear preferences, share a common

discount factor ¢ € (0, 1], and are expected-utility maximizers.

Contracts. We consider contracting at period zero with full commitment power from the principal. To
deal with the agent’s hidden information at the time of contracting, the principal’s problem is, without
loss of generality, to offer the agent a menu of dynamic contracts from which the agent chooses one. A
dynamic contract specifies a sequence of transfers as a function of the publicly observable history, which
is simply whether or not the project has been successful to date. To isolate the effects of adverse selection,
we do not impose any limited liability constraints until Subsection 7.2. We assume that once the agent
has accepted a contract, he is free to work or shirk in any period up until some termination date that is
specified by the contract.!* Throughout, we follow the convention that transfers are from the principal to

the agent; negative values represent payments in the other direction.

Formally, a contract is given by C = (T, Wy, b,1), where T' € N = {0, 1, . . .} is the termination date of the
contract, Wy € R is an up-front transfer (or wage) at period zero, b = (b1, ..., br) specifies a transfer b; € R
made at period ¢ conditional on the project being successful in period ¢, and analogously I = (1, ..., I7)
specifies a transfer [; € R made at period ¢ conditional on the project not being successful in period ¢ (nor

).12:16 We refer to any b; as a bonus and any [; as a penalty. Note that b; is not constrained

in any prior period
to be positive nor must /; be negative; however, these cases will be focal and hence our choice of termi-
nology. Without loss of generality, we assume that if 7" > 0 then 7" = max{t : either b; # 0 or [; # 0}. The
agent’s actions are denoted by a = (a1, ..., ar), where a; = 1 if the agent works in period ¢ and a; = 0 if

the agent shirks.

Payoffs. The principal’s expected discounted payoff at time zero from a contract C = (T, Wy, b,1), an

13Subsection 7.1 establishes that our results apply without change if success is privately observed by the agent
but can be verifiably disclosed.

4 There is no loss of generality here. If the principal has the ability to block the agent from choosing whether to
work in some period—*lock him out of the laboratory”, so to speak—this can just as well be achieved by instead
stipulating that project success in that period would trigger a large payment to the principal.

1>We thus restrict attention to deterministic contracts. Throughout, symbols in bold typeface denote vectors. W,
and T are redundant because W, can be effectively induced by suitable modifications to b; and i, while T can be
effectively induced by setting b; = [; = 0 for all ¢t > T. However, it is expositionally convenient to include these
components explicitly in defining a contract. Furthermore, there is no loss in assuming that 7" € N; as we show, it is
always optimal for the principal to stop experimentation at a finite time, so she cannot benefit from setting 7" = co.

16 As the principal and agent share a common discount factor, what matters is only the mapping from outcomes
to transfers, not the dates at which transfers are made. Our convention facilitates our exposition.



agent of type 6, and a sequence of the agent’s actions a is denoted I1%(C, a), which can be computed as:

T T
I (C,a) == —Wo — (1— o) Y0+ 6o > 6" [H (1 - a5A9)
t=1

t=1 s<t

[at/\o (1—by) — (1 - atA9) zt} RG)

Formula (1) is understood as follows. W is the up-front transfer made from the principal to the agent.
With probability 1 — 3y the state is bad, in which case the project never succeeds and hence the entire
sequence of penalties [ is transferred. Conditional on the state being good (which occurs with proba-
bility ), the probability of project success depends on both the agent’s effort choices and his ability;

[T (1 — asA?) is the probability that a success does not obtain between period 1 and ¢ — 1 conditional on
s<t
the good state. If the project were to succeed at time ¢, then the principal would earn a payoff of 1 in that

period, and the transfers would be the sequence of penalties (l1,...,l;—1) followed by the bonus b;.

Through analogous reasoning, bearing in mind that the agent does not directly value project success
but incurs the cost of effort, the agent’s expected discounted payoff at time zero given his type 6, contract
C, and action profile a is

U8 (C, a) == Wo+(1— o) iét (I — aze) + Bo iat [H (1 - asﬁ)] [at ()\gbt - c) + (1 - atx") zt} ()
t=1 t=1

s<t
If a contract is not accepted, both parties” payoffs are normalized to zero.

Bonus and penalty contracts. Our analysis will make use of two simple classes of contracts. A bonus
contract is one where aside from any initial transfer there is at most only one other transfer, which occurs
when the agent obtains a success. Formally, a bonus contractis C = (7, Wy, b,1) such that [y = 0 forall t €
{1,...,T}. A bonus contract is a constant-bonus contract if, in addition, there is some constant b such that
by =bforallt € {1,...,T}. When the context is clear, we denote a bonus contract as just C = (T, Wy, b)
and a constant-bonus contract as C = (T, Wy, b). By contrast, a penalty contract is one where the agent
receives no payments for success and instead is penalized for failure. Formally, a penalty contract is
C = (T, Wy, b,l) such that by = 0 forall t € {1,...,T}. A penalty contract is a onetime-penalty contract if,
in addition, l; = 0 forall ¢t € {1,...,7 — 1}. That is, while in a general penalty contract the agent may
be penalized for each period in which he fails to obtain a success, in a onetime-penalty contract the agent
is penalized only if a success does not obtain by the termination date 7. We denote a penalty contract as

just C = (T, Wy, 1) and a onetime-penalty contract as C = (T, Wy, I7).

Although each of these two classes of contracts will be useful for different reasons, there is an iso-
morphism between them; furthermore, either class is “large enough” in a suitable sense. More precisely,
say that two contracts, C = (7, Wy, b,l) and C = (T, WO,B,A), are equivalent if for all ¢ € {L, H} and
a=(a,...,ar): US(C,a) = U{(C,a) and 11 (C,a) = I1{(C, a).



Proposition 1. For any contract C = (T, Wy, b, 1) there exist both an equivalent penalty contract C= (T, Wo, A)

and an equivalent bonus contract C = (T, Wo, b).
Proof. See the Supplementary Appendix. Q.E.D.

Proposition 1 implies that it is without loss to focus either on bonus contracts or on penalty contracts.
The proof is constructive: given an arbitrary contract, it explicitly derives equivalent penalty and bonus
contracts. The intuition is that all that matters in any contract is the induced vector of discounted trans-
fers for success occurring in each possible period (and never), and these transfers can be induced with
bonuses or penalties.!” The proof also shows that when § = 1, onetime-penalty contracts are equivalent

to constant-bonus contracts.

3. Benchmarks

3.1. The first best

Consider the first-best solution, i.e. when the agent’s type 6 is commonly known and his effort in each
period is publicly observable and contractible. Since beliefs about the state being good decline so long
as effort has been exerted but success not obtained, the first-best solution is characterized by a stopping
rule such that an agent of ability 6 keeps exerting effort so long as success has not obtained up until some
period t?, whereafter effort is no longer exerted.'® Let 3/ be a generic belief on the state being good at the
beginning of period ¢ (which will depend on the history of effort), and Bta be this belief when the agent
has exerted effort in all periods 1,...,¢ — 1. The first-best stopping time ¢’ is given by

0 _ . g%\
t —I?Zag({t.ﬁt)\ Zc}, (3)

where, for each 0, Bg := fo, and for ¢t > 1, Bayes’ rule yields

—9 Bo (1— )\e)t_l
= . 4
P Bo (1= X0)" " + (1 - Bo) @

17 For example, in a two-period contract C = (2, Wy, b, ), the agent’s discounted transfer is W, +0b; if he succeeds
in period one, Wy + 411 + §2b, if he succeeds in period two, and Wy + 611 + 62l if he does not succeed in either

period. The same transfers are induced by a penalty contract C= (2, /I/I70, lA) with WO =Wy + by, lAl =11 — by + 6by,
andlAg =l — by, and by a bonus contract C= (2, ﬁ//o,g) with WO = Wo+dly +5212,51 =b; —1; —dly, and 52 = by —ls.

18 More precisely, the first best can always be achieved using a stopping rule for each type; when and only when
d = 1, there are other rules that also achieve the first best. Without loss, we focus on stopping rules.



Note that (3) is only well-defined when ¢ < BoA; if ¢ > ByA?, it would be efficient to not experiment

atall, i.e. stop at t? = 0. To focus on the most interesting cases, we assume:

Assumption 1. Experimentation is efficient for both types: for 6 € {L, H}, BoA? > c.

If parameter values are such that Bfe N = ¢, equations (3) and (4) can be combined to derive the

following closed-form solution for the first-best stopping time for type 6:

log (z\gc—c 1;0&))
log (1 — \%)

=1+ (5)

Equation (5) yields intuitive monotonicity of the first-best stopping time as a function of the prior that
the project is good, By, and the cost of effort, ¢’ But it also implies a fundamental non-monotonicity
as a function of the agent’s ability, \?, as shown in Figure 1. (For simplicity, the figure ignores integer
constraints on t%.) This stems from the interaction of two countervailing forces. On the one hand, for any
given belief about the state, the expected marginal benefit of effort is higher when the agent’s ability is
higher; on the other hand, the higher is the agent’s ability, the more informative is a lack of success in
a period in which he works. Hence, at any time ¢ > 1, a higher-ability agent is more pessimistic about
the state (given that effort has been exerted in all prior periods), which has the effect of decreasing the
expected marginal benefit of effort. Altogether, this makes the first-best stopping time non-monotonic in
ability; both t¥ > tI and t¥ < t are robust possibilities that arise for different parameters. As we will

see, this has substantial implications.

The first-best expected discounted surplus at time zero from type 6 is
[l (-
Z(St{ﬁo 1— )\ N —(1—B0)c].
t=1

3.2. No adverse selection or no moral hazard

Our model has two sources of asymmetric information: adverse selection and moral hazard. To see that

their interaction is essential, it is useful to understand what would happen in the absence of either one.

Consider first the case without adverse selection, i.e. assume the agent’s ability is observable but there
is moral hazard. The principal can then use a constant-bonus contract to effectively sell the project to the

agent at a price that extracts all the (ex-ante) surplus. Specifically, suppose the principal offers the agent

19 We do not assume this condition in our analysis, but it is convenient for the current discussion.

200ne may also notice that the discount factor, 6, does not enter (5). In other words, unlike the traditional focus
of experimentation models, there is no tradeoff here between “exploration” and “exploitation”, as the first-best
strategy is invariant to patience. Our model and subsequent analysis can be generalized to incorporate this tradeoff,
but the additional burden does not yield commensurate insight.
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Figure 1 — The first-best stopping time.

of type 6 a constant-bonus contract C? = (t/, W¢, 1), where W{ is chosen so that conditional on the agent
exerting effort in each period up to the first-best termination date (as long as success has not obtained),

the agent’s participation constraint at time zero binds:

0/ (c@, 1) - i 5t [50 (1 - x‘))“ (A9 - c) —(1- 50)0] + W =0,
t=1

where the notation 1 denotes the action profile of working in every period of the contract. Plainly, this
contract makes the agent fully internalize the social value of success and hence achieves the first-best level

of experimentation, while the principal keeps all the surplus.

Consider next the case with adverse selection but no moral hazard: the agent’s effort in any period
still costs him ¢ > 0 but is observable and contractible. The principal can then implement the first best
and extract all the surplus by using simple contracts that pay the agent for effort rather than outcomes.
Specifically, the principal can offer the agent a choice between two contracts that involve no bonuses or
penalties, with each paying the agent c for every period that he works. The termination date is t* in the
contract intended for the low type and ¢ in the contract intended for the high type. Plainly, the agent’s
payoff is zero regardless of his type and which contract and effort profile he chooses. Hence, the agent
is willing to choose the contract intended for his type and work until either a success is obtained or the

termination date is reached.?!

To summarize:

21 The same idea underlies Gomes et al.’s (2015) Lemma 2. While this mechanism makes the agent indifferent
over the contracts, there are more sophisticated optimal mechanisms, detailed in earlier versions of our paper, that
satisfy the agent’s self-selection constraint strictly.
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Theorem 1. If there is either no moral hazard or no adverse selection, the principal optimally implements the first

best and extracts all the surplus.

A proof is omitted in light of the simple arguments preceding the theorem. Theorem 1 also holds when
there are many types; that both kinds of information asymmetries are essential to generate distortions is

general in our experimentation environment.??

4. Second-Best (In)Efficiency

We now turn to the setting with both moral hazard and adverse selection. In this section, we formalize
the principal’s problem and deduce the nature of second-best inefficiency. We provide explicit character-

izations of optimal contracts in Section 5 and Section 6.

Without loss, we assume that the principal specifies a desired effort profile along with a contract.
An optimal menu of contracts maximizes the principal’s ex-ante expected payoff subject to incentive
compatibility constraints for effort (ICY below), participation constraints (IR’ below), and self-selection

constraints for the agent’s choice of contract (ICY" below). Denote
o’ (C) := argmax U (C,a)
a

as the set of optimal action plans for the agent of type 6 under contract C. With a slight abuse of notation,
we will write U§ (C, a’(C)) for the type-6 agent’s utility at time zero from any contract C. The principal’s
program is:

max polld (CH, aH) + (1 — po) II (CL,aL)

(CH7CL1aH7aL)

subject to, for all 6,0’ € {L, H},

a? € a?(CY), (IC9)
Ug(c?,a’) > o, (IR%)
vd(c?,a’) > vg(c”, a’(Cc”)). (IC?)

Adverse selection is reflected in the self-selection constraints (IC?”"), as is familiar. Moral hazard is
reflected directly in the constraints (IC?) and also indirectly in the constraints (IC?") via the term af (C?").
To get a sense of how these matter, consider the agent’s incentive to work in some period ¢. This is shaped

not only by the transfers that are directly tied to success/failure in period ¢ (b; and ;) but also by the

22We note that learning is also important in generating distortions: in the absence of learning (i.e. if the project
were known to be good, Sy = 1), the principal may again implement the first best. For expositional purposes, we
defer this discussion to Subsection 7.3.

11



transfers tied to subsequent outcomes, through their effect on continuation values. In particular, ceteris
paribus, raising the continuation value (say, by increasing either b1 or l;;1) makes reaching period ¢ + 1
more attractive and hence reduces the incentive to work in period ¢ this is a dynamic agency effect.”
Note moreover that the continuation value at any point in a contract depends on the agent’s type and his
effort profile; hence it is not sufficient to consider a single continuation value at each period. Furthermore,
besides having an effect on continuation values, the agent’s type also affects current incentives for effort
because the expected marginal benefit of effort in any period differs for the two types. Altogether, the
optimal plan of action will generally be different for the two types of the agent, i.e. for an arbitrary contract

C, we may have o’ (C) N a®(C) = 0.2
Our result on second-best (in)efficiency is as follows:

Theorem 2. In any optimal menu of contracts, each type 8 € {L,H} is induced to work for some number of
periods, . Relative to the first-best stopping times, t" and t*, the second best has T =" and T < L.

Proof. See Appendix A. Q.E.D.

Theorem 2 says that relative to the first best, there is no distortion in the amount of experimentation by
the high-ability agent whereas the low-ability agent may be induced to under-experiment. It is interesting
that this is a familiar “no distortion (only) at the top” result from static models of adverse selection, even
though the inefficiency arises here from the conjunction of adverse selection and dynamic moral hazard
(cf. Theorem 1). Moral hazard generates an “information rent” for the high type but not for the low
type. As will be elaborated subsequently, reducing the low type’s amount of experimentation allows the
principal to reduce the high type’s information rent. The optimal 7" trades off this information rent with
the low type’s efficiency. For typical parameters, it will be the case that i e {1,...,tF — 1}, so that the
low type engages in some experimentation but not as much as socially efficient; however, it is possible
that the low type is induced to not experiment at all (" = 0) or to experiment for the first-best amount of

time (tL =th)

. The former possibility arises for reasons akin to exclusion in the standard model (e.g. the
prioz, 110, on the high type is sufficiently high); the latter possibility is because time is discrete. Indeed, if
the length of each time interval shrinks and one takes a suitable continuous-time limit, then there will be
some distortion, i.e. <L,

The proof of Theorem 2 does not rely on characterizing second-best contracts.”> We establish i = tH

B Mason and Viliméaki (2011), Bhaskar (2012, 2014), Hérner and Samuelson (2013), and Kwon (2013) also high-
light dynamic agency effects, but in settings without adverse selection.

24 Related issues arise in static models that allow for both adverse selection and moral hazard; see for example
the discussion in Laffont and Martimort (2001, Chapter 7).

ZNote that when § < 1, efficiency requires each type to use a “stopping strategy” (i.e., work for a consecutive
sequence of periods beginning with period one). The proof technique for Theorem 2 does not allow us to establish
that the low type uses a stopping strategy in the second-best solution; however, it shows that one can take the high
type to be doing so. That the low type can also be taken to use a stopping strategy (with the second-best stopping
time) will be deduced subsequently in those cases in which we are able to characterize second-best contracts.
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by proving that the low type’s self-selection constraint can always be satisfied without creating any distor-
tions. The idea is that the principal can exploit the two types’ differing probabilities of success by making
the high type’s contract “risky enough” to deter the low type from taking it, while still satisfying all other
constraints.?® We establish " < ¢~ by showing that any contract for the low type inducing 7 >t~ can
be modified by “removing” the last period of experimentation in this contract and concurrently reducing
the information rent for the high type. Due to the lack of structure governing the high type’s behav-
ior upon deviating to the low type’s contract, we prove the information-rent reduction no matter what
action plan the high type would choose upon taking the low type’s contract. It follows that inducing
over-experimentation by the low type cannot be optimal: not only would that reduce social surplus but it

would also increase the high type’s information rent.

While Theorem 2 has implications for the extent of experimentation and innovation in different eco-
nomic environments, we postpone such discussion to Subsection 5.3, after describing optimal contracts

and their comparative statics.

5. Optimal Contracts when t? > t*

We characterize optimal contracts by first studying the case in which the first-best stopping times are
ordered t? > tL, i.e. when the speed-of-learning effect that pushes the first-best stopping time down for
a higher-ability agent does not dominate the productivity effect that pushes in the other direction. Any of
the following conditions on the primitives is sufficient for t? > t%, given a set of other parameters: (i) 3y
is small enough, (ii) \* and A\ are small enough, or (iii) c is large enough. We maintain the assumption

that t > & implicitly throughout this section.

5.1. The solution

A class of solutions to the principal’s program described in Section 4 when t# > t is as follows:

26 Specifically, given an optimal contract for the high type, the principal can increase the magnitude of the penal-
ties while adjusting the time-zero transfer so that the high type’s expected payoff and effort profile do not change.
Making the penalties severe enough (i.e., negative enough) then ensures that the low type’s payoff from taking the
high type’s contract is negative and hence (IC*#) is satisfied at no cost. Crucially, an analogous construction would
not work for the high type’s self-selection constraint: the high type’s payoff under the low type’s contract cannot be
lower than the low type’s, as the high type can always generate the same distribution of project success as the low
type by suitably mixing over effort. From the point of view of correlated-information mechanism design (Cremer
and McLean, 1985, 1988; Riordan and Sappington, 1988), the issue is that because of moral hazard, the signal cor-
related with the agent’s type is not independent of the agent’s report. In a different setting, Obara (2008) has also
noted this effect of hidden actions. While Obara (2008) shows that in his setting approximate full surplus extraction
may be achieved by having agents randomize over their actions, this is not generally possible here because the
feasible set of distributions of project success for the high type is a superset of that of the low type.

13



Theorem 3. Assume t1 > tL. There is an optimal menu in which the principal separates the two types using
penalty contracts. In particular, the optimum can be implemented using a onetime-penalty contract for type H,
CH = (e, Wi, il;) with I}, < 0 < Wy, and a penalty contract for type L, C = (", WE 1), such that:

1. Forallt € {1,... ,EL},

. <L
—(1-9) = ift <t
lL ( )55)‘11 f 6
t c 't—%L- ()
_B%:L/\L lf -

2. W& > 0is such that the participation constraint, (IRY), binds;
3. Type H gets an information rent: Ul (CH o (CH)) > 0;

4. 1 € o (CH);1 € ol (CF);and 1 = o (CF).
Generically, the above contract is the unique optimal contract for type L within the class of penalty contracts.
Proof. See Appendix B. Q.E.D.

The optimal contract for the low type characterized by (6) is a penalty contract in which the magnitude
of the penalty is increasing over time, with a “jump” in the contract’s final period. The jump highlights
dynamic agency effects: by obtaining a success in a period ¢, the agent not only avoids the penalty I
but also the penalty I/, and those after. The last period’s penalty needs to compensate for the absence
of future penalties. Figure 2 depicts the low type’s contract; the comparative statics seen in the figure
will be discussed subsequently. Only when there is no discounting does the low type’s contract reduce
to a onetime-penalty contract where a penalty is paid only if the project has not succeeded by i*. For
any discount factor, the high type’s contract characterized in Theorem 3 is a onetime-penalty contract in
which he only pays a penalty to the principal if there is no success by the first-best stopping time t*. On
the equilibrium path, both types of the agent exert effort in every period until their respective stopping
times; moreover, were the high type to take the low type’s contract (off the equilibrium path), he would
also exert effort in every period of the contract. This implies that the high type gets an information rent
because he would be less likely than the low type to incur any of the penalties in C~.

Although the optimal contract for the low type is (generically) unique among penalty contracts, there
are a variety of optimal penalty contracts for the high type. The reason is that the low type’s optimal
contract is pinned down by the need to simultaneously incentivize the low type’s effort and yet minimize
the information rent obtained by the high type. This leads to a sequence of penalties for the low type,
given by (6), that make him indifferent between working and shirking in each period of the contract, as
we explain further in Subsection 5.2. On the other hand, the high type’s contract only needs to be made
unattractive to the low type subject to incentivizing effort from the high type and providing the high type

a utility level given by his information rent. There is latitude in how this can be done: the onetime penalty
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in the high type’s contract of Theorem 3 is chosen to be severe enough so that this contract is “too risky”
for the low type to accept.

Remark 1. The proof of Theorem 3 provides a simple algorithm to solve for an optimal menu of contracts.
For any ¢ € {0,...,tL}, we characterize an optimal menu that solves the principal’s program subject to
an additional constraint that the low type must experiment until period . The low type’s contract in this
menu is given by (6) with the termination date # rather than 7°. An optimal (unconstrained) menu is then

obtained by maximizing the principal’s objective function over ¢ € {0, ..., t"}.
The characterization in Theorem 3 yields the following comparative statics:

Proposition 2. Assume t* > t& and consider changes in parameters that preserve this ordering. The second-best
stopping time for type L, i, is weakly increasing in o and N\, weakly decreasing in c and 1o, and can increase
or decrease in \1. The distortion in this stopping time, measured by t* — i, is weakly increasing in po and can
increase or decrease in By, \¥, \H, and c.

Proof. See the Supplementary Appendix. Q.E.D.

Figure 2 illustrates some of the conclusions of Proposition 2. The comparative static of " in pg is
intuitive: the higher the ex-ante probability of the high type, the more the principal benefits from reducing
the high type’s information rent and hence the more she shortens the low type’s experimentation. Matters
are more subtle for other parameters. Consider, for example, an increase in y. On the one hand, this
increases the social surplus from experimentation, which suggests that 7" should increase. But there are
two other effects: holding fixed i, penalties of lower magnitude can be used to incentivize effort from the
low type because the project is more likely to succeed (cf. equation (6)), which has an effect of decreasing
the information rent for the high type; yet, a higher 5, also has a direct effect of increasing the information
rent because the differing probability of success for the two types is only relevant when the project is good.

Nevertheless, Proposition 2 establishes that it is optimal to (weakly) increase ¥ when B increases.

Since the high type’s information rent is increasing in A\, one may expect the principal to reduce the
low type’s experimentation when A\ increases. However, a higher A means that the high type is likely
to succeed earlier when deviating to the low type’s contract. For this reason, an increase in A can reduce
the incremental information-rent cost of extending the low type’s contract, to the extent that the gain in
efficiency from the low type makes it optimal to increase .

Turning to the magnitude of distortion, ¢~ — 7" since the first-best stopping time ¢ does not depend
on the probability of a high type, 1o, while s decreasing in this parameter, it is immediate that the
distortion is increasing in j9. The time tL is also independent of the high type’s ability, M. thus, since
i may increase or decrease in M the same is true for t& — . Finally, with respect to fy, A, and ¢, the
distortion’s ambiguous comparative statics stem from the fact that ¢~ and 7" move in the same direction

. . +L . .
when these parameters change. For example, increasing /3y can reduce ¢ —#~ when y is low but increase

15



time
1 3 5 7 9 11 13 15 1 3 5 7 9 11 13 15
M v
t(uf) o X
| Ul 15(BY).
0.6 ‘
- \ \\
\
\ \
-0.8 >< \
\ |
& ’ X
B (1)) (10) B B (B

Figure 2 — The optimal penalty contract for type L under different values of p and fy. Both graphs
have § = 0.5, \¥ = 0.1, \f = 0.12, and ¢ = 0.06. The left graph has 8y = 0.89, ug = 0.3, and pf, = 0.6;
the right graph has 3, = 0.85, 3, = 0.89, and j = 0.3. The first-best entails ¢/’ = 15 on the left graph,
and t* = 12 (for Bp) and t* = 15 (for 3}) on the right graph.

tL — " when pg is high; the reason is that a larger ex-ante probability of the high type makes increasing
7" more costly in terms of information rent.

Theorem 3 utilizes penalty contracts in which the agent is required to pay the principal when he fails
to obtain a success. While these contracts prove analytically convenient (as explained in Subsection 5.2),
a weakness is that they do not satisfy interim participation constraints: in the implementation of Theorem 3,

the agent of either type # would “walk away” from his contract in any period ¢ € {1,... ,59} if he could.
The following result provides a remedy:

Theorem 4. Assume t*1 > t&. The second best can also be implemented using a menu of bonus contracts. Specifi-
cally, the principal offers type L the bonus contract C* = (EL, Wi, bl) wherein for any t € {1,... ,EL},

%L

b =0 (=), 7)
s=t
where X is the penalty sequence in the optimal penalty contract given in Theorem 3, and W is chosen to make the

participation constraint, (IRY), bind. For type H, the principal can use a constant-bonus contract CH = (1 Wi bH)
with a suitably chosen W and b > 0.

Generically, the above contract is the unique optimal contract for type L within the class of bonus contracts. This
implementation satisfies interim participation constraints in each period for each type, i.e. each type 8’s continuation
utility at the beginning of any period t € {1, ... ,fe} in CY is non-negative.
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A proof is omitted because the proof of Proposition 1 can be used to verify that each bonus contract
in Theorem 4 is equivalent to the corresponding penalty contract in Theorem 3, and hence the optimality
of those penalty contracts implies the optimality of these bonus contracts. Using (6), it is readily verified
that in the bonus sequence (7),

9)

andbL:Q—HSbL forany t € {1,...,7" — 1}, (8)
t L t+1 y

szL - -y
Bir A By AL
and hence the reward for success increases over time. When § = 1, the low type’s bonus contract is a

constant-bonus contract, analogous to the penalty contract in Theorem 3 being a onetime-penalty contract.

An interpretation of the bonus contracts in Theorem 4 is that the principal initially sells the project to
the agent at some price (the up-front transfer Wj) with a commitment to buy back the output generated

by a success at time-dated future prices (the bonuses b).

5.2. Sketch of the proof

We now sketch in some detail how we prove Theorem 3. The arguments reveal how the interaction
of adverse selection, dynamic moral hazard, and private learning jointly shape optimal contracts. This

subsection also serves as a guide to follow the formal proof in Appendix B.

While we have defined a contract as C = (T, Wy, b, 1), it will be useful in this subsection alone (so
as to parallel the formal proof) to consider a larger space of contracts, where a contract is given by
C = (I', Wy, b,1). The first element here is a set of periods, I' C N\ {0}, at which the agent is not “locked
out,” i.e. at which he is allowed to choose whether to work or shirk. As discussed in fn. 14, this additional
instrument does not yield the principal any benefit, but it will be notationally convenient in the proof.
The termination date of the contract is now 0 if I' = () and otherwise maxI'. We say that a contract is
connected if I' = {1, ..., T} for some T; in this case we refer to T" as the length of the contract, and 7' is also

the termination date. The agent’s actions are denoted by a = (a¢),cp-

As justified by Proposition 1, we solve the principal’s problem (stated at the outset of Section 4) by
restricting attention to menus of penalty contracts: for each § € {L,H}, C’ = (%, W{,1°). Penalty
contracts are analytically convenient to deal with the combination of adverse selection and dynamic moral

hazard for reasons explained in Step 4 below.

Step 1: We simplify the principal’s program by (i) focussing on contracts for type L that induce him
to work in every non-lockout period, i.e. on contracts in the set {C : 1 € a?(CF)}; and (ii) ignoring the
constraints (IR”) and (ICE#). It is established in the proof of Theorem 2 that a solution to this simplified
program also solves the original program.?” Call this program [P1].

% The idea for (i) is as follows: fix any contract, C, in which there is some period, ¢ € I'Y, such that it would be
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It is not obvious a priori what action plan the high type may use when taking the low type’s con-
tract. Accordingly, we tackle a relaxed program, [RP1], that replaces (ICHLY in program [P1] by a relaxed
version, called (Weak-IC”%), that only requires type H to prefer taking his contract and following an
optimal action plan over taking type L’s contract and working in every period. Formally, (IC1) re-
quires U1 (CH o (CH)) > U (CE, a(CF)) whereas (Weak-IC!F) requires only Ul (CH, o (CH)) >
UH (CL, 1). We emphasize that this restriction on type H’s action plan under type L’s contract is not with-
out loss for an arbitrary contract CL; e, given an arbitrary Cl with 1 € o*(C"), it need not be the case
that 1 € off (Cl)—it is in this sense that there is no “single-crossing property” in general. The reason is
that because of their differing probabilities of success from working in future periods (conditional on the
good state), the two types trade off current and future penalties differently when considering exerting ef-
fort in the current period. In particular, the desire to avoid future penalties provides more of an incentive

for the low type to work in the current period than the high type.?

Relaxing (IC*1) to (Weak-IC*’) is motivated by a conjecture that even though the high type may
choose to work less than the low type in an arbitrary contract, this will not be the case in an optimal
contract for the low type. This relaxation is a critical step in making the program tractable because it
severs the knot in the fixed point problem of optimizing over the low type’s contract while not knowing
what action plan the high type would follow should he take this contract. The relaxation works because
of the efficiency ordering ¢/ > t%, as elaborated subsequently.

In the relaxed program [RP1], it is straightforward to show that (Weak-IC? ) and (IR¥) must bind at
an optimum: otherwise, time-zero transfers in one of the two contracts can be profitably lowered with-
out violating any of the constraints. Consequently, one can substitute from the binding version of these
constraints to rewrite the objective function as the sum of total surplus less an information rent for the
high type, as in the standard approach. We are left with a relaxed program, [RP2], which maximizes this
objective function and whose only constraints are the direct moral hazard constraints (ICZ) and (ICL),

where type L must work in all periods. This program is tractable because it can be solved by separately

suboptimal for type L to work in period t. Since type L will not succeed in period ¢, one can modify C” to create a
new contract, CZ, in which ¢ ¢ I'Z, and I£ is “shifted up” by one period with an adjustment for discounting. This
ensures that the incentives for type L in all other periods remain unchanged, and critically, that no matter what
behavior would have been optimal for type H under contract C*, the new contract is less attractive to type H.

As for (ii), we show that type H always has an optimal action plan under contract C that yields him a higher
payoff than that of type L under C%, and hence (IR”) is implied by (IC*) and (IR”). Finally, we show that (ICL)
can always be satisfied while still satisfying the other constraints in the principal’s program by making the high
type’s contract “risky enough” to deter the low type from taking it.

28To substantiate this point, consider any two-period penalty contract under which it is optimal for both types
to work in each period. It can be verified that changing the first-period penalty by £; > 0 while simultaneously
changing the second period penalty by —e2 < 0 would preserve type 8’s incentive to work in period one if and only
ife; < (1 — A\%)de2. Note that because —¢5 < 0, both types will continue to work in period two independent of their
action in period one. Consequently, the initial contract can always be modified in a way that preserves optimality
of working in both periods for the low type, but makes it optimal for the high type to shirk in period one and work
in period two.
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optimizing over each type’s penalty contract. The following steps 2-5 derive an optimal contract for type
L in program [RP2] that has useful properties.

Step 2: We show that there is an optimal penalty contract for type L that is connected. A rough in-
tuition is as follows.?’ Because type L is required to work in all non-lockout periods, the value of the
objective function in program [RP2] can be improved by removing any lockout periods in one of two
ways: either by “shifting up” the sequence of effort and penalties or by terminating the contract early
(suitably adjusting for discounting in either case). Shifting up the sequence of effort and penalties elimi-
nates inefficient delays in type L’s experimentation, but it also increases the rent given to type H, because
the penalties—which are more likely to be borne by type L than type H—are now paid earlier. Con-
versely, terminating the contract early reduces the rent given to type H by lowering the total penalties in
the contract, but it also shortens experimentation by type L. It turns out that either of these modifications

may be beneficial to the principal, but at least one of them will be if the initial contract is not connected.

Step 3: Given any termination date 7, there are many penalty sequences that can be used by a
connected penalty contract of length T to induce the low-ability agent to work in each period 1,...,T".
We construct the unique sequence, call it I(7), that ensures the low type’s incentive constraint for effort
binds in each period of the contract, i.e. in any period t € {1,...,T%}, the low type is indifferent between
working (and then choosing any optimal effort profile in subsequent periods) and shirking (and then
choosing any optimal effort profile in subsequent periods), given the past history of effort. The intuition
is straightforward: in the final period, T'*, there is obviously a unique such penalty as it must solve
L (TE) = —c+ (1 — Bra D)L (Th). Iteratively working backward using a one-step deviation principle,
this pins down penalties in each earlier period through the (forward-looking) incentive constraint for
effort in each period. Naturally, for any 7% and t € {1,...,T%}, ZtL (T1) < 0, i.e. as suggested by the term

“penalty”, the agent pays the principal each time there is a failure.

Step 4: We show that any connected penalty contract for type L that solves program [RP2] must use
the penalty structure iL(-) of Step 3. The idea is that any slack in the low type’s incentive constraint for
effort in any period can be used to modify the contract to strictly reduce the high type’s expected payoff
from taking the low type’s contract (without affecting the low type’s behavior or expected payoff), based

on the high type succeeding with higher probability in every period when taking the low type’s contract.*’

Although this logic is intuitive, a formal argument must deal with the challenge that modifying a
transfer in any period to reduce slack in the low type’s incentive constraint for effort in that period has
feedback on incentives in every prior period—the dynamic agency problem. Our focus on penalty con-

tracts facilitates the analysis here because penalty contracts have the property that reducing the incentive

2 For the intuition that follows, assume that all penalties being discussed are negative transfers, i.e. transfers from
the agent to the principal.

3 This is because the constraint (Weak-IC*%) in program [RP2] effectively constrains the high type in this way,
even though, as previously noted, it may not be optimal for the high type to work in each period when taking an
arbitrary contract for the low type.
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to exert effort in any period ¢ by decreasing the severity of the penalty in period ¢ has a positive feedback
of also reducing the incentive for effort in earlier periods, since the continuation value of reaching period
t increases. Due to this positive feedback, we are able to show that the low type’s incentive for effort in
a given period of a connected penalty contract can be modified without affecting his incentives in any
other period by solely adjusting the penalties in that period and the previous one. In particular, in an
arbitrary connected penalty contract CZ, if type L’s incentive constraint is slack in some period ¢, we can
increase I} and reduce [/ ; in a way that leaves type L’s incentives for effort unchanged in every period
s # t while still being satisfied in period ¢. We then verify that this “local modification” strictly reduces

the high type’s information rent.*!

Step 5: In light of Steps 2—4, all optimal connected penalty contracts for type L in program [RP2] can
be found by just optimizing over the length of connected penalty contracts with the penalty structure
ZL(-). By Theorem 2, the optimal length, 7", cannot be larger than the first-best stopping time: i < il
In this step, we further establish that i is generically unique, and that generically there is no optimal
penalty contract for type L that is not connected.

Step 6: Let C" be the contract for type L identified in Steps 2-5.>> Recall that [RP1] differs from
the principal’s original program [P1] in that it imposes (Weak-IC? L) rather than (IC*1). In this step, we
show that any solution to [RP1] using C" satisfies (ICH1) and hence is also a solution to program [P1].
Specifically, we show that a!f (GL) = 1, i.e. if type H were to take contract EL, it would be uniquely
optimal for him to work in all periods 1,... ,£“. The intuition is as follows: under contract C type
H has a higher expected probability of success from working in any period ¢ < 7, no matter his prior
choices of effort, than does type L in period ¢ given that type L has exerted effort in all prior periods
(recall 1 € a* (GL)). The argument relies on Theorem 2 having established that " < -, because tH > tL
then implies that for any ¢t € {1,... ,EL}, BEN > BtL AL for any history of effort by type H in periods
1,...,t — 1. Using this property, we verify that because C" makes type L indifferent between working
and shirking in each period up to " (given that he has worked in all prior periods), type H would find it

strictly optimal to work in each period up to " no matter his prior history of effort.

5.3. Implications and applications

Asymmetric information and success. Our results offer predictions on the extent of experimentation

and innovation. An immediate implication concerns the effects of asymmetric information. Compare

31 By contrast, bonuses have a negative feedback: reducing the bonus in a period ¢ increases the incentive to work in
prior periods because the continuation value of reaching period ¢ decreases. Consequently, keeping incentives for
effort in earlier periods unchanged after reducing the bonus in period ¢ would require a “global modification” of
reducing the bonus in all prior periods, not just the previous period. This makes the analysis with bonus contracts
less convenient.

32 The initial transfer in C is set to make the participation constraint for type L bind. In the non-generic cases

. . —L
where there are multiple optimal lengths of contract, C uses the largest one.
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a setting with either no moral hazard or no adverse selection, as in Theorem 1, with a setting where
both features are present, as in Theorem 2. The theorems reveal that, other things equal, the amount of
experimentation will be lower in the latter, and, consequently, the average probability of success will also
be lower. Furthermore, because low-ability agents” experimentation is typically distorted down whereas
that of high-ability agents is not, we predict a larger dispersion in success rates across agents and projects

when both forms of asymmetric information are present.*’

Our analysis also bears on the relationship between innovation rates and the quality of the underly-
ing environment. Absent any distortions, “better environments” lead to more success. In particular, an
increase in the agent’s average ability, oA + (1 — p) AL, yields a higher probability of success in the first
best.>* However, contracts designed in the presence of moral hazard and adverse selection need not pro-
duce this property. The reason is that an improvement in the agent’s average ability can make it optimal
for the principal to distort experimentation by more: as shown in Proposition 2, " decreases in i and,
for some parameter values, in A\, Such a reduction in " can decrease the second-best average success
probability when the agent’s average ability increases. Consequently, observing higher innovation rates

in contractual settings is neither necessary nor sufficient to deduce a better underlying environment.

Contract farming and technology adoption. Though our model is not developed to explain a particular
application, our framework speaks to contract farming and, more broadly, technology adoption in de-
veloping countries. Technology adoption is inherently a dynamic process of experimentation and learn-
ing. Understanding the adoption of agricultural innovations in low-income countries, and the obstacles
to it, has been a central topic in development economics (Feder, Just, and Zilberman, 1985; Foster and
Rosenzweig, 2010). Practitioners, policymakers, and researchers have long recognized the importance of
contractual arrangements to provide proper incentives, because farmers typically don’t internalize the

broader benefits of their experimentation.

As described in the Introduction, contract farming is a common practice in developing countries; it
involves a profit-maximizing firm, which is typically a large-scale buyer such as an exporter or a food
processor, and a farmer, who may be a small or a large grower. The contractual environment features not
only learning about the quality of new seeds or a new technology, but also moral hazard and unobservable
heterogeneity (Miyata et al., 2009).° The arrangements used between agricultural firms and farmers
resemble the contracts characterized in Theorem 4, with firms committing to time-dated future prices for
an output of a certain quality delivered by a given deadline. Our analysis shows why such contracts are

optimal in the presence of uncertainty, moral hazard, and unobservable heterogeneity, and how the shape

33 While this is readily evident when ¢ > t, it is also true when t# < . In the latter case, even though the
second best may narrow the gap in the types” duration of experimentation, the gap in their success rates widens.

3 Although t£ and t* may increase or decrease in A% and A\ respectively, one can show that the first-best prob-
ability of success is always increasing in yy, A, and AF.

% Using a field experiment, Kelsey (2013) shows that landholders have private information relevant to their per-
formance under a contract that offers incentives for afforestation, and that efficiency can be increased by using an
allocation mechanism that induces self-selection.
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of the contract hinges on the interaction of these three key features. Theorem 4 and formula (8) reveal
how an optimal pattern of outcome-contingent buyback prices should be determined. In principle, these

predicted contracts could be subject to empirical testing.

Much of the recent research on technology adoption uses controlled field experiments to study the
incentives of potential adopters. Our results may inform the design of experimental work, particularly
with regards to dynamic considerations, which are receiving increasing attention. For example, Jack et al.
(2014) use a field experiment to study both the initial take-up decision and the subsequent investment
(follow-through) decisions in the context of agricultural technology (tree species) adoption in Zambia.
The authors consider simple contracts to investigate the interplay between the uncertainty of a technol-
ogy’s profitability, the self-selection of farmers, and learning of new information. In their experimental
design, contracts specify the initial price of the technology and an outcome-contingent payment tied to
the survival of trees by the end of one year. The study uses variation of the contracts in the two dimen-
sions (initial price and contingent payment) to evaluate their performance. The authors find that 35% of
farmers who pay a positive price for take-up have no trees one year later; in addition, among farmers

who follow-through, the tree survival rate responds to learning over time.

The contract form used in Jack et al. (2014) shares features with what emerges as an optimal contract
in our model, and their basic findings are also consistent with our results. Their controlled experiment
is simple in that performance is assessed and a reward is paid only at the end of one year. Our model
shows that to optimally incentivize experimentation, agents must be compensated with continual rewards
contingent on the time of success, up until an optimally chosen termination date which may differ from
the efficient stopping time. Moreover, perhaps counterintuitively, Theorem 4 shows that higher rewards
must be offered for later success, with the rate of increase depending on the rate of learning (and other
factors).’® Our results thus point to a new dimension that can improve follow-through rates; this could

be tested in future field experiments.

Finally, many scholars study the puzzle of low technology adoption rates and its potential solutions
(e.g., Suri, 2011, and the references therein). Our paper adds to the discussion by relating adoption rates
to the underlying contractual environment. As mentioned earlier, we predict less experimentation, lower
success rates, and more dispersion of success rates in settings with more asymmetric information; the
lower (and more dispersed) success rates translate into lower (and more dispersed) adoption rates. We
also find that the relationship between adoption rates and the underlying environment can be subtle, with
“better environments” possibly leading to less experimentation and lower adoption in the second best.
Our results thus provide a novel explanation for the low adoption rate puzzle. Empirical researchers
have recently been interested in how agency contributes to the puzzle (e.g., Atkin et al., 2015); our work

contributes to the theoretical background for such lines of inquiry.

%1In particular, formula (8) reveals that rewards will optimally increase more sharply over time, up until the
contract termination, if the rate of learning is higher.
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Naturally, there are dimensions of contract farming and technology adoption that our analysis does
not cover. For example, social learning among farmers affects adoption (Conley and Udry, 2010), and
agricultural companies will want to take this into account when designing contracts.’” A deeper under-
standing of optimal contracts for multiple experimenting agents who can learn from each other would
be useful for this application.’® While this and similar extensions may yield new insights, we expect our
main results to be robust: to reduce the information rent of high-ability types, the principal will benefit
from distorting the length of experimentation of low-ability types, and from setting payments so that
their incentive constraint for effort binds at each time. This suggests that, under appropriate conditions,

an agent will still receive a higher reward for succeeding later rather than earlier.

Book contracts. As mentioned in the Introduction, some contractual relationships between a publisher
and author have the features we study: it is initially uncertain whether a satisfactory book can be written
in the relevant timeframe; the author may be privately informed about his suitability for the task; and
how much time the author spends on this is not observable to the publisher. It is common for real-world
publishing contracts to resemble the penalty contracts characterized in Theorem 3: book contracts pay
an advance to the author that the publisher can recoup if the author fails to deliver on time (according
to a delivery-of-manuscript clause) or if the book is unacceptable (according to a satisfactory-manuscript
clause); see Bunnin (1983) and Fowler (1985). There is substantial dispersion in both the deadlines and
the advances that authors are given; Kuzyk (2006) notes that publishing houses try to assess an author’s

chances of succeeding when determining these terms.

6. Optimal Contracts when t? < t*

We now turn to characterizing optimal contracts when the first-best stopping times are ordered ¢/ < t£.
Any of the following conditions on the primitives is sufficient for this case given a set of other parameters:
(i) Bo is large enough, (ii) M s large enough, or (iii) ¢ is small enough.

The principal’s program remains as described in Section 4, but solving the program is now substan-
tially more difficult than when tH > tL. To understand why, consider Figure 3, which depicts the two
types” “no-shirk expected marginal product” curves, Bf M, as a function of time. (For simplicity, the fig-
ure is drawn ignoring integer constraints.) For any parameters, these curves cross exactly once as shown

in the figure; the crossing point t* is the unique solution to

—H —L —H —L

7 Another aspect is the choice of farmer size: as discussed in Miyata et al. (2009), there are different advantages
to contracting with small versus large growers, and the optimal farmer size for a firm may change as parties exper-
iment and learn over time.

38 Recent work on this agenda, albeit without adverse selection, includes Frick and Ishii (2015) and Moroni (2015).

23



Parameters under which ¢t/ > t© entail ¢t/ < t*, as seen with the high effort cost in Figure 3. When
tl < t*, it holds at any t < tL that the high type has a higher expected marginal product than the low type
conditional on the agent working in all prior periods. It is this fact that allowed us to prove Theorem 3 by

conjecturing that the high type would work in every period when taking the low type’s contract.

By contrast, tH < 4L implies tL > t*, as seen with the low effort cost in Figure 3. Since the second-best
stopping time for the low type can be arbitrarily close to his first-best stopping time (e.g. if the prior on
the low type, 1 — po, is sufficiently large), it is no longer valid to conjecture that the high type will work
in every period when taking the low type’s optimal contract—in this sense, “single crossing” need not
hold even at the optimum. The reason is that at some period after ¢*, given that both types have worked
in each prior period, the high type can be sufficiently more pessimistic than the low type that the high
type finds it optimal to shirk in some or all of the remaining periods, even though A > A and the low
type would be willing to work for the contract’s duration.* Indeed, this will necessarily be true in the
last period of the low type’s contract if this period is later than ¢t* and the contract makes the low type just

indifferent between working and shirking in this period as in the characterization of Theorem 3.
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Figure 3 — No-shirk expected marginal product curves with 8y = 0.99, \ = 0.28, A" = 0.35.

Solving the principal’s program without being able to restrict attention to some suitable subset of
action plans for the high type when he takes the low type’s contract appears intractable. For an arbitrary
9, we have been unable to find a valid restriction. The following example elucidates the difficulties.

Example 1. For an open and dense set of parameters {fy, c, \', \H} with =k = 3,4 there is a 6* € (0,1)

3 More precisely, the relaxed program, [RP1], described in Step 1 of the proof sketch of Theorem 3 can yield a
solution that is not feasible in the original program, because the constraint (IC” %) is violated; the high type would
deviate from accepting his contract to accepting the low type’s contract and then shirk in some periods.

40Tt suffices for the parameters to satisfy the following four conditions:
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such that the optimal penalty contract for type L as a function of the discount factor, C*(8) = (3, WE(6),1%(6)),
has the property that the optimal action plans for type H under this contract are given by

{(1,1,0),(1,0,1)} ifd € (0,0%)
(G (5)) {(1,1,0),(1,0,1),(0,1,1)} if§ = &*

{(1,0,1),(0,1,1)} if 5 € (6%,1)

{(1,1,0),(1,0,1),(0,1,1)} ifé=1.

Figure 4 depicts the contract and type H's optimal action plans as a function of § for a particular set of other
parameters.*! Notice that the only action plan that is optimal for type H for all § is the non-consecutive-work plan
(1,0,1), but for each value of 6 at least one other plan is also optimal. Interestingly, the stopping strategy (1,1,0) is
not optimal for type H when § € (§*, 1) although it is when & = 1. The lack of lower hemi-continuity of a* (CE(§))

at 0 = 1 is not an accident, as we will discuss subsequently.

Nevertheless, we are able to solve the problem when § = 1.

Theorem 5. Assume § = 1 and t" < tX. There is an optimal menu in which the principal separates the two types
using onetime-penalty contracts, " = (", Wt 1) with 1T}, < 0 < W{T for type H and C* = T Wk, ZELL)
for type L, such that:

~

I =mind ——¢— — ¢ where t'L .=  max n:ia, =1}
& ,3ZLL)\L’ ,BﬁJLAH ! a€aH(CL)#{ " }

N

. WOL > 0 is such that the participation constraint, (IRL), binds;

W

. Type H gets an information rent: U (CH, o (CH)) > 0;

4. 1 € &M (CH); 1 € a(CH).

Proof. See Appendix C. Q.E.D.

1. The first-best stopping time for type L is t© = 3 (i.e., By AL > ¢ > By AF) and the probability of type L is large
enough (i.e., uo is sufficiently small) that it is not optimal to distort the stopping time of type L: tr =t =3.

2. The expected marginal product for type H after one period of work is less than that of type L after one period
of work, but larger than that of type L after two periods of work: B3 AP < By AH < By AL.

3. Ex-ante, type H is more likely to succeed by working in one period than type L is by working in two periods:
1- M < (1-2E)2

4. There is some §* € (0,1) such that 557 — g5 = 0%(1 — A") (ﬁflw - ﬁ§1AL> .

1 The initial transfer W{ in each case is determined by making the participation constraint of type L bind.

25



d d

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
0 | |
0.1 5 (1,1,0) ‘ ®
-0.2 '
0.3 !
(1,0,1) . °
0.4 i
-0.5 lL E
3 : (0,1,1) - [ °
-0.6 S* 6-*
L L qL
(11 g, 13) ot <CL)

Figure 4 — The optimal penalty contract for type L in Example 1 with 5y = 0.86, ¢ = 0.1, A= 0.75,
M = 0.95 (left graph) and the optimal action profiles for type H under this contract (right graph).

For § = 1, the optimal menus of penalty contracts characterized in Theorem 5 for t# < % share some
common properties with those characterized in Theorem 3 for tH > tL: in both cases, a onetime-penalty
contract is used for the low type and the high type earns an information rent. On the other hand, part
1 of Theorem 5 points to two differences: (i) it will generally be the case in the optimal C* that when
th <tF,1 ¢ af’(CL), whereas for t! > t&, o (Cl) = 1; and (ii) when t < t%, it can be optimal for the
principal to induce the low type to work in each period by satisfying the low type’s incentive constraint
for effort with slack (i.e. with strict inequality), whereas when ¢!/ > ¢, the penalty sequence makes this

effort constraint bind in each period.

The intuition for these differences derives from information rent minimization considerations. The
high type earns an information rent because by following the same effort profile as the low type he is less
likely to incur any penalty for failure, and hence has a higher utility from any penalty contract than the
low type.*? Minimizing the rent through this channel suggests minimizing the magnitude of the penalties
that are used to incentivize the low type’s effort; it is this logic that drives Theorem 3 and for § = 1 leads
to a onetime-penalty contract with

C

L=< 9)

However, when 7" > ¢* (which is only possible when ¢/ < t), the high type would find it optimal under
this contract to work only for some 7" < " number of periods. It is then possible—and is true for an open

and dense set of parameters—that 7" is such that the high type is more likely to incur the onetime penalty

#2 Gtrictly speaking, this intuition applies so long as [; < 0 for all ¢ in the penalty contract.
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than the low type. But in such a case, the penalty given in (9) would not be optimal because the principal
can lower l%LL (i.e. increase the magnitude of the penalty) to reduce the information rent, which she can
keep doing until the high type finds it optimal to work for more periods and becomes less likely to incur

the onetime penalty than the low type. This explains part 1 of Theorem 5.

We should note that this possibility arises because time is discrete. It can be shown that when the
length of time intervals vanishes, in real-time the ¢t/ and 7" in the statement of Theorem 5 are such that
B%LL A< Bﬁu M (in particular, B%LL A= Bﬁu M when ° > 1 L, or equivalently when s t*), and

hence ZEL =-3 Lc)\L is optimal, just as in Theorem 3 when § = 1. Intuitively, because learning is smooth in
L

continuous time, the high type would always work long enough upon deviating to the low type’s contract

that he is less likely to incur the onetime penalty ZELL than the low type. Thus, by the logic above, lowering
the onetime penalty below that in (9) would only increase the information rent of the high type in the

continuous-time limit.

Remark 2. The proof of Theorem 5 provides an algorithm to solve for an optimal menu of contracts when
t < tl'and § = 1. For each pair of integers (s, t) such that 0 < s < t < t¥, one can compute the principal’s
payoff from using the onetime-penalty contract for type L given by Theorem 5 when i is replaced by ¢

tHL

and is replaced by s. Optimizing over (s, t) then yields an optimal (unconstrained) menu.

How do we prove Theorem 5 in light of the difficulties described earlier of finding a suitable restriction
on the high type’s behavior when taking the low-type’s contract? The answer is that when § = 1, one can
conjecture that the optimal contract for the low type must be a onetime-penalty contract (as was also true
when ¢ > tI). Notice that because of no discounting, any onetime-penalty contract would make the
agent of either type indifferent among all action plans that involve the same number of periods of work.
In particular, a stopping strategy—an action plan that involves consecutive work for some number of
periods followed by shirking thereafter—is always optimal for either type in a onetime-penalty contract.
The heart of the proof of Theorem 5 establishes that it is without loss of generality to restrict attention
to penalty contracts for the low type under which the high type would find it optimal to use a stopping
strategy (see Subsection C.4 in Appendix C). With this in hand, we are then able to show that a onetime-
penalty contract for the low type is indeed optimal (see Subsection C.5). Finally, the rent-minimization
considerations described above are used to complete the argument. Observe that optimality of a onetime-
penalty contract for the low type and that of a stopping strategy for the high type under such a contract
is consistent with the solution in Example 1 for § = 1, as seen in Figure 4. Moreover, the example plainly

shows that such a strategy space restriction will not generally be valid when § < 1.3

We provide a bonus-contracts implementation of Theorem 5:

Due to the agent’s indifference over all action plans that involve the same number of periods of work in a
onetime-penalty contract when § = 1, the correspondence o (CL(4)) will generally fail lower hemi-continuity at
0 = 1. In particular, the low type’s optimal contract for J close to 1 may be such that a stopping strategy is not
optimal for the high type under this contract. However, the correspondence o (C%(§)) is upper hemi-continuous
and the optimal contract is continuous at § = 1. All these points can be seen in Figure 4.
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Theorem 6. Assume § = 1 and t!1 < t&. The second-best can also be implemented using a menu of constant-
bonus contracts: CE = (£°, Wk, bE) with b- = —l > 0 > Wy where Iy, is given in Theorem 5, and
CH = (¢!, Wl | bH) with a suitably chosen W{T and b > 0.

A proof is omitted since this result follows directly from Theorem 5 and the proof of Proposition 1
(using 6 = 1). For similar reasons to those discussed around Theorem 4, the implementation in Theorem 6

satisfies interim participation constraints whereas that of Theorem 5 does not.

We end this section by emphasizing that although we are unable to characterize second-best optimal

contracts when § < 1and t? < ¢L, the (in)efficiency conclusions from Theorem 2 apply for all parameters.

7. Discussion

7.1. Private observability and disclosure

Suppose that project success is privately observed by the agent but can be verifiably disclosed. The prin-
cipal’s payoff from project success obtains here only when the agent discloses it, and contracts are condi-
tioned not on project success but rather the disclosure of project success. Private observability introduces
additional constraints for the principal because the agent must also now be incentivized to not withhold
project success. For example, in a bonus contract where db:; > b, an agent who obtains success in period
t would strictly prefer to withhold it and continue to period ¢ + 1, shirk in that period, and then reveal
the success at the end of period ¢ + 1. Nevertheless, we show in the Supplementary Appendix that pri-
vate observability does not reduce the principal’s payoff compared to our baseline setting: in each of the
menus identified in Theorems 3-6, each of the contracts would induce the agent (of either type) to reveal
project success immediately when it is obtained, so these menus remain optimal and implement the same

outcome as when project success is publicly observable.**

7.2. Limited liability

To focus on the interaction of adverse selection and moral hazard in experimentation, we have abstracted
away from limited-liability considerations. Consider introducing the requirement that all transfers must
be above some minimum threshold, say zero. The Supplementary Appendix shows how such a limited-
liability constraint alters the second-best solution for the case of t# > ¢ and § = 1. This constraint
results in both types of the agent acquiring a rent, so long as they are both induced to experiment. Three

#“ However, unlike the menus of Theorems 3-6, not every optimal menu under public observability is optimal
under private observability. In this sense, these menus have a desirable robustness property that other optimal
menus need not.
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points are worth emphasizing. First, each type’s second-best stopping time is no larger than his first-
best stopping time. The logic precluding over-experimentation, however, is somewhat different—and
simpler—than without limited liability: inducing over-experimentation requires paying a bonus of more
than one (the principal’s value of success) in the last period of the contract in which the agent works, im-
plying a loss for the principal which under limited liability cannot be offset through an up-front payment.
Second, while both types’” second-best stopping times are now (typically) distorted, their ordering is the
same as without limited liability (i.e., 7" < 7). The reason is that the principal could otherwise improve
upon the menu by just offering both types the low type’s contract, which would induce the high type
to experiment longer without increasing the high type’s payoff. Third, the principal can implement the
second-best stopping time for the low type by using a constant-bonus contract of the form described in
Theorem 4 (with § = 1). This contract ensures that the low type’s incentive constraint for effort binds in
each period, and thus it minimizes both the rent that the low type obtains from his contract and the high

type’s payoff from taking the low type’s contract.

We should note that in our dynamic setting, there are less severe forms of limited liability that may be
relevant in applications. For example, one may only require that the sum of penalties at any point do not
exceed the initial transfer given to the agent.*> We conjecture that similar conclusions to those discussed

above would also emerge under such a requirement, as both types of the agent will again acquire a rent.

7.3. The role of learning

We have assumed that 5y € (0,1). If instead 5y = 1 then there would be no learning about the project
quality and the first best would entail both types working until project success has been obtained. How
is the second best affected by gy = 1?7

Suppose, for simplicity, that there is some (possibly large) exogenous date T' at which the game ends.

The first-best stopping times are then ¢t/ = ¢/ = T. The principal’s program can be solved here just as

: . —H —=L = : :
in Section 5, because 5, A\ = M > g\l = AL for all t < T.% In the absence of learning, the social
surplus from the low type working is constant over time. So long as parameters are such that it is not

optimal for the principal to exclude the low type (i.e. * > 0), it turns out that there is no distortion:
=1
intuition consider a large 7. Then, even though both types are likely to succeed prior to T, the probability

1-\L
1-2H

as t — oo. Hence, it would not be optimal to locally distort the length of experimentation from T because

= T. We provide a more complete argument in the Supplementary Appendix, but to see the

_ t
of reaching 7" without a success is an order of magnitude higher for the low type because ( ) — 00

such a distortion would generate a larger efficiency loss from the low type than a gain from reducing

# Biais et al. (2010) study such a limited-liability requirement in a setting without adverse selection or learning,
where large losses arrive according to a Poisson process whose intensity is determined by the agent’s effort.

#1t should be clear that nothing would have changed in the analysis in Section 5 if we had assumed existence of
a suitably large end date, in particular so long as T' > max{t, ¢t"'}.
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the high type’s information rent. By contrast, when 3y < 1 and there is learning, this logic fails because
the incremental social surplus from the low type working vanishes over time. Therefore, learning from
experimentation plays an important role in our results: for any parameters with 3y < 1 under which there
is distortion of the low type’s length of experimentation without entirely excluding him, there would

instead be no distortion were 5y = 1.

7.4. Adverse selection on other dimensions

Another important modeling assumption in this paper is that pre-contractual hidden information is about
the agent’s ability. An alternative is to suppose that the agent has hidden information about his cost of
effort but his ability is commonly known; specifically, the low type’s cost of working in any period is
cl' > 0 whereas the high type’s cost is ¢/ € (0, ). It is immediate that the first-best stopping time for the
high type would always be larger than that of the low type because there is no speed-of-learning effect.
Hence, the problem can be solved following our approach in Section 5 for t? > t£.*” However, not only
would this alternative model miss the considerations involved with ¢t < t£, but furthermore, it also
obviates interesting features of the problem even when ¢ > tL'. For example, in this setting it would be
optimal for the high type to work in all periods in any contract in which it is optimal for the low type to

work in all periods; recall that this is not true in our model even when t > t& (cf. fn. 28).

Another source of adverse selection would be private information about project quality. Specifically,
suppose that the agent’s ability is commonly known but, prior to contracting, he receives a private signal
about the true project quality: there is a high type whose belief that the state is good is 84 € (0,1) and
a low type whose belief is Bt € (0, 54!).*8 Again, the first-best stopping times here would always have
1 >t and the problem can be studied following our approach to this case.

4 This applies to binary effort choices. Another alternative would be for the agent to choose effort from a richer
set, e.g. R, and effort costs be convex with one type having a lower marginal cost than the other. The speed-of-
learning effect would emerge in this setting because the two types would generally choose different effort levels in
any period. Analyzing such a problem is beyond the scope of this paper.

8 Private information about project quality is studied by Gomes et al. (2015) in experimentation without moral
hazard, and in a different setting by Gerardi and Maestri (2012). Another possibility would be non-common priors
between the principal and the agent, which would involve quite distinct considerations.
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Appendices: Notation and Terminology

It is convenient in proving our results to work with an apparently larger set of contracts than that defined
in the main text. Specifically, in the Appendices, we assume that the principal can stipulate binding
“lockout” periods in which the agent is prohibited from working. As discussed in fn. 14 of the main
text, this instrument does not yield any benefit to the principal because suitable transfers can be used to
ensure that the agent shirks in any desired period regardless of his type and action history. Nevertheless,
stipulating lockout periods simplifies the phrasing of our arguments; we use it, in particular, to prove that
an optimal contract for the low type never induces him to shirk before termination.

Accordingly, we denote a general contract by C = (I', Wy, b, 1), where all the elements are as intro-
duced in the main text, except that instead of having the termination date of the contract in the first
component, we now have a set of periods, I' C N\ {0}, at which the agent is not locked out, i.e. at which
he is allowed to choose whether to work or shirk. Note that, without loss, b = (b;)ter and I = (I)ser,*
and the agent’s actions are denoted by a = (a;),., where a; = 1 if the agent works in period ¢ € I' and
a¢ = 0 if the agent shirks. The termination date of the contract is 0 if I' = () and is otherwise max I', which
we require to be finite.”" We say that a contract is connected if T' = {1,...,T} for some T’ in this case we
refer to T as the length of the contract, T is also the termination date, and we write C = (T, Wy, b, I).

Given some program for the principal, we say that a simplified program entails no loss of optimality if
the value of the two programs is the same.

A. Proof of Theorem 2

Without loss by Proposition 1, we focus on penalty contracts throughout the proof.

A.1. Step 1: Low type always works

We show that it is without loss of optimality to focus on contracts for the low type, CI' = (I't, W, 11), in
which the low type works in all periods ¢ € I'l. Denote the set of penalty contracts by C, and recall that
the principal’s program, with the restriction to penalty contracts, is:

max ol (¢t af’)y + (1 - % (cF,al
(CHEC,CLEC,aH,aL)'uO 0 ( ) ( ILLO) O( )

subject to, forall 0,6’ € {L, H},

a’ € a’(C"), (IC5)
Ug(c’,a’ > o, (IR%)
Ug(c?,a’) > Ug(c”, a’(c”)). (Ico”)

¥ There is no loss in not allowing for transfers in lockout periods.
%0 One can show that this restriction does not hurt the principal.
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Suppose there is a solution to this program, (C¥,CY a” ak), with al # 1 and C* = (TF, W, 15). It
suffices to show that there is another solution to the program, (C*, crL ,a'’ 1), where ClL = (IA“L , /WOL, lAL>
is such that:

(i) 1 € ak(CL);
(ii) UL (CL,al) = UE(CE,1);
(iii) T4 (CE,al) = 1I5(CE, 1); and

(iv) U§(CF, ol (Ch)) > U (CF, oM (CL)).
To this end, let t = min{s : a; = 0} and denote the largest preceding period in I'" as

max'F\ {t,t +1,...} if IseTlst s<t,
p(t) = .
0 otherwise.

Construct CL = (fL ) W&,ﬂ) as follows:

rh = TR\ {t};
~ 1L if s # p(t) and s € T',
lS .
1L 5t=POILif s = p(t) > 0;
0 WE + §1E i p(t) = 0.

Notice that under contract CL, the profile a” has type L shirking in period ¢ and thus receiving [} with
probability one conditional on not succeeding before this period; the new contract CL just locks the agent
out in period ¢ and shifts the payment /7 up to the preceding non-lockout period, suitably discounted. It
follows that the incentives for effort for type L remain unchanged in any other period; moreover, since
al’ = 0, both the principal’s payoff from type L under this contract and type L’s payoff do not change.
Finally, observe that for type H, no matter which action he would take at ¢ in any optimal action plan
under C (whether it is work or shirk), his payoff from CL must be weakly lower because the lockout in
period ¢ is effectively as though he has been forced to shirk in period ¢ and receive I}.

Performing this procedure repeatedly for each period in which the original profile al" prescribes shirk-
ing yields a final contract C* which satisfies all the desired properties.

A.2. Step 2: Simplifying the principal’s problem

By Step 1, we can focus on the following program [P]:

a ol (¢t af’) + (1 — o) 1If (CF,1 P
(o e 10 o ( ) + (1 - po) Iy (C*,1) (P)
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subject to

1 ¢ a®(ch) (ICLy

al ¢ af(CH) (ICH)

Uy (Ch1) >0 (IRY)
Uy’ (c”,af") >0 (IRH)
Uy (Ct,1) > Uy (¢, ab (C)) (ICEH)
Uyt (cf,a") > U (cF, o (Ch)) (IcHLy

We first show that it is without loss of optimality to ignore constraints (IR”) and (ICX#).

Step 2a: Consider (IR”). Define a stochastic action plan o = (0),.rz for type H under contract C*
as follows: o, € A({0,1}) with o4 (1) = /’\\—; and 04 (0) = 1 — i‘—f, for all t € T'L. In other words, under
o, the agent works in any period of I'" (so long as he not succeeded before) with probability A\Z /A,
Note that these probabilities are independent across periods. By construction, it holds for all ¢ € T'" that
Eo [a;] = AL, where E, is the ex-ante expectation with respect to the probability measure induced by o.

Type H’s expected payoff under contract cL given stochastic action plan o is

Uy (CH o) =60 Y 0o $ | [] (1—ad™) | [(1=ad™) 1} —aic] 3 + (1= Bo) > 6B [(If — ase)] + Wy

telL serk terL
s<t—1

=603 6 | I[ Eo (1 —aA®) | Eo [(1 — ach?) 1 — are] + (1~ Bo) Y 6o [(1F — ase)] + W

tel'L serk terL
_sgtfl

=80 > | JT =M [(@=A)tf = AFe] + (1= Bo) D 6" (if — Ae) + WS

terl serk terL

> 30 [ TT (- A | [ N i~ ] + () 32 8t 0F ) + W

tell serl ter'L

=Uy (Ch1),

where the second equality follows from the independence of o; and o for all t, s € T'Y| the third equality
follows from the fact that E, [a;] = AL for all ¢ € '}, and the inequality follows from \* < 1.5

It follows immediately from the above string of (in)equalities that there exists a pure action plan

>l As a notational convention, the expression [] (1 — A*) means (1 — ALY and analogously for similar ex-
serk
pressions.
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a = (at);cre such that
Uyl (Ct,a) > U (Ct o) > UY (CH1) >0,
where the last inequality follows from (IR"). Therefore, (IC/*) implies that

Ugt (¢t af) > uft (ct, o' (Ch)) > Ut (Cha) >0,
which establishes (IR").

Step 2b: Consider next (IC*7). By the same arguments as in Step 1, without loss of optimality we can
restrict attention to contracts for the high type C in which the high type works in all periods ¢ € T'¥Z.
If an optimal contract C# has T = (), (ICH) is trivially satisfied.”> Thus, assume an optimal contract

CH has T # (. Let T = maxT'? and denote type H’s expected payoff under C by Ué{. We show
that there exists a onetime-penalty contract that yields the principal the same expected payoff as C and

satisfies (IC*). Consider a family of contracts CH = (r4, W ,lTH

that type H works in all periods ¢ € T/ and his expected payoff under CH is equal to Ué{ :

), where l?ﬁH and /W[{{ jointly ensure

[T Q=M Bo+=50)| 6™ W —c|Bo > 0" J[ (- M)—a-5) > 4 +wH =T
tel'H tel’H  sel'H s<t tel'H

(A1)

It is immediate that any such contract cH yields the principal the same expected payoff from type H as

the original contract C#, as it leaves both type H’s action plan and type H’s expected payoff under the

new contract unchanged from the original contract. Furthermore, note that the penalty lT u can be chosen
to be severe enough (i.e. suff1c1ently negative) to ensure that it is also optimal for type L to work in all

periods after accepting contract C#; i.e., we can choose lTH so that for all 6 € {L H}, o (CH ) =1. All
that remains is to show that a sufficiently severe lT » and its corresponding Wo (determined by (A.1))
also satisfy (ICF) given that a*(CH) = 1. To show this, note that type L’s expected payoff from taking
contract C¥ and working in all periods t € T'# is

telH telH  gel'H s<t telH

UOL(CH,1):[H(1_>\L)50+(1—60)16 TH—c[ﬁOZ(st H (1_>\L)+(1—ﬁo)25t]+mff.

(A.2)

It follows from (A.2) and (A.1) that
Ur (Cf,1) = [H -2 -11 (1—AH)]55T ateb Yoo | T - - [ - |+Ts.
tel'H tel'H tel'H selH s<t selTH s<t
Since ! # @and ] (1—-AY) — I (1 A7) > 0, 7%, can be chosen sufficiently negative such that

ter teTH
Uf (CH,1) < 0, establishing (IC).

Step 2c: By Step 2a and Step 2b, it is without loss of optimality to ignore (IR”) and (IC*!) in program

521f an optimal contract CH excludes type H, then without loss it can be taken to involve no transfers at all, which
ensures that it would yield type L a zero payoff, and hence (IC%*) follows from (IR%).
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[P]. Ignoring these two constraints yields the following program [P1]:

T pollyh (CH ) + (1 — po) II§ (CF 1) (P1)
subject to
1 a®(ch) (ICLy
all ¢ off(CH) (ICH)
Uy (Ch 1) >0 (IRY)
Uyt (cf,a") > U (cF, ot (Ch)). (ICHLy

It is clear that in any solution to program [P1], (IR) must be binding: otherwise, the initial time-zero
transfer from the principal to the agent in the contract C* can be reduced slightly to strictly improve the
second term of the objective function while not violating any of the constraints. Similarly, (IC1) must
also bind because otherwise the time-zero transfer in the contract C* can be reduced to improve the first
term of the objective function without violating any of the constraints.

Using these two binding constraints, substituting in the formulae from equations (1) and (2), and
letting the principal select the optimal action plan the high type should use when taking the low type’s
contract (af’f € a'(CF)), we can rewrite the objective function (P1) as the expected total surplus less
type H’s “information rent”, obtaining the following program that we call [P2]:

mog Bo > ot | T1 (1 - af)\H) a{{ ()‘H - C) —(1=50) X 5t@flc
tel'H serH teTH
s<t—1
+(1—po)qBo 2 0| IT (1=A)| (M —c) = (1= p) X o
tert serl terk
s<t—1
Bo > 8| TI (1—alfEAT) — T (1-AF)
max terL serl serkl (PZ)
(CHEC, s<t s<t
clec,
HLG H CL , H
CETEA o d hee sl | TT (1 -affEAM) — TT (1 AF)
terk serl serl
s<t—1 s<t—1
e X6 —afP) |1 o+ By TT (1)
terL serL
s<t—1
L Information ;;nt of type H
subject to
1 cargmax¢ fo >, o' | [I (1 —as)\L) [(1 _at)\L) I —atC} + (1= Bo) > o (ltL —atc) +Wy ., (CH
(at),erL teTL :<€tF—L1 tert
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aHEargmaX{ Bo > & { I1 (1—as/\H)] (1= a M) I —ae] + (1= Bo) X 6" (Iff —ae) + W }

a telrHd serH terH
(@)iers ast—1

(Icsh

Program [P2] is separable, i.e. it can be solved by maximizing (P2) with respect to (CL, afL) subject to

(ICL) and separately maximizing (P2) with respect to (CH afl) subject to (ICH).

We denote the information rent of type H by R (C*,af’l). Note that given any action plan a that
type H uses when taking type L’s contract,

R(CFa) =U{ (Cha) — Uy (CH,1).

Hence, R (C*,a) = R (C%,a) whenever both a,a € o’ (CF).

It will be convenient at various places to consider the difference in information rents under contracts
C! and C* and corresponding action plans a and a:

R(C",3) - R (CF,a) = Uf (C",8) - UF (€, 1) - (Uff (CF,a) - UF (CH,1))
= (vif(€"8) - vl (C*.a)) - (UF (€5 1) - U (Ch 1)), (AD)
Moreover, when the action plan does not change across contracts (i.e. a = a above), (A.3) specializes to

R(CF,a) ~R(Cha) =g 3 o' (F=1F) | T (1—an®) - [ (-9, (A4)

terk sel'l s<t sel'l s<t

A.3. Step 3: Under-experimentation by the low type

Suppose per contra that C* = (I'*, W, 1) is an optimal contract for the low  type. 1nduc1ng him to work
for |T*| > t© periods. This implies I'> # (). We show that there exists CL = (I'%, W ,I%) that induces the
low type to work for |FL | = }FL‘ — 1 periods and strictly increases the principal’s payoff.

Let T = maxI'X and 7 = maxT'F\ {T} be respectively the last and the second to the last non-lockout
periods in contract C*. Consider contract C* defined as follows:

b=1"\{T},
~ if ifteTlandt <T
kT - ARk - 6T T ift =T,

and W, is such that (IRF) binds in contract CZ. Note that by construction, C~ gives the agent a continu-
ation payoff in T which is the same the low- -type agent would obtain if, given no success in T, the agent
were to work in period 7. We proceed in two sub-steps.

Step 3a: Type L works in all periods of CX

36



We first show that type L works in all periods t € 'L in CL. Specifically, we show that type L’s
“incentive to work” in any period ¢ € I' under CF is the same as his incentive to work in that period ¢
under the original contract CL; hence, the fact that type L is willing to work in all periods ¢t € I'l under
C! given that he works in all future periods (by Step 1) implies that is willing to work in all periods ¢ € r'L
under CF given that he works in all future periods.

Type L’s incentive to work in period T under the original contract C*, given that he works in period
T under such contract, is given by the difference between his continuation payoff from working and his
continuation payoff from shirking in 7™

{—ct BE =N [t + 7T (1 = XF)if — 67~ Te] + (1 — 85) (1L + 07 Tif— 67 Tc) }
= {4 67T [+ BEQ - AR+ (- BRNE] (A5)
Note that ﬁ; = Bﬁm|_1 if the agent works in all periods prior to T. Type L works in period T only if
expression (A.5) is non-negative. With some algebra, expression (A.5) can be simplified to
—BEXE (1F_y + 6(1 = A)IR) + BEA G —c.

More generally, type L’s incentive to work in any period ¢ € I'?, ¢ < T, under contract CL, given work in
all future periods in I'Y and a belief 3} in period ¢, is

— B X Z & [HSEFL,tSSST(l B )\L)} b+ BN Z o [HserL,t<s§T(1 —A)|e—c (A)

TEFL,TZt TGFL,T>t

Note that B = Eﬁ{sgt:seFL}\ if the low type works in all periods prior to ¢. Under contract CL, type
L’s incentive to work in any period ¢t € Tk, given work in all future periods and a belief 37 in period ¢, is

_gLy\L T—t BV AV T—t VA
Bt A Z 0 [HSGFL,tSSST(l A ):| lT * ﬁt A AZ 0 [HSGFL,t<SST(1 A ) ¢ ¢
TEFL,TZt TEFL,T>t
By the definition of 'L and I above, this expression can be rewritten as

DY | | R Ol

rell t<r<T

_ pLaLsT- [HserL - AL)} (zg 4+ oT=T(1 - \Lyk 5T*T“c)

* ”BtL)\L Z ot [HSEFL,t<s§T(1 B )\L)} c-¢

rell t<7<T
_ alhL —t VNI AN —t VN
— By [Hsemgsg(l A )} T U D) [Hsemngr(l AD]e—e,
Telll t<7<T Telll t<r<T

which is equal to expression (A.6) above. Hence, type L is willing to work in all periods ¢ € I'L under
contract C-,

Step 3b: Contract CL weakly reduces type H’s information rent
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Since |I'7| > ¥ and contract C* induces type L to work for |[*| — 1 periods, it is immediate that C*
strictly increases surplus from type L relative to C*. To show that C increases the principal’s objective,
it is thus sufficient to show that C* weakly reduces type H’s information rent relative to C’.

Leta’l € off ((AJL) be an optimal action plan for type H under contract CF, af’L = (af ),epr- Define

an action plan a#“(1) for type H under contract C* as follows: af L~ —afL fort € TF and aHL( )= 1.

Note that since af’l € o (CL), U (CL,a’t) > Ul (CL, AHL(l)) and hence

R(CF af'l) > r(ct afftl), (A7)

Now consider type H's information rent under C* given optimal action plan a#~ € o# (CL):

R(CL HL Z 5t’I H (1_a£{L)\H) _ H (1 _)\L)

teT'L seT'L s<t sel'L s<t
—poc Y saft | I (-aff A"y — [ (1=
teT'L seTL s<t sel'L s<t
ted da-afh(1-s+6 J[ @-Ar")).
tel'L sel'L s<t

Using the definition of CZ, this can be rewritten as

R(CHa"hy =g, > suf | JI (-al ") — J[ 1-a%H)

teFL,t<T sel'L s<t selL s<t
+ BooT (zé 4771 - ALYk — 5T—fc> [T (1 —am) - I (1 - %)
X sel'L sel'L
T

—Boe [T 0% | I (-af™)— J[ (1-2%)

tel'L selL s<t sel'L s<t
+e) dfa-a(1-B+6 J[ @-r")).
teT'L sel'L s<t

Simple algebraic manipulations yield

R(CEa"t) = r(CFaft W) 4 goo” T (1-al=a") (A — Ay (A.8)
sel'L s<T

Note that since type L is willing to work in period T under contract C* (by Step 1), it holds that
I% < 0, and thus (A.8) yields
R(CF,af"t) — p(Ck,a"t) <.
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Using (A.7), this implies R(CF,a"’) < R (CL,alL).

A.4. Step 4: Efficient experimentation by the high type

The objective in [P2] involving the high type’s contract is social surplus from the high type. Furthermore,

when al = (1,...,1), with the sequence having arbitrary finite length, there is obviously a sequence

of (sufficiently severe) penalties I to ensure that (ICY) is satisfied. It follows that we can take a’l =

(1,...,1) in an optimal contract C*, where the number of periods of work is ¢,

B. Proof of Theorem 3

We remind the reader that Subsection 5.2 provides an outline and intuition for this proof. Without loss by
Proposition 1, we focus on penalty contracts throughout the proof. In this appendix, we will introduce
programs and constraints that have analogies with those used in Appendix A. Accordingly, we often
use the same labels for equations as before, but the reader should bear in mind that all references in this
appendix to such equations are to those defined in this appendix.

B.1. Step 1: The principal’s program

By Step 1 and Step 2 in the proof of Theorem 2, we work with the principal’s program [P1]. Recall that
in this program, without loss, type L works in all periods ¢ € T'" and constraints (IC*) and (IR*') of
program [P] are ignored. In this step, we relax the principal’s program by considering a weak version
of (ICHL) in which type H is assumed to exert effort in all periods ¢ € I'” if he chooses CL. The relaxed
program, [RP1], is therefore:

el polli (CH ) + (1 — po) 1§ (CF) 1) (RP1)
subject to
1 a®(Ch) (ICLy
all ¢ o (CH) (ICH)
Uy (Cch 1) >0 (IRY)
Us' (cf,a") > Ut (CF1). (Weak-ICHL)

By the same arguments as in Step 2 in the proof of Theorem 2, it is clear that in any solution to program
[RP1], (IR") and (Weak-IC’%) must be binding. Using these two binding constraints and substituting
in the formulae from equations (1) and (2), we can rewrite the objective function (RP1) as the sum of
expected total surplus less type H’s “information rent”, obtaining the following explicit version of the
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relaxed program which we call [RP2]:

poqBo > 08| TT (T—al M) aff (M —¢) = (1= p5o) Y dlafle
tel'H sgffll teTH

(1 —po)qBo X 0| TI (1=A)| (M —¢)=(1=po) X o'

terl serkl tell
s<t—1
max (RP2)
CcHeC
Clec Bo S 6UF | TT (1=M)— TI (1-)0)
al tel'L serkL serlL
s<t s<t

—Ho
=60 3 o' | IT (1=A") = TI (1-2%)

terl serl serl
s<t—1 s<t—1

Information rent of type H

subject to

1€argmax{ Bo S 6t { I1 (l—as/\L)] [(1—aAE) I —ae] + (1= Bo) X 6" (IF — aye) + Wi } (ICL)

ag tert serl telrk
( T)terL :§t71

aHeargmax{ Bo > 5t[ I1 (1—as)\H)] (1= a M) I —ae] + (1= Bo) > 0" (I — ape) + W } (IcH

a tel'H serH terH
( t)terH ;St*l

Program [RP2] is separable, i.e. it can be solved by maximizing (RP2) with respect to C subject to
(ICL) and separately maximizing (RP2) with respect to (CH, af?) subject to (ICZ).

B.2. Step 2: Connected contracts for the low type

We claim that in program [RP2], it is without loss to consider solutions in which the low type’s contract
is a connected penalty contract, i.e. solutions C» in which I' = {1, ..., T*} for some T

To prove this, observe that the optimal CL is a solution of

(1 — po) {ﬁofezer st [ ]'F[L (1- )\L)] (A —¢) = (1= Bo) ngjL 6%}

(B.1)

telL serL serl telL serL serL
s<t s<t s<t—1 s<t—1

o
—Moﬁo{ Sotf | T (1=M) =TT (1=AF)| = X o) T (1=M)— ]I (1_»)] }
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subject to (ICL),

1le argmax{ Bo > &t [ 11 (1 —asAB) | [(1—aeXB) I —ae] + (1= Bo) > 0" (If — age) + W } . (B2

(at),erL tert s€lL s<t—1 tert

To avoid trivialities, consider any optimal C¥ with I'* # {). First consider the possibility that 1 ¢ I'~.
In this case, construct a new penalty contract CT that is “shifted up by one period”:

' = {s:s+1eTh},
L = [k foralls e ¥,
wE = wik

Clearly it remains optimal for the agent to work in every period in I'Z, and since the value of (B.1) must
have been weakly positive under C’, it is now weakly higher since the modification has just multiplied
it by 61 > 1. This procedure can be repeated for all lockout periods at the beginning of the contract, so
that without loss, we hereafter assume that 1 € I'Y. We are of course done if ' is now connected, so also
assume that 'Y is not connected.

Let t° be the earliest lockout period in C%, i.e. t° = min{t : t ¢ TYandt — 1 € T'*}. (Suchat® > 1
exists given the preceding discussion.) We will argue that one of two possible modifications preserves
the agent’s incentive to work in all periods in the modified contract and weakly improves the princi-
pal’s payoff. This suffices because the procedure can then be applied iteratively to produce a connected
contract.

Modification 1: Consider first a modified penalty contract CL that removes the lockout period t° and
shortens the contract by one period as follows:

I = {1,...,t°—1}U{s:s>t°and s + 1 € I''},
1k ifs <t®—1,

o= LA ifs=t0—1,
L if s >t°and s € I'L,

wE = wk

Note that in the above construction, A; is a free parameter. We will find conditions on A; such that type
L’s incentives for effort are unchanged and the principal is weakly better off.

For an arbitrary ¢, define

St = (M- ] (=",

sel'l s<t—1

Rty = [ (-2 - [ @-rh.

sell s<t selL s<t
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The value of (B.1) under C” is

V(CH) = (1—po) |Bo D> 6'SH) —(1—Bo) Y 5tc] — 11080 [Z SUFR(t) — Y §teR(t—1)| . (B3)

terk tert terk terk

The value of (B.1) after the modification to CL is

V(GL): (1 —po) | Bo Z5t +5125t — (1= P) Z(;tc+5lz(5t

terl terLl terL terl

t<t® t>t° t<t® t>t°
> SUER@E) 407> PR + 67T (1o + A R(E 1) ]
terLl terLl
t<t®—1 t>t°
—poBo
=) SeR(t—1) =6 SeR(t—1)
terl terl
L t<t® t>t° J

Therefore, the modification benefits the principal if and only if

N §'S(t) — (1= Bo) ( sle
t>t° t>t°
1) Y SUER() + 67T AR — 1) 1) > 'Rt —1)
_MOBO terl terl
t>t° t>t°

The above inequality is satisfied for any A if § = 1, and if 6 < 1, then after rearranging terms, the above
inequality is equivalent to

(1—po) |Bo > 0"S(t) — (1= By) Y _ d'c

terl terL
t>t° t>10
5t —1A R t —1)
> pobo | > OUFR(E) — : — Y SeR(t-1)| . (B.4)
terl terL
t>t° +>10°

Now turn to the incentives for effort for the agent of type L. Clearly, since C* induces the agent to
work in all periods, it remains optimal for the agent to work under C” in all periods beginning with ¢°.
Consider the incentive constraint for effort in period t° — 1 under C~. Using (B.2), this is given by:

B N A s Y s T A=A [ A g > (B.5)
terl seri
t>t° t0—1<s<t—1
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Analogously, the incentive constraint in period ¢° — 1 under the original contract C’ is:

B N+ Y e T A [ A -] e (B.6)
terl serl
t>t°—1 t0—1<s<t—1

If we choose A such that the left-hand side of (B.5) is equal to the left-hand side of (B.6), then since it
is optimal to work under the original contract in period ¢° — 1, it will also be optimal to work under the
new contract in period ¢t° — 1. Accordingly, we choose A; such that:

A= Y s 11 (L=XE) | [ = M) 1 =]

tel'L t>to—1 sel'L to—1<s<t—1
e D D L 11 (1=AB) ] [(1 =AY iF —]
tel'L t>to selll to—1<s<t—1
= (-5 > Y 11 (1=X) [ [(1 =AY i -], (B.7)
telL t>to—1 sell to—1<s<t—1

where the second equality is because {t : t € 'Lt > t° — 1} = {t : t € ['F,t > t°}, since t° ¢ T'X. Note that
(B.7) implies A; =0if § = 1.

Now consider the incentive constraint for effort in any period 7 < t° — 1. We will show that because
Ay is such that the left-hand side of (B.5) is equal to the left-hand side of (B.6), the fact that it was optimal

to work in period 7 under contract C implies that it is optimal to work in period T under contract CL.
Formally, the incentive constraint for effort in period 7 under C’ is

BRI ST e [T -] [Q-A)F e >e (B.8)

tel'L t>7 selll r<s<t—1

which is satisfied since C* induces the agent to work in all periods. Analogously, the incentive constraint
for effort in period 7 under C can be written as

S R R S I | BT RSP =

teTL t>1 se€lL r<s<t—1

Algebraic simplification using the definition of CL and equation (B.7) shows that this constraint is identi-
cal to (B.8), and hence is satisfied.

Thus, if § = 1, this modification with A; = 0 weakly benefits the principal while preserving the
agent’s incentives, and we are done. So hereafter assume 6 < 1, which requires us to also consider
another modification.

Modification 2: Now we consider a modified contract CL that eliminates all periods after ¢°, defined
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as follows:

s

—~ ~ ~ 1L if s <t°—1
WE=wk, TL={1,... -1}, L={" Hestmh
l§’+A2 ifs=1¢"—1.

Again, A; is a free parameter above. We now find conditions on Ay such that type L’s incentives are
unchanged and the principal is weakly better off.

The value of (B.1) under the modification Clis

V(CH) = (1-po) {50 oS -1-p) >, de

tel'L t<to tel'L t<to

|| 2 SUERORIT G ) RE D) = 3 dere-n) ],

telL t<to—1 telL t<to

Therefore, recalling (B.3), this modification benefits the principal if and only if

0<V(CH -V(Ch) = —(1- ) [ﬁo Y. IS -1-p) Y 6%]

tel'L t>to tel'L t>to
oo [ > OUPR(E) + 6T AR — 1)+ Y SleR(t—1) ]
terl t>to terL t>to ’

or equivalently after rearranging terms, if and only if

(1—po) |Bo D> 6"S(t) — (1= Bo) Y d'c

terl terl
t>t° t>1°
<poBo | > OIFR(t) — 6" T ARt —1) = Y dleR(t—1)] . (B.9)
terl terl
t>t° t>t°

As with the previous modification, the only incentive constraint for effort that needs to be verified in
C' is that of period #° — 1, which since it is the last period of the contract is simply:

— B AE (I + Ag) > e (B.10)

We choose Aj so that the left-hand side of (B.10) is equal to the left-hand side of (B.6):

Ay = Y 5D { 11 (1- )\L)] [(L=2) 1 =] =5 _Ag_l, (B.11)

tel'L t>to—1 selL to—1<s<t—1

where the second equality follows from (B.7). But now, observe that (B.11) implies that either (B.4) or (B.9)
is guaranteed to hold, and hence either the modification to C or to CI weakly benefits the principal while
preserving the agent’s effort incentives.
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Remark 3. Given ¢ < 1, the choice of As in (B.11) implies that if inequality (B.4) holds with equality then
so does inequality (B.9), and vice-versa. In other words, if neither of the modifications strictly benefits the
principal (while preserving the agent’s effort incentives), then it must be that both modifications leave the
principal’s payoff unchanged (while preserving the agent’s effort incentives).

B.3. Step 3: Defining the critical contract for the low type

Take any connected penalty contract C* = (T*, W 1F) that induces effort from the low type in each
period t € {1,...,TL}. We claim that the low type’s incentive constraint for effort binds at all periods if

and only if I* = IL(T L), where zL(TL ) is defined as follows:

—(1—5)BLCAL ift <TF,
W=y e 7T =T (B.12)

BrLAL

The proof of this claim is via three sub-steps; for the remainder of this step, since 7' is given and held
fixed, we ease notation by just writing I” instead of I (T'%).

Step 3a: First, we argue that with the above penalty sequence, the low type is indifferent between
working and shirking in each period ¢t € {1,...,7L} given that he has worked in all prior periods and

will do in all subsequent periods no matter his action at period ¢. In other words, we need to show that
forallt € {1,...,Tt}:

TL
2 LR D (R R [(EP S Ve I S (B.13)
s=t+1

We prove that (B.13) is indeed satisfied for all ¢ by induction. First, it is immediate from (B.12) that
(B.13) holds for t = TX. Next, for any t < T, assume (B.13) holds for ¢ + 1. This is equivalent to

TL
55— (t+1) (1 _ )\L)S*(t+2) (1 _ )\L) ZSL _el = _% _ ZtL .- (B.14)
2 | | Braxe

3 To derive this equality, observe that under the hypotheses, the payoff for type L from working at ¢ is

Tr Tk
—e+ (1=B) I+ (1-8) X o (I =) + By {(1 AL+ Y e (= AE) T [(1=A T o] } ,
s=t+1 s=t+1
while the payoff from shirking at time ¢ is
Tt T
L+ (1-B) X ot (0 —c) + B/ { PO (P R [CEP S YA } .
s=t+1 s=t+1

Setting these payoffs from working and shirking equal to each other and manipulating terms yields (B.13).
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To show that (B.13) holds for ¢, it suffices to show that
TL
_BEAL {zf +6 [(1 —ABYIE, - c} FE(1-AN) 3 e (1 ALy ) [(1 Ay C] } —c
s=t+2
Using (B.14), the above equality is equivalent to
—L <L 5L c L
~Br AL {zt +6 [(1= X Ty — ] +6 (1 =A%) [_W - lt+1] } =c,

which simplifies to

L C c

I =———+0c+6(1-\) /. (B.15)
B AF Bt
L By (1-AL) . : =L . o L
Since ;1 = v (B.15) is in turn equivalent to [, = — (1 —0) oz which is true by the definition
t

of I” in (B.12).

Step 3b: Next, we show that given the sequence ZL, it would be optimal for the low type to work in
any period no matter the prior history of effort. Consider first the last period, 7X. No matter the history

of prior effort, the current belief is some 3%, > BéL, hence — 8%, /\LZtL > B;L /\LitL = ¢ (where the equality
is by definition), so that it is optimal to work in 7' .

Now assume inductively that the assertion is true for period t + 1 < T'*, and consider period t < T'*
after any history of prior effort, with current belief BE. Since we already showed that equation (B.13)
holds, it follows from ¥ > Bf that

s=t+1

TL
_ﬁtL)\L {ltL + Z g5t (1 — )\L)S*(t+1) [(1 — )\L) ZSL — c} } > c,

and hence it is optimal for the agent to work in period ¢.

Step 3c: Finally, we argue that any profile of penalties, I, that makes the low type’s incentive con-
straint for effort bind at every period ¢ € {1, ..., Tt} must coincide with i given that the penalty contract
must induce work from the low type in each period up to T*. Again, we use induction. Since Z;L is the
unique penalty that makes the agent indifferent between working and shirking at period 7' given that he

iL = ﬁw. Note from Step 3b that it would remain optimal

for the agent to work in period T given any profile of effort in prior periods.

has worked in all prior periods, it follows that [ L

For the inductive step, pick some period ¢t < T and assume that in every period = € {t,...,T*},
the agent is indifferent between working and shirking given that he has worked in all prior periods, and
would also find it optimal to work at = following any other profile of effort prior to . Under these
hypotheses, the indifference at period ¢ + 1 implies that

TL
— Bl {lfﬂ + 37 5 (1= AT (A I — ] } =c. (B.16)
s=t+2
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Given the inductive hypothesis, the incentive constraint for effort at period ¢ is
TL
BN ST et (=TT [k - 2 e

s=t+1

which, when set to bind, can be written as

TL
PR T (G B s IR C I U B N ol I L) Ml [C B U DLt [ S
s=t+2
(B.17)
. —L
Substituting (B.16) into (B.17) , using the fact that ﬁtL 1= %, and performing some algebra

. By (1=X)+1-F;
shows that [ = I,". Moreover, by the reasoning in Step 3b, this also ensures that the agent would find it
optimal to work in period ¢ for any other history of actions prior to period t.

B.4. Step 4: The critical contract is optimal

By Step 2, we can restrict attention in solving program [RP2] to connected penalty contracts for the low
type. For any T, Step 3 identified a particular sequence of penalties, ZL(TL ). We now show that any
connected penalty contract for the low type that solves [RP2] must have precisely this penalty structure.

The proof involves two sub-steps; throughout, we hold an arbitrary T fixed and, to ease notation,
drop the dependence of ZL(-) on T*.

Step 4a: We first show that any connected penalty contract for the low type of length T that satisfies

(ICL) and has IF > ZtL in some period ¢ < T is not optimal. To prove this, consider any such connected
penalty contract. Define

f:max{t:thLandlf>ZtL}.

Observe that we must have ¢ < T” because otherwise (ICL) would be violated in period T*. Fur-

thermore, by definition of #, [} < ftL for all T* >t > t. We will prove that we can change the penalty
structure by lowering ZEL and raising some subsequent [X for s € {{ + 1,..., T} in a way that keeps type
L’s incentives for effort unchanged, and yet increase the value of the objective function (RP2).

Claim: There exists t € {t +1,...,T"} such that (IC%) at ¢ is slack and l—t@ < thlg‘

Proof: Suppose not, then for each T* > t > i, either I} = 17, or I < I’ and (ICL) binds. Then since
whenever [} < Zf, (ICZ) binds by supposition, it must be that in all ¢ > ¢, (IC%) binds (this follows from
Step 3). But then (ICZ) at  is violated since lfL > ZgL Al

Claim: There exists t € {t+1,...,T"} such that lf < Z% and forany t € {{ +1,....}, (ICL) at ¢ is slack.
In particular, we can take f to be the first such period after ¢.
Proof: Fix t in the previous claim. Note that (ICL) at £ + 1 must be slack because otherwise (ICL) at

t is violated by lfL > ZEL and Step 3. There are two cases. (1) Z£L+1 < Z,gLH; then ¢ + 1 is the 7 we want. (2)
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ltL+1 LgL 1, in this case, since (ICL) is slack at £ + 1, it must be that (ICL) at £ + 2 is slack (otherwise, the

claim in Step 3 is violated); now if IX _ < ff 9, we are done because t + 2 is the ¢ we are looking for; if

42

. = lg 9, then we continue to ¢ + 3 and so on until we reach ¢ which we know gives us a slack (ICL),

42 ~
Z;L < lf , and we are sure that (IC%) is slack in all periods of this process before reaching . ||

Now we shall show that we can slightly reduce lf > ZgL and slightly increase l% < ZgL and meanwhile
keep the incentives for effort of type L satisfied for all periods. By the same reasoning as used in Step 2,
the incentive constraint for effort in period # (given that the agent will work in all subsequent periods no
matter his behavior at period t) can be written as

%QL{¢+§:NE(I,VY(HUK1,Vﬂfd}>c. (B.18)
t>t

; L - L A _ A
Observe that if we reduce [ by A > 0 and increase I by P ey T IV then the

left-hand side of (B.18) does not change. Moreover, it follows that incentives for effort at ¢ < # are also
unchanged (see Step 2), and the incentive condition at ¢ will be satisfied if A is small enough because the
original (ICL) at 7 is slack.

Finally, we show that the modification above leads to a reduction of the rent of type H in (RP2),
i.e. raises the value of the objective. The rent is given by

mm{i:yﬁﬂ1vﬂ (1-25)] - }:&[ tl@xﬂtﬂ}. (B.19)

A

Hence, the change in the rent from reducing / tL by A and increasing ZEL by PR is

%mﬁA{—[O—Aﬂi—@—Aﬂ1+X1t4[U—Aﬁt—@_A%1}

1 - AL)

_ f ( ) . Hi—f_ _ INE—T
= poBod'A v [U A (1—A%) }<Q

where the inequality is because 7 > fand 1 — M < 1 — AL

Step 4b: By Step 4a, we can restrict attention to penalty sequences I© such that I} < ZtL forallt < TT.

Now we show that unless I7(-) = IL(-), the value of the objective (RP2) can be improved while satisfying
the incentive constraint for effort, (IC%). Recall that by Step 4a, (IC%) is satisfied in all periods ¢t = 1,..., T*
whenever [} = ZtL . Thus, if I} < ZtL for any period, we can replace I/ by ZtL without affecting the effort
incentives for type L. Moreover, by doing this we reduce the rent of type H, given by (B.19) above, and
thus raise the value of (RP2).
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B.5. Step 5: Generic uniqueness of the optimal contract for the low type

By Step 4, an optimal contract for the low type that solves program [RP2] can be found by optimizing

over TL, i.e. the length of connected penalty contracts with the penalty structure ZL(TL). By Theorem 2,
TL < tF. In this step, we establish generic uniqueness of the optimal contract for the low type. We proceed
in two sub-steps.

Step 5a: First, we show that the optimal length 7" of connected penalty contracts with the penalty
structure I~ (T*) is generically unique. The portion of the objective (RP2) that involves T'* is

TL Tt
VTY) = (L gm) [0t (1= X)) — (1 f0) o'
t=1 t=1

T TL
— 0o thL(TL) [(1 _ )\H)t (- /\L)t] B Z5tc [(1 _ )\H)t—l . )\L)t—l} (B.20)
t=1 t=1

where we have used the desired penalty sequence. Note that by Theorem 2 T* < t¥ in any optimal
contract for the low type and hence there is a finite number of maximizers of V' (T'F). It follows that if we
perturb 110 locally, the set of maximizers will not change. Now suppose that the maximizer of V (T'*) is not
unique. Without loss, pick any two maximizers TL and TX. We must have V(TY) = V(fL ) and (again
by Theorem 2) th > max{f’:, Tr }. Without loss, assume TL > TL. Note that the first term in square
brackets in (B.20) is social surplus from the low type and hence it is strictly increasing in T'* for T* < t%.
Therefore, both the first and second terms in V(fL) must be larger than the first and second terms in
V(TF) respectively. But then it is immediate that perturbing 1 within an arbitrarily small neighborhood
will change the ranking of V(T'%) and V(TL), which implies that the assumed multiplicity is non-generic.

It follows that there is generically a unique T'* that maximizes V (T'); hereafter we denote this solu-
. =L . . . . .. .
tion ¢~. In the non-generic cases in which multiple maximizers exist, we select the largest one.

Step 5b: In Step 5a we showed that among connected penalty contracts, there is generically a unique
contract for type L that solves [RP2]. We now claim that there generically cannot be any other penalty
contract for type L that solves [RP2]. Suppose, to contradiction, that this is false: there is an optimal
non-connected penalty contract C* = (I'*, W, 11) in which 1 € o’(C¥*). Let t° < maxI'* be the earliest
lockout period in CL. Without loss, owing to genericity, we take § < 1. Following the arguments of Step
2, in particular Remark 3, the optimality of CL implies that there are two connected penalty contracts that
are also optimal: CL = (fL, /WOL ,ﬂ) obtained from C’ by applying Modification 1 of Step 2 as many
times as needed to eliminate all lockout periods, and CL = (T*, WOL, 1L obtained from CF by applying
Modification 2 of Step 2 to shorten the contract by just eliminating all periods from ¢° on. Note that the
modifications ensure that 1 € a“(C%) and 1 € aX(CL). But now, the fact that 7% > T~ contradicts the
generic uniqueness of connected penalty contracts for the low type that solve [RP2].

49



B.6. Step 6: Back to the original program

We have shown so far that there is a solution to program [RP2] in which the low type’s contract is a

connected penalty contract of length 7" < t& and in which the penalty sequence is given by I ( ) In
terms of optimizing over the high type’s contract, note that, as shown in Theorem 2, we can take the
solution as inducing the high type to work in each period up to t* and no longer: this follows from the
fact that the portion of the objective in (RP2) involving the high type’s contract is social surplus from the
high type.

Recall that solutions to [RP2] produce solutions to [RP1] by choosing W{ to make (IR”) bind and W{?
to make (Weak-IC?L) bind, which can always be done. Accordingly, let c" (t Wg ) lL( L)) be the

connected penalty contract where WOL is set to make (IR”) bind. Recall that [RP1] differs from program
[P1] in that it imposes (Weak-IC# %) rather than (IC”%). We will argue that any solution to [RP1] using

C" satisfies (ICH1) and hence is also a solution to program [P1]. As shown in Step 2 of the proof of

Theorem 2, contract G~ can then be combined with a suitable onetime-penalty contract for type H to
produce a solution to the principal’s original program [P].

We show that given any connected penalty contract of length T < ¢! with penalty sequence iL(T Ly,
it would be optimal for type H to work in every period 1,. .., T, no matter the history of prior effort. Fix

any T* < t* and write "= ZL(TL). The argument is by induction. Consider the last period, T'X. Since
—BriAMEL = ¢, it follows from the fact that ¢/ > ¢ (hence B, A > Br AL for all ¢ < ) that no matter

the history of effort, — BgL N Z:?L > ¢, i.e., regardless of the history, type H will work in period TL. Now
assume that it is optimal for type H to work in period ¢ + 1 < T* no matter the history of effort, and
consider period t with belief 3. This inductive hypothesis implies that

s=t+2

5t+1)\H{ e F Z §s—(t+1) )\H)S*(tJrZ) [(1 — AH)ZSL — c}} > c,

or equivalently,

T
S g (1 - Ay [(1 oy C} < _ﬁ —1f. (B.21)
Rl t+1

Therefore, at period ¢t < T*:

s=t+2

_gHNH {zf ) [(1 AT - c} +6 (1= M) ( o CAH ztil) }
t+1

H
= _BHA\H (z - 5c) 40 (1— A1) gﬁqc — —BENIL 46> =B +6e =,
t+1

TL
BEAH{”L”U =N T — e 8 (1-07) 37 g (1N [(uH)zfc}}

v

B (1-A")

TR AT (1N and the final equal-

where the first inequality uses (B.21), the second equality uses 3/, =
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ity uses the fact that I, = — %;jic.
t

C. Proof of Theorem 5

We assume throughout this appendix that 6 = 1. Without loss of optimality by Proposition 1, we focus
on menus of penalty contracts. In this appendix, we will introduce programs and constraints that have
analogies with those used in Appendix B for the case of t// > tL. Accordingly, we often use the same
labels for equations as before, but the reader should bear in mind that all references in this appendix to
such equations are to those defined in this appendix.

Outline. Since this is a long proof, let us outline the components. We begin in Step 1 by taking program
[P2] from the proof of Theorem 2 for the case of § = 1; we continue to call this program [P2]. Note that a
critical difference here relative to the relaxed program [RP2] in the proof of Theorem 3 is that the current
program [P2] does not constrain what the high type must do when taking the low type’s contract.

In Step 2, we show that there is an optimal penalty contract for type L that is connected. In Step 3, we
develop three lemmas pertaining to properties of the set o’ (CL) in any C” that is an optimal contract
for type L. We then use these lemmas in Step 4 to show that in solving [P2], we can restrict attention
to connected penalty contracts C* for type L such that o (C*) includes a stopping strategy with the most
work property, i.e., an action plan that involves consecutive work for some number of periods followed by
shirking thereafter, and where the number of work periods is larger than in any action plan in o’ (CF).
Building on the restriction to stopping strategies, we then show in Step 5 that there is always an optimal
contract for type L that is a onetime-penalty contract.

The last step, Step 6, is relegated to the Supplementary Appendix. For an arbitrary time T, this step
first defines a particular last-period penalty %, (T'*) and an associated time T#%(T%) < T*, and then
establishes that if 7' is the optimal length of experimentation for type L, there is an optimal onetime-
penalty contract for type L with penalty %, (T*) and in which type H’s most-work optimal stopping
strategy involves THL(TT) periods of work. Hence, using le, L (T*) and THL(TF), an optimal contract for
type L that solves [P2] can be found by optimizing over the length T*. By Theorem 2, the optimal length,

i, is no larger than the first-best stopping time, t~.
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C.1. Step 1: The principal’s program

By Step 1 and Step 2 in the proof of Theorem 2, we work with the principal’s program [P2]. Here we
restate this program given § = 1:

pos Bo > | II (L—alAT) P aff (A —c) = (1—6o) X af'c
tel'H ngll telH

(I —p)SBo X | TT (A=A (AWr=¢)=(1—=5o) X ¢

ter'l serl terL

(

Bo 3ol | TI (1 —ad®A) =TT (1-2%)

max telL serL serL (PZ)
CHec s<t s<t
CLEC
a
arean©) | o d goe S aftt | [T (1—afiAH) — [T (1- )

telL serk serl
s<t—1 s<t—1

+e > (T=aff) |(1=Bo)+ B TI (1—AF)
terl serk

Information rent of type H

subject to

le argmax{ Bo > [ M (- as)\L)] (1= aAE) I —ape] + (1= Bo) X (IF — asc) + W } ; (ICL)

a tel’'l | serl terk
( i)teFL a<t—1

aHGargmax{ Bo > { I (las)\H)} [(lfat)\H) lf{fatc]+(lfﬂo) > (lffatc)JrW({{ } (ICH)

a tel’'H | serH telH
(@t)sern s<t—1

As in the second step in the proof of Theorem 2, the information rent of type H when he takes action
plan a under type L’s contract C* is given by R (Cl,a) = U{! (CF,a) — U¥ (CL,1), and R (CF,a) =
R (CF,a’) whenever a,a’ € a® (CF). The difference in information rents under contracts CL and CE
and corresponding action plans a and a is:

R(C",a) - R (Ch,a) = (Uf (CF,8) - Uf' (C*,a)) - (U (CF1) - Uf (C1)) . (€

When the action plan does not change across contracts (i.e. a = a above), (C.1) specializes to

R(Ca) - R(Cha) =6 > (F-iF) | T (-an®) - J[ (-2)|. (€2

telL sel'l s<t sel'l s<t

52



C.2. Step 2: Connected contracts for the low type

We now claim that in program [P2], it is without loss to consider solutions in which the low type’s contract
is a connected penalty contract, i.e. solutions Cl in which Tt = {1, T } for some T,

To avoid trivialities, consider any optimal non-connected CL with I'” = (). Let t° be the earliest lockout
period in CL, i.e. t° = min{t : t > 0,¢ ¢ I'*}. Consider a modified penalty contract C* that removes the
lockout period t° and shortens the contract by one period as follows:
1L ifs <t -1,

/WL:WL, TL={1,...,t°—1}U{s:s>t°and s+ 1 eI'L}, 1L = ~
0 0 { JUls s 2 bl 1L, ifs>t°and s eI’

Given ¢ = 1, it is straightforward that it remains optimal for type L to work in every period in fL,
and given any optimal action plan for type H under the original contract, a’’’ € aff (Cl), the action plan

HL
b= @ity o, = % M=ol
8 /Jsel allll ifs>t°and s € T'L,

is optimal for type H under the modified contract, i.e. a’F € o' (CL). Given no discounting, it is also
immediate that the surplus generated by type L is unchanged by the modification. It thus follows that the
value of (P2) is unchanged by the modification. This procedure can be applied iteratively to all lockout
periods to produce a connected contract.

C.3. Step 3: Optimal deviation action plans for the high type

By the previous steps, we can restrict our attention to connected penalty contracts C* = (T'F, Wk, 1F) that
induce effort from the low type in each period ¢ € {1,...,T%}. We now describe properties of an optimal
connected penalty contract for the low type (Step 3a) and an optimal action plan for the high type when
taking the low type’s contract (Step 3b).

Step 3a: Consider an optimal connected penalty contract for type L, CL' = (T*, W, 1%). The next two
lemmas describe properties of such a contract.

Lemma 1. Suppose that CL = (TL, WL 11) is an optimal contract for type L. Then forany t = 1,...,TL, there
exists an optimal action plan a € o’ (C) such that a; = 1.

Proof. Suppose to the contrary that for some 7 € {1, . ,TL} ,ar = 0foralla € aff (CL). For any € > 0,
define a contract C (¢) = (T'F, WF, 1% (¢)) modified from C* = (TL, Wk, 1¥) as follows: (i) IL () = 1L —¢;
(ii) (2, (e) =&, +e (1= A\F); and (iii) If (¢) = [} if t ¢ {7 — 1,7}. We derive a contradiction by showing
that for small enough ¢ > 0, C! (¢) together with an original optimal contract for type H, C*! | is feasible in
[P2] and strictly improves the objective. Note that by construction, (C (¢) , CH) satisfy (ICL) and (ICZ).
To evaluate how the objective changes when C” (¢) is used instead of C, we thus only need to consider
the difference in the information rents associated with these contracts, R (CL (¢)) — R (CF).

We first claim that a” (C” (¢)) C o' (C') when ¢ is small enough. To see this, fix any a € o’ (CF).
Since the set of action plans is discrete, the optimality of a implies that there is some 1 > 0 such that
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Uft (Ct,a) > Uff (CF,a’) + nforany a’ ¢ a’’ (CF) . Since U{? (C* (¢),a’) is continuous in ¢, it follows
immediately that for all ¢ small enough and all a’ ¢ o (CL): U (C () ,a) > U’ (C* (¢) ,a") +n. Thus,
a’ ¢ aff (Cl(e)). It follows that o (CL (¢)) C ' (CF).

Next, for small enough ¢, take a € a!’ (CL (¢)) C af (CL). Since a, = 0 by assumption, (C.2) implies

T

R(C"(¢),a) — R(CF,a) =Boe (1 - AF) 1:[ 1—a ) - (1 —AL)Tll — Boe [H (1—a\f) = (1= \F)7

s=1
T—1
—MBee [T (1= an™) <0
s=1
Hence, C* (¢) strictly improves the objective relative to C~. Q.E.D.

Lemma 2. Suppose that C* = (TL WE,UF) is an optimal contract for type L and there is some T € {1,..., Tt}
such that a; = 1 forall a € o (CV). Then (ICL) binds at 7.

Proof. Recall from (ICL) that al’ = 1. Suppose to the contrary that (ICL) is not binding at some 7 but
ar = 1foralla € o’ (CL). For any £ > 0, define a contract CL (¢) = (T'L, W, 1L(g)) modified from
CL = (TE, W, 1F) as follows: (i) IZ () = Ik +¢; (i) 1£_, () = 1, —e (1= AF); and (iii) I () = I} if
t ¢ {7 — 1,7}. We derive a contradiction by showing that for small enough ¢ > 0, C’ (¢) together with an
original optimal contract for type H, C¥, is feasible in [P2] and strictly improves the objective. Note that
by construction (ICL) is still satisfied under C* (¢)att =1,...,7 — 1,7+ 1,...,TL. Moreover, since (IC%)
is slack at 7 under contract C¥, it continues to be slack at 7 under C%(¢) for & small enough.

Now for small enough ¢, take any a € aff (CL(c)) C aff (CL), where the subset inequality follows
from the arguments in the proof of Lemma 1. Recall that by assumption a, = 1. Using (C.2),

R(CY(e),a) — R(C*,a) = — Boe (1 — AF) [ﬁ (1—aA) = (1= X)"77 | + foe ﬁ (1—a\) = (1= AF)"
s=1 s=1
=Boe {ﬁ (1 —a ) [= (1= NF) + (1 - AH)]}
= T—1
— (A= 2F) Boe [T (1 — asA™)
<0. -
Hence, C(¢) strictly improves the objective relative to CL. Q.E.D.

Step 3b: For any a € o’ (C) and s < ¢, define

t—1
D (8’t7a) = Zl£ (1 — )\H)Zn:erl an .

The next lemma describes properties of any action plan a € af’ (C1).

Lemma 3. Suppose a € aff (CL) and s < t.
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(1)If D (s,t,a) > 0and as = 1, then a; = 1.
(2)If D (s,t,a) < 0and ag = 0, then a; = 0.
(3)If D (s, t,a) = 0, then a’ € a (CF) where a, = ay, a} = a,, and d’. = a, if T # s, 1.
Proof. Consider the first case of D (s,t,a) > 0. Suppose to the contrary that for some optimal action plan

a and two periods s < t, we have D (s,t,a) > 0 and a; = 1 but a; = 0. Consider an action plan a’ such
that a’ and a agree except that o, = 0 and a; = 1. That s,

a = (7 1 ,---, 0 ’...)’
period s period t
/
a = ( PN 0 PR BN 1 , ) )
period s period ¢

Let UM (C*, a) be type H's payoff evaluated at the beginning of period s. Then,
UM (CFa) — UM (CF,al) = —BHAH Y ik (1 A Bt 2 _HAHD (s 1,2)

The intuition for this expression is as follows. Since action plans a and a’ have the same number of
working periods, the assumption of no discounting implies that neither the effort costs nor the penalty
sequence matters for the difference in utilities conditional on the bad state. Conditional on the good state,
the effort costs again do not affect the difference in utilities; however, the probability with which the agent
receives ] for any 7 € {s,...,t — 1} is “shifted up” in a’ as compared to a.

Therefore, U (CF,a) — UF (CL,a") < 0if D (s,t,a) > 0. But this contradicts the assumption that a
is optimal; hence, the claim in part (1) follows. The proof of part (2) is analogous.

Finally, consider part (3). The claim is trivial if a; = a;. If a; = 1 and a; = 0, then U (CL,a) —
U SH (CL ,a’ ) = 0 from the argument above; hence, both a and a’ are optimal. The case of as = 0and a; = 1
is analogous. Q.E.D.

C.4. Step 4: Stopping strategies for the high type

We use the following concepts to characterize the solution to [P2]:

Definition 1. An action plan a is a stopping strategy (that stops at t) if there exists ¢ > 1 such that a, = 1
fors <tanda, =0 for s > t.

Definition 2. An optimal action plan for type # under contract C, a € a?(C), has the most-work prop-
erty (or is a most-work optimal strategy) if no other optimal action plan under the contract has more work
periods; that is, for all a’ € a?(C), # {n:a,=1} >#{n:a, =1}

Step 3 described properties of optimal contracts for the low type and optimal action plans for the high
type under the low type’s contract. We now use these properties to show that in solving program [P2], we
can restrict attention to connected penalty contracts for the low type C* = (T'L, Wk 1X) such that there is
an optimal action plan for the high type under the contract a € o’ (C¥) that is a stopping strategy with
the most work property.
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Let N = min,cqmcry# {n: a, = 0}. That is, among all action plans that are optimal for type H
under contract C¥, the action plan in which type H works the largest number of periods involves type
H shirking in N periods. Let Ay be the set of optimal action plans that involve type H shirking in N
periods. Let

Avp={a€ Ay :a =0forallt >T" — Lk},

i.e. any a € Ay, contains a total of IV shirking periods, (at least) k of which are in the tail.
Our goal is to establish the following:

N
forany k < N: Ay, # ) = U ANnn # 0. (C.3)
n=k+1

In other words, whenever Ay contains an action plan that has £ < N shirks in the tail, Ay must contain an
action plan that has at least k+1 shirks in the tail. By induction, this implies Ay x # (), which is equivalent
to the existence of an optimal action plan that is a stopping strategy with the most work property.

Suppose to contradiction that (C.3) is not true; i.e. there is some k < N such that Ay # ) and yet
UM, +1 AN = 0. Then there exists

tA:min{t:aEAN’k,at:O,t<TL—k:,as:1f0reachs=t+1,...,TL—k}. (C.4)

In words, 7 is the smallest shirking period preceding a working period such that there is an optimal action
plan a € Ay with k + 1 shirking periods from (including) ¢. Now take fo = ¢. Forn = 0, 1, ..., whenever
{tiap=0,a€ Any,t < fn} # (), define

fnﬂ:min{t:at:0,a€AN7k,t<fn,as:1f0reachs:t+1,...,fn—1}. (C.5)

The sequence {{, } uniquely pins down an action profile @ € Ay . In words, among all effort profiles in
An i, @ has the earliest n-th shirk for each n = 1, ..., N. Note that a takes the following form:

period: t t+1 - Tk TE—k+1
a: o 1 - 1 0

We will prove that [ J_, +1 AN # 0 (contradicting the hypothesis above) by showing that we can “move”
the shirking in period ¢ of a to the end. This is done via three lemmas.

Lemma 4. Suppose Ay # Oand UY_, | Ann = 0. Then I} = 0foranyt =1 +1,..., 7" —k — 1.

Proof. We proceed by induction. Take any ¢t € {{+1,...,7F —k —1} and assume that [! = 0 for
s=t+1,...,T* — k — 1. We show that I = 0.
Step 1: If > 0.

Proof of Step 1: Suppose not, i.e., [f < 0. Then the fact that (IC%) is satisfied at period ¢ + 1 and the

hypothesis that Il < 0 imply that (ICL) is slack at period ¢.°* Hence, by Lemma 2, there exists an action
plan a’ € a” (CF) such that ¢} = 0. Now, by the assumption that I} < 0 together with the induction

> This can be proved along very similar lines to part (2) of Lemma 3.
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hypothesis, we obtain Y7, Il < 0 form € {t,...,TF — k — 1}. By Lemma 3, part (2), a;, = 0 for any

s=t"s
s=t,...,TF — k. Thus, a’ € aff (C) is as follows:

period: t t+1 - t t4+1 - TE—k—1 Tk TY—k+1
a: 0 1 1 1 1 1 0
a’: 0 0 0 0

Claim 1: There exists s* > T* — k such that a/. = 1.

Proof: Suppose not. Then a, = 0 for all s > T — k (recall a7, , = 0). We claim this implies

#{n :a), =0} > N. To see this, note that # {n : a), = 0} > N by assumption. If # {n : a}, = 0} = N, then
a’ € Ay, and since a’ contains k + 1 shirking periods in its tail, it follows that a’ € Ay j41, contradicting
the assumption that UnN:,CH Ann = 0. Giventhat # {n : a/, = 0} > N and a}, = 0 for s > T* —k, it follows

that g%, | (a’) > g%, _, (a) and taking a/.;, , = 1is optimal, a contradiction. ||

Now let s* be the first such working period after 77 — k. Then,

period: t t+1 -t t+1 . TE-k—1 TL—k TF k41 ... s
a: o 1 - 1 1 - 1 1 0 0
a’: o 0 .- 0 0 0 R |

Applying parts (1) and (2) of Lemma 3 to a and a’, we obtain Zi;}i_ i I = 0. Now applying part (3)
of Lemma 3, we obtain that the agent is indifferent between a’ and a” where a” differs from a’ only

by switching the actions in period 7' — k and period s*. But since ZZ:Lt_k_l Il < 0, the optimality of
af = 0,al, , =1 contradicts part (2) of Lemma 3.

Step 2: ltL <0.
Proof of Step 2: Assume to the contrary that [F > 0. We have two cases to consider.
7L
Case 1: lTLfk > 0.
By the induction hypothesis and the assumption that IZ > 0, we have 37, | (1— ) )
Therefore, by part (1) of Lemma 3, d7r_j_; = 1. But this contradicts the definition of a.

Case 2: 1L

L, . <o

In this case, (IC%) must be slack in period T* — k (since it is satisfied in the next period and lgi Ly <0).
Hence by Lemma 2, there exists a such that a;r_;, = 0.

period: t t+1 -t t+1 o TE—k—1 TPk
a: 0 1 | 1 1 1
a: 0

Claim 2: a5 = 0 for any s > TL — k.

Proof: Suppose the claim is not true. Then define

T::min{s:s>TL—k‘andZis:1}.
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This is shown in the following table:

period: t t+1 - t t+1 oo TF—k—-1 TF -k .. T-1 71
a: 0 1 | 1 1 1 0 0
a: 0 0 1

Applying parts (1) and (2) of Lemma 3 to a and a respectively, we obtain

ST ko (C.6)

s=TL—k §

But then, by the induction hypothesis and the assumption that [} > 0, we obtain
TL—k—1 o @n
ST ()R, (C7)

Notice that@; = 0 for s > TX—k by definition. Hence, (C.6) and (C.7) imply 37— 1L (1 — A )Zi:” 1m0,

s=t s
Now applying part (1) of Lemma 3 to a, we reach the conclusion that @, = 1, a contradiction. ||

Hence, we have established the claim that a; = 0 for all s > T — k, as depicted below:

period: t t+1 - ¢t t+1 - TE—k—1 TL—-k ... 7-1 71
a: 0 1 B | 1 1 1 0 0
a: 0 0 0

Claim 3: #{n:d, =0} = N+1land 8%, _ (3) =8 _, 3.

Proof: By definition of N, # {n : a,, =0} > N.If #{n:a, =0} = N, then a contains k + 1 shirking
periods in its tail, contradicting the assumption that Ay ;1 = 0. Moreover, if # {n : a,, = 0} > N+1, then
/BQIgL—k (a) > /6’7[327}C (a) . But then since a;z_;, = 1, we should have a;r_;, = 1, a contradiction. Therefore,
itmustbe #{n:a, =0} =N+ 1. |

By Claim 3, we can choose a such that a differs from a only in period T* — k. This is shown in the
following table:

period: t t+1 -t t+1 .o TE—k-1 TF—%k .. 7-1 7
ar 0 1 1 1 0 0
a: o 1 -~ 1 1 - 1 0 -0 0

But by assumption [/ > 0, and by the induction hypothesis [ = 0 for s = t +1,...,T* — k — 1. Therefore,

TL k-1 . _
STk (1= AR s g,

s=t

Applying part (1) of Lemma 3, we must conclude that a;._;, = 1, a contradiction. Q.E.D.
Lemma 5. Suppose Ay j, # 0 and U%:kﬂ AN = 0. Then lfL =0.

Proof. Step 1: lf > 0.
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ZZ:EH an

Proof of Step 1: To the contrary, suppose lf < 0. Lemma 4 implies ZZ:Li_k_l 1L (1— ) < 0.

Then part (2) of Lemma 3 implies that a;r_;, = 0, a contradiction.
Step 2: lf <0.

Proof of Step 2: Suppose to the contrary that tL > 0. Note that by Lemma 1, there exists an action plan
a eal (CL) such that a% = 1. Then since, by Lemma 4, IF=0fort = t+1,...,TF — k — 1, it follows
from part (1) of Lemma 3 thata, = 1 for s = ¢+ 1,..., Tt — k. Hence, we obtain the following table:

period: t t+1 - TE—k—1 TE—k TF—-k+1
a: 0o 1 - 1 1 0
a’: 1 1 1 1

Claim: there exists ¢ < t, such that a% =0anda; = 1.

Proof: since # {t : a; =0} > N = #{t :a, = 0},a; = 1,a; = 0,and a; = 0 for all £ > Tt — k, we have
#{t:a;=0,t <t} >#{t:a =0,t <t}.The claim follows immediately.

We can take ¢ to be the largest period that satisfies the above claim. Hence a and a’ are as follows:

period: ¢ t t+1 - Tr—k—-1 TF—k Tr—k+1
a: 1 o 1 - 1 1 0
a’: 0 1 1 1

There are two cases to consider.

Case1: Gy = a} foreacht =t +1,...,{ — 1.

Lemma 3 implies that ZZ;%ZSL (1—MH )Efm@rla” = 0 and the agent is indifferent between a and @’
where @' differs from a only in that the actions at periods ¢ and  are switched. But this contradicts the
definition of # (see (C.4)).

Case 2: @y, = 0 and al,, = 1 forsomem € {t+1,...,{ —1}.

First note that Case 1 and Case 2 are exhaustive because 7 is taken to be the largest period ¢ < # such
that a; = 1 and a; = 0. Without loss, we take m to be the smallest possible. Hence a; = a; for each
t=t+1,...,m— 1. Thenaand a’ are as follows:

period: ¢ m t t4+1 o TE—k—1 TF—k TL—k+1
a: 1 o 1 - 1 1 0
a’: 0 1 T 1 - 1 1

But again, by Lemma 3, we can switch the actions at periods tand m in a, contradicting the definition of
a (see (C.5)). Q.E.D.

Lemma 6. If Ay j # 0 then U,]:[:Hl Ann # 0.

Proof. Suppose to the contrary that UnN:k+1 Angn=0.Thenlf =0fort =+¢,...,T* — k — 1, by Lemma 4
and Lemma 5. Therefore, by part (3) of Lemma 3, we can switch a; with @p._, to obtain a’. However, since
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#{t:a, =0} = #{t:a; = 0} = N, it follows immediately thata’ € Ay.Sincea; = 0 forallt > TL—k—1,
a1 Anan. Q.E.D.

C.5. Step 5: Onetime-penalty contracts for the low type

In Step 4, we showed that we can restrict attention in solving program [P2] to connected penalty contracts
for the low type CL' = (T'*, W, 11) such that there is an optimal action plan for the high type a € o/ (Ct)
that is a stopping strategy with the most work property. We now use this result to show that we can
further restrict attention to onetime-penalty contracts for the low type, CX = (T, W, I%,).
This result is proved via two lemmas.

Lemma 7. Let Ct = (TY, W 1F) be an optimal contract for the low type with a most-work optimal stopping
strategy for the high type @ that stops at t, i.e. t = max{t € {1,..., Tt} : @, = 1}. Foreach t > t, there is an
optimal action plan, a € ol (CL), such that for any s, a5 = as <= s ¢ {t,t}.

Proof. Step 1: First, we show that the Lemma’s claim is true for some ¢ > i (rather than for all ¢ > ).
Suppose not, to contradiction. Then Lemma 3 implies that

foranyne{f,f—kl,...,TL—l},leL<0. (C.8)
s=t

Hence, (ICL) is slack at £ (since it is satisfied in the next period and lf < 0) and, by Lemma 2, there exists
an optimal action plan, a”, with a%’ =0.
Claim 1: a” = 0 for all s > .

Proof: Suppose to contradiction that there exists 7 > ¢ such that a/ = 1. Take the smallest such 7. Then

7—1
it follows from Lemma 3 applied to a and a” that 5" 1L = 0, contradicting (C.8). ||
s=t
Hence, we obtain that a” = 0 for all s > ¢, and it follows from the optimality of a; = 1and a%’ = 0 that
a’ is a stopping strategy that stops at £ — 1:

period: e t—=2 F—1 F t4+1 E+2
a: 1 1 1 0
a”: 1 1 0 0 0

Next, note that by Lemma 1, there is an optimal action plan, a’, with a7, = 1.
Claim 2: o}, = 1.

Proof: Suppose a; = 0. Then by (C.8) and Lemma 3, a; , = 0. But then again by (C.8) and Lemma 3,
a% =0 and using induction we arrive at the conclusion that a7, = 0. Contradiction. ||
!/

Since ar

., = land a% = 1, by the most work property of a, there must exist a period m < ¢ such that
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a;,, = 0. Take the largest such period:

period m m+1 t—1 ¢ t+1 t+2 Tt
a: 1 1 1 1 0 0 0
a’: 1 1 1 0 0 0 0
a’: 0 1 1 1 1

i—1 s /
Applying Lemma 3 to a” and a’ yields Y & (1 — A" )z":”“r1 “r = 0. Hence, there exists an optimal

action plan a” obtained from a’ by switching a;,, and a}. But then the optimality of a"

ag, =1,(C.8),and Lemma 3.

contradicts a%” =0,

Step 2: We now prove the Lemma’s claim for ¢+ 1. That is, we show that there exists an optimal action

plan, call it a’*!, such that for any s, ait! = @, < s ¢ {f,i + 1}. Suppose, to contradiction, that the
claim is false. Then, by Lemma 3, ZEL < 0. Using Step 1, there is some 7 > # that satisfies the Lemma’s
claim; let a” be the corresponding optimal action plan (which is identical to a in exactly all periods except

from ¢ and 7). Since by Lemma 1 there exists an optimal action plan, call it a’, with a% = 1, Lemma 3 and

liL < 0imply a; = 1. By the most work property of @, there must exist a period m < t such that a/,, = 0.
Take the largest such period:

period: m m+1 t—1 ¢ t+1 -+ 7 7+1
a: 1 1 1 1 0 0 0
a’: 1 1 1 0 O 1 0
a’ 0 1 1 1 1

Applying Lemma 3 to a” and a’ yields Zf_l (1= )Ef‘:m“ -} Hence, there exists an optimal

s=m S
action plan a” obtained from a’ by switching a;, and a}. But then the optimality of a” contradicts a} = 0,
ag’ﬂ =1, lfL < 0, and Lemma 3.

Step 3: Finally, we use induction to prove that the Lemma’s claim is true for any s > # + 1. (Note

the claim is true for £ + 1 by Step 2.) Take any ¢t + 1 € {t + 2,...,T*}. Assume the claim is true for
s=1+2,...,t. We show that the claim is true for t + 1.

By Step 2 and the induction hypothesis, there exists an optimal action plan, a’, such that for any s,
@\ =d; <= s ¢ {t,t}. We shall show that there exists an optimal action plan, a‘*!, such that for any
s,attl =4, = s¢ {t,t+1}. Suppose, to contradiction, that the claim is false. Note that Step 2, the
induction hypothesis, and Lemma 3 imply [Z = 0 forall s = #,...,¢— 1. It thus follows from Lemma 3 and
the claim being false that [/ < 0. By Lemma 1 there exists an optimal action plan, call it a’, with ), ; = 1.
Then Lemma 3 and I} < 0 imply that ) = 1.

Claim 3: o', = 1 foralls = ,...,t — 1.

Proof: Suppose to contradiction that a’. = 0 for some s* € {#,...,t — 1}. Then since [ = 0 for all
s =1t,...,t — 1, by Lemma 3, there exists an optimal action plan, a”, obtained from a’ by switching a’.
and aj. But then the optimality of a” contradicts a} = 0, a},; = 1, [} < 0, and Lemma 3. ||

Hence, we obtain a/, = 1 forall s = #,...,t + 1, and by the most work property of a, there must exist a
period m < t such that a/, = 0. Take the largest such period:
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period: m m-+1 t—1 &t t+1 t t+1
a: | 1 1 1 0 0 0
al: e 1 1 1 0 0 1 0
a’: 0 1 1 1 1 1 1

i—1 s / ~
Applying Lemma 3 toa’ and a’ yields > 1L (1 — )\H)Z":Wrl “r = 0. Since !X = Oforalls =#,...,t—1,

t—1 s /
we obtain )’ lsL (1 —\H )E":erl “n — (. Hence, by Lemma 3, there exists an optimal action plan a”

s=m
obtained from a’ by switching a;, and a;. But then the optimality of a” contradicts af = 0, af,; = 1,
IF < 0,and Lemma 3. Q.E.D.

Lemma 8. If CL is an optimal contract for the low type with a most-work optimal stopping strategy for the high
type, then C* is a onetime-penalty contract.

Proof. Fix CF per the Lemma’s assumptions. Let @ and # be as defined in the statement of Lemma 7. Then,
it immediately follows from Lemma 7 and Lemma 3 that [} = 0 forall t € {{, +1,...,T% — 1}. We use
induction to prove that I} = 0 for all ¢ < #.

Assume [ = O0forallt € {m+1,m+2,...,TF —1} for m < . We will show that I% = 0. First, Il >0
t s ~
is not possible because then >° L (1 — A )Z“:m+1 “* > 0 (by Lemma 7 and the inductive assumption),
S=m

contradicting the optimality of a and Lemma 3. Second, we claim IZ < 0 is not possible. Suppose, to
contradiction, that lﬁl < 0. Then (ICaL) is slack at m and, by Lemma 2, there exists an optimal plan a’
with a/,, = 0. Now by Lemma 3, Lemma 7, and the inductive assumption, a,, = 0 for all s > m. Hence,
BfH (') > B{f (2), and thus the optimality of a implies that a’ is suboptimal at £, a contradiction. ~ Q.E.D.
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D. Supplementary Appendix for Online Publication Only

D.1. Proof of Proposition 1

We prove the result more generally for contracts with lockouts. Fix a contract C = (I", Wy, b, I). The result
is trivial if I' = (), so assume I' # (). Let ' = maxI'. For any period ¢ € I" with ¢t < T, define the smallest
successor period in I' as o (t) = min{t’ : t' > t,t’ € I'}; moreover, let o(0) = minT.

Given any action profile for the agent, the agent’s time-zero expected discounted payoff when his
type is # € {L, H} and the principal’s time-zero expected discounted payoff only depend upon a con-
tract’s induced vector of discounted transfers, say (7¢):cr when success is obtained in period ¢ and on the
discounted transfer when there is no success. Hence, it suffices to construct a penalty contract, C, and
bonus contract, (~3, that induce the same such vector of transfers as C.

To this end, define the penalty contract C= (T, Wo, lA) as follows:

(a) Foranytsuchthatt <T andt e F,lAt =1l — b+ 5““)*%0@.

(b) Ir = lp — br.
(c) /WO =Wy + 50(0)[)0(0).

Define the bonus contract C = (T', Wy, b) as follows:

(a) Foranyt eT, gt =b— > 6.

s>t,sel’

(b) Wo = Wo+ 3 6.
tell

Consider first the discounted transfer induced by each of these three contracts if success is not ob-
tained. For C, itis Wy + >, 6'l;. For C, itis

Wo + 08T = Wo + 6" Oboy + > 6" (1= b+ 870 ) ) + 67 (17 = br) = Wo + > 8L,
tel’ telt<T tel’

where the first equality follows from the definition of C and the second from  algebraic simplification. For

C, since there are no penalties, the corresponding discounted transfer is just Wo = Wo + > ier 6'1:. Hence,
all three contracts induce the same transfer in the event of no success.

Next, for any s € I', consider a success obtained in period s. The discounted transfer in this event in
Cis Wo + D e 1w 8%l + 6°bs. For C, since there are no bonuses, it is

Wot S 6T =W+ Dby + 3 & (zt byt &’(t)*tbg(t)) =Wo+ > 8+ 6%,
tel't<s tel't<s tel't<s
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where again the first equality uses the definition of C and the second follows from simplification. For C,
since there are no penalties, the corresponding discounted transfer is

Wo + 6%bs = Wo + Y _ 6"l + 6° (bs - > 5tsz5> =Wo+ Y &'l +06°s,

tel’ t>s,tel’ tel't<s

where again the first equality is by definition of C and the second from simplification. Hence, all three
contracts induce the same transfer in the event of success in any period s € I'.

D.2. Proof of Proposition 2

We use a monotone comparative statics argument. Recall expression (B.20), which was the portion of the
principal’s objective that involves a stopping time for the low type, T

T T
V(T Bo, pto, ¢, S, \ELNH) = (1 — po) [@bZét (1= (A =) — (1 - Bo) Zétc]
t=1 t=1

Tl O (T) (1= M) = (1= 8]

=

—pof3
00 _i(gtc |:(1_)\H)t71_ (l—AL)til]
t=1

where Zf (T) is given by (6) in Theorem 3. The second-best stopping time, 7", is the T that maximizes

V(T,-).>® To establish the comparative statics of " with respect to the parameters, we show that V(T -)
has increasing or decreasing differences in 7" and the relevant parameter.

Substituting Zf (T') from (6) into V() above yields

T T
V(T, Bo, po, ¢, 6, \E, M) = (1 — o) [ﬁo Zat (1- )\L)t_l (A —¢) — (1 - Bo) Zatc]
t=1 t=1

N

= Bo(1-3)""+1-6o Hyt Lyt
e 6 (1) P [(1 — M) (1- D) }

AT
R v = [(EP ORI IEPO R . DD

—Bo té Ste {(1 . )\H)t—l (- )\L)t—l}

Y

After some algebraic manipulation, we obtain
V(T + 17 607 Ho, C, 67 )\La )‘H) - V(T7 607 Ho, C, 57 AL7 )\H)

_grn ] ) B0 (1=25)" (X =€) = (1= fo)e] (D2)

> While the maximizer is generically unique, recall that if multiple maximizers exist we select the largest one.
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(D.2) implies that V (T, By, 10, ¢, 3, AL, M) has increasing differences in (7', 8), because

(1= o) [(1=X)" (A =€) +¢] }>0

1—(1-a8)" T
ﬁ (1— AH)T (AH — ALY

2 V(T +1,B0,) = V(T, fo, )] = 6" {

950 +1oc

It thus follows that 7~ is increasing in 3. Similarly, (D.2) also implies

C

(1= o) [Bo (1= X" + (1 = )] }
) <0,

Bo(l—)\L)T-i-l—ﬁo (1 . )\H)T ()\H . )\L

88 [V(T + 17 ¢, ) - V(T7 ¢, )] = 6T+1 {
—Ho (A-A)TAL

<L . o
and hence ¢~ is decreasing in c.

To obtain the comparative static of " in o, We compute

[0 (1= AT (=) — (1~ )] }
. (D.3)

0
YR [V(T + 1, pio, ) - V(Tv Ho, )] =3 { Bo(1-AL T+17,3 T

Bo(1-21)"
. Bo(1-AL) 141
Bo (1= A" (M=) — (1= By) ¢ > 0. Thus, for T +1 < t£,

Recall that the first-best stopping time ¢ is such that M > ¢, which is equivalent to
Bo(1=A" (\F —¢) = (1= Bo)e > 0. (D.4)
Combining (D.3) and (D.4) implies

(1=M)"+1-5
(1= AL AL

i [V(T =+ 17 1o, ) - V(T7 1o, )] < _6T+1cﬁ0

o (1= 2" (H = \F) <o,

It follows that £~ is decreasing in .

We next consider the comparative statics of 7" with respect to AL and A. For A%, note that since
T + 1 < t& and the first-best stopping time is increasing in ability starting at A%, the social surplus from
the low type (given by the expression in the first square brackets in (D.1)) has increasing differences in

(T, A1), and the low type’s expected marginal product given work up to 7' + 1, Bﬁ +1AF, is increasing in

Bo(1-2E)" +1-Bo

AE. Therefore, substituting AL

= 2 in (D.2), we obtain
Brii AL

) (1= p0) fo | (1= AE) =T (1= AF)"7" (AL = ¢)
W [V(T+ 1’ AL, ) - V(T, )\L, )] _ 5T+1 <1 N A\H_\L 8(B§+1)\L)> > O,

+poe (1= )T %

=L L
T+1 AL Bri1 AL oA

which implies that i is increasing in \.
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That 7" can increase or decrease in A follows from the fact that (D.2) yields

O\ (1- )\L)T AL

whose sign can vary with parameters. Specifically, let (3o, 1o, ¢, 6, \¥) = (0.95,0.1,0.215,0.8,0.25), which
results in a first-best stopping time t/ = 5. Consider three values of \7: M\ = 0.45, Al = 0.5, and
M! = 0.55. The corresponding first-best stopping times are 17 = 6, t! = 5, and ¢}/ = 5. One can verify
that the low type’s second-best stopping time, 7", increases (from 3 to 4) when A increases from M to
M while it decreases (from 4 to 0) when A\ increases from M\ to A

Finally, consider the comparative statics of the distortion, t* — i*. By (3), t© is independent of 19 and
M while we have just shown that s decreasing in 14 and can increase or decrease in M. Therefore,

2L . o . . . +L
tL' — %" is increasing in ji9 and can increase or decrease in A’ depending on parameters. To see that t* —%

can increase or decrease in [ as well, take the set of parameters considered in Figure 2, (uo, ¢, 6, AN =
(0.3,0.06,0.5,0.1,0.12). The figure shows that given these parameters, t* — 7" decreases (from 12 — 10 = 2
to 15 — 14 = 1) when f increases from 0.85 to 0.89. If instead we take these parameter values but change

only yg to po = 0.7, we find that the same increase in 3 leads to an increase in % — * (from12 -1 =11
to 15 — 1 = 14). The comparative static of t© — 7" with respect to ¢ and AL can be shown by similar
computations.

D.3. Step 6 of Proof of Theorem 5

We remind the reader that Steps 1-5 of the proof of Theorem 5 are in Appendix C of the paper.

By the previous steps in the proof, we restrict attention to onetime-penalty contracts for the low type
such that the low type works in all periods t € {1,...,T%} and the high type has a most-work optimal
stopping strategy. For an arbitrary such contract C*, let #(C*) denote the high type’s most-work optimal

stopping time, i.e. #(CF) := max{t € {1,..., Tt} : @y = 1 forall s = 1,...,¢, a € o (CL)}. We now show
that given T*, there exists an optimal onetime-penalty contract for the low type C* = (T*, W{,i%,)

where ¢(CF) is given by
THL(TT) .= min {t e{l,...,T"} B A < BruaFand (1— M) < (1— )\L)TL} :
and (%, is given by

C C

—_L 'y —H
ﬁTL )\L ﬁTHL (TL))\H

i:I;L (T*) := min
When not essential, we suppress the dependence of £(C*) on C%. We proceed by proving five claims.

Claim 1: Given any onetime-penalty contract CX = (T*, W', I%,), —Bﬁl)\H 1k <

Proof: Suppose to contradiction that —Bﬁl ML, > c. Then type H is willing to work one more period
after having worked for ¢ periods, contradicting the definition of ¢. ||
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Claim 2: Given an optimal onetime-penalty contract C* = (T'X, W, 1%,), (1 — \¥ )< (1= 2)TE

Proof: Suppose to contradiction that given an optimal contract C¥' = (T, W, 1%,), type H’s most-
work optimal stopping time # is such that (1 — \? )£~> (1 — ALYT". Then for any strategy a € a!!(CL)
where type H works for a total of ¢ periods, (1 — A7) > (1 — A)T". Now note that given CF and &, type
H'’s information rent is

g L Tt _ [t=h ~ t—1
Bolk, [(1 A (1 - \DyT ] ~ e S [131 (1— @A) — (1 AL)
+ctizl (1—a) [(1 = Bo) + Bo (1 - AL)H} ‘

Consider a modification that reduces ZJL, . by € > 0. By Claim 1, for ¢ small enough, this modification does

not affect incentives, and by (1— A\ )? > (1=M)T", the modification strictly reduces type H’s information
rent. But then C* cannot be optimal. ||

Claim 3: In any onetime-penalty contract C* = (T'*, W', 1%,),if 1 € o*(C*) then

& C

I, <min{ ————, —— (D.5)
BroAE Bycry
Conversely, given any onetime penalty contract C = (T*, W, i%,), if Ik, < min {_BTLCAL’ —ch/\H } for

some t < T, then {(CF) > tand 1 € a*(CF).

Proof: For the first part of the claim, assume to contradiction that there is C* = (T, W, i%,) such

that 1 € aX(CL) but (D.5) does not hold. Suppose first that _ch/\L <~ Then type L is not willing
TL i
to work for T periods; having worked for T — 1 periods, type L’s incentive compatibility constraint

. . . =L L e .
for effort in period T is —B7. ALlL, > ¢, which is not satisfied with %, > —BLCAL.
TL

Suppose next that

(¢ C

—5To > v Then type H is not willing to work for  periods; having worked for ¢ — 1 periods, type
Tl 3

H is willing to work one more period only if —BtL ML, > ¢, which is not satisfied with I%, > — v
t

For the second part of the claim, assume Z%L <min<{ —=f%—, —=—*—
BpL AL By AH

proof is by induction. Consider the last period, 7'X. Since no matter the history of effort the current belief

}. Consider first type L. The

is some B% > B;L, it is immediate that — B% A l:% . > ¢, and thus it is optimal for type L to work in the
last period. Now assume inductively that it is optimal for type L to work in period ¢ + 1 < 7Y no matter
the history of effort, and consider period ¢ with belief 7. The inductive hypothesis implies that

TL

_ BtL+1)\L l%L(l _ )\L)TL—(t-i-l) _ec Z (1 _ )\L)S—(H‘?) > e (D.6)
s=t+2
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Therefore, at period ¢:

“BENEL e (1= AB) (TR (1= ABYTE 0D Z AR I Y [—c—i—(l—)\L) (— —~ L)} —,
s=t+2 /Bt-i-l/\

BE(-XE)
1-BE+BEF(1-AL)"

where the inequality uses (D.6) and the equality uses BtLH =

Finally, consider type H. By Lemma 3 and the fact that IF=0forallt =1,....,T" -1, type H is
indifferent between any two action plans a and a’ such that # {t : a; = 0} = # {t : a; = 0}. Thus, without
loss, we restrict attention to stopping strategies, and we only need to show that it is optimal for type H
to stop at s > t. Note that for any s < ¢, given that type H has worked consecutively until and including

. —H
period s, —3,, A1%, > ¢, and thus type H does not want to stop at s. ||

Claim 4: There exists an optimal onetime-penalty contract C* = (T'*, W{,1%,) satisfying %, >

3 C C
minsS —=—g s =g (-
{ BriAk ’ By AH }

Proof: Suppose, to contradiction, the claim is false. Given an optimal onetime-penalty contract for
type L, Ct = (T, W, 1%,), and type H’s most-work optimal stopping strategy a, type H’s information
rent is R

L H\E L\T* ¢ H\t—1 Lyt—1
ol [(1 = X — (1= AEYT] — foe 3 [(1 = A1) — (1 A8) ]
(s t—1 -
te X [(= o)+ B0 (1= A0
t=t+1
Consider a modification that increases I%, by e > 0. By Claim 4 being false and Claim 3, for ¢ small
enough, working in all periods ¢ = 1, . T remains optimal for type L, and a remains optimal for type
H. But then Claim 2 implies that type H ’s information rent either goes down or remains unchanged with
the modification, and thus there exists an optimal contract C = (T'*, W£, lgi ) where the claim is true. ||

Claim 5: There is an optimal onetime-penalty contract CX = (T*, W, i%,) with {(CF) = THE(TE).

Proof: Take an arbitrary optimal contract C* = (T'*, W, i%,). By Claims 1 and 3, t(CF) satisfies
EgCL)H)\H < Bruar. By Claim 2, #(CL) satisfies (1 — A#)HC") < (1 — AL)T", Thus, all that remains
to be shown is that there exists C where ¢#(Cl) is the smallest period ¢t € {1,...,TF} that satisfies
these two conditions. Suppose to contradiction that this claim is false. Then {(CL) — 1 also satisfies
the conditions; that is, Bch))\H < B;L)\L and (1 — AH)f(CL)_l < (1= AT, By Claims 3 and 4,
lLL = mln{ ﬁTLCA ﬂﬁczy\’f} and thus since ﬁt cl) M < /BTL)\ , ZTL = —BZCE)/\H < _EéLCAL' It
follows that type H’s incentive constraint in period ¢(C¥) binds; i.e., type H is indifferent between work-
ing and shirking at #(CL) given that he has worked in all periods ¢ = 1,...,#(C*) — 1 and will shirk in all
periods t = £(CL)+1,..., L. Hence, both a stopping strategy that stops at £(C’) and a stopping strategy
that stops at £(C*) — 1 are optimal for type H given CL, and type H’s information rent is the same for
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either of these two action plans. Type H’s information rent can thus be written as

{(Cch—1

Bolks [(1=AICI — (1= AT = foe 55 [(1= M) = (1= a8)]
(s t—1 -
+e X |(L=Bo) +Bo (1—AF) } :
t=E£(CL)
Now consider a modified contract, GL, obtained from CZ by increasing l:% . by e > 0. Since l%L = —ﬁ,
[i(e2)
a stopping strategy that stops at #(C) is no longer optimal for type H under CL. Since l%L < —ﬁ
TL
and L, < ——g——, for € small enough, 1 € al'(CL) and a stopping strategy that stops at £(C*) — 1

i(cly-1
remains optimal for type H under CL. Then {(CL) = #(C) — 1, and since (1 — N)H(CH—1 < (1 — \IYT*,
type H’s information rent either goes down or remains unchanged with the modification, so CLis opti-
mal. If £(CL) = THL(TL), we are done. Otherwise, we can apply the argument to #(C%) and repeat until
we eventually arrive at the desired contract C* with ¢(C*) = THL. ||

D.4. Details for Subsection 7.1

Here we provide a formal result for the discussion in Subsection 7.1 of the paper.

Theorem 7. Even if project success is privately observed by the agent, the menus of contracts identified in Theorems
3—6 remain optimal and implement the same outcome as when project success is publicly observable.

Proof. It suffices to show that in each of the menus, each of the contracts would induce the agent (of either
type) to reveal project success immediately when it is obtained. Consider first the menus of Theorem 3
and Theorem 5: for each § € {L, H}, the contract for type 6, C? isa penalty contract in which lf <0
for all t. Hence, no matter which contract the agent takes and no matter his type, it is optimal to reveal
a success when obtained. For the implementation in Theorem 4, observe from (8) that type L’s bonus

contract has the property that 6b/ ; < bf forallt € {1,... - 1}; moreover, this property also holds in
type L’s bonus contract in Theorem 6 and in type H’s bonus contracts in both Theorem 4 and Theorem 6,
as these contracts are constant-bonus contracts. Hence, under all these contracts, it is optimal for the agent
of either type to disclose success immediately when obtained. Q.E.D.

D.5. Details for Subsection 7.2

Here we provide a formal result for the discussion in Subsection 7.2 of the paper.

Theorem 8. Assume t! > t&, § = 1, and that all transfers must be non-negative. In any optimal menu of
contracts, each type 0 € {L, H} is induced to work for some number of periods, fze, where ff@ < ZZ. Relative to
the first-best stopping times, t' and t-, the second best has Tyy < t and Ty, < t=. The principal can implement
the second best using a bonus contract for type H, CH = (EZ, W b)), and a constant-bonus contract for type L,
cl = @Le, Wi, bE), such that
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1 bF = o

2. Type H gets a rent: U (CH o (CH)) > 0;
3. Ifffg > 0, type L gets a rent: UL (CL, ol (CL)) > 0;
4. 1€ a(CH);1 € a®?(Cr);and 1 = o (CL).
Proof. The principal’s program is the following, called [P/]:

max ol (C7,a™) + (1 — po) 11§ (CF,a") (Per)

(CH7CL’aH7aL)

subject to, forall 0,6 € {L, H},

a? € a?(CY), (IC?)
ud(c?,a’ > o, (IR%)
Ug(c?,a’) > Ug(c”, a’(c”)), (Ico”)

Wi, b0,10 > 0forallt e T, (049

Note that the limited liability constraint for type ¢, (¢/%), implies that this type’s participation con-
straint, (IRY), is satisfied. From now on, we thus ignore the constraints (IR").

Step 1: Bonus contracts

We show that it is without loss to focus on bonus contracts. Suppose by contradiction that in the solution
to [Py], for some 6 € {L, H}, C% = (T?, W{,b%,1%) is not a bonus contract, i.e. I{ # 0 for some t € T'?. We
can construct an equivalent bonus contract C? = (I'?, W¢, %) as in the proof of Proposition 1:

(a) Foranyt € I = — 1,
y t t s

s>t,sel?

b) Wi=wi+ 3 1.
ter?

Note that by the limited liability constraint, C? has Wg > 0 and lf > (0 forallt € T?. Hence, C? has
Wg > 0. Moreover, if b < 0 for some t € T'?, then regardless of his type, the agent shirks in period ¢ under
contract CY. Therefore, we can define another bonus contract, Cl = (fe, Wg , 59), where ¢ € TV if and
only if t € ' and ! > 0. Since under contract C? the agent of either type receives zero with probability
one in all periods ¢ in which b < 0, the incentives for effort for both agent types and the payoffs for the
principal and both agent types are unchanged in the new contract C? in which the agent is locked out in

these periods. It follows that the bonus contract C? is equivalent to contract C? and thus to the original
contract C?, and it satisfies limited liability.
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Step 2: Both types always work

We show that it is without loss to focus on bonus contracts in which each type is prescribed to work
in every period under his own contract. Suppose that there is a solution to [P/] in which, for some

6c{L,H}C= (Fe, Wy, b9) induces a’ # 1. Consider contract Cf = (fg, we, b9> where ¢ € T? if and
only ift € T and a! = 1. Notice that in any period ¢ in which type 6 shirks under contract C?, he receives
zero with probability one; this is the same type  receives under contract C’ where he is locked out in
period t. It follows that the incentives for effort for type 6 and both the principal’s payoff from type ¢ and
type 60’s payoff do not change with the new contract. Moreover, observe that for type 6’ # 6, no matter

which action he would take at ¢ in any optimal action plan under C?, his payoff from C’ must be weakly
lower because the lockout in period ¢ effectively forces him to shirk in period ¢ and receive zero.

Step 3: Connected contracts

It is immediate that given § = 1, it is without loss to focus on connected bonus contracts: under no
discounting, nothing changes when a period ¢ ¢ TI'? is removed from type #’s bonus contract, C? =
(T, W¢, b%). When a lockout period is removed, the future sequence of transfers and effort is shifted up
by one period, but this has no effect on the payoffs of the principal and the agent of either type when
there is no discounting.

Step 4: Relaxing the principal’s program

By Steps 1-3, we restrict attention to connected bonus contracts that induce each agent type to work in
each period under his own contract. We now relax the principal’s problem [P/] by considering a weak
version of (ICH#%) in which type H is assumed to exert effort in all periods ¢ € {1,...,TF} if he takes
contract CL. Ignoring the participation constraints as explained above and denoting the set of connected
bonus contracts by C?, the relaxed program, [RP/], is

H H L L

(CHGICI%?C)J{LGCb)MOHO (C7,1) + (1 — po) My (C*, 1) (RP )
subject to

1ea(Ch), (ICE)
1ea'(c), (Icsh
Uy (Ch,1) > ug (c”,a2(CcH)), (ICEH)
Uy (c”,1) > ug' (ck1), (Weak-ICHL)
WE bk > 0forallt € {1,...,T"}, (0er)
Wi bl > 0forallt € {1,...,TH}. (et

We will solve this relaxed program and later verify that the solution is feasible in (and hence is a
solution to) [Py/].
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Step 5: An optimal contract for the low type

Take any arbitrary connected bonus contract C = (T, Wy, b). It follows from Step 3 of the proof of The-
orem 3 and the proof of Proposition 1 that type 6’s incentive constraint for effort binds in each period

t € {1,...,T} under contract C if and only if b = BG(T), where EQ(T) is defined as follows:

—5(T) == = ~forallt € {1.....T}. (D.7)
BrA

We can show that in solving program [RP/], it is without loss to restrict attention to constant-bonus
contracts for type L with bonus as defined in (D.7). The proof follows from Step 4 in the proof of Theo-
rem 3. Take any arbitrary connected bonus contract C* = (T, Wl bl) that induces type L to work in
each period ¢ € {1,...,T*}. We modify this contract into a constant-bonus contract CL = (1%, /VVOL JbL)
where bF = 5" (T") and the modified initial transfer /Wd: is such that U¥(CL,1) = UOL((A}L, 1). We can
show that this modification relaxes (Weak-IC* ) while keeping all other constraints in [RP,/] unchanged,
and thus it allows to weakly increase the objective in [RP;]. We omit the details as the arguments are
analogous to those in Step 4 in the proof of Theorem 3.

Step 6: Under-experimentation and positive rents for both types

We first show that the solution to [RP] does not induce over-experimentation by either type: TL < ¢F
and TH < . Tt is useful for our arguments to rewrite the principal’s payoff by substituting with (1); we
obtain that the objective in [RP/] can be rewritten as

pod Bo > (1= A TN (1 off) W B+ (1~ o) ﬁoz (1= M) AL (1—bE) —WE Y. (D)
t=1

Suppose per contra that a solution to [RP/] has a menu of connected bonus contracts (C%, CH) such
that 7% > t for some 6 € {L, H}. Without loss by Step 2, C? = (T, W, b?) induces type 0 to work in each
period t € {1,...,T?}. Note that by the arguments in Step 5, type 6’s incentive constraint for effort binds
in each period of contract C? if and only if ! = Egz/\g forall t € {1,...,7%}; hence, contract C must

T

C}\e forallt € {1,...,7% and T? > ¢ implies b¢ > 1 forallt € {1,...,T%}. Using (D.8), this

have b > —;

implies that the principal’s payoff from type 0 is strictly negative if 7% > t?. But then we can show that
there exists a menu of connected bonus contracts that satisfies all the constraints in [RP,/] and yields the
principal a strictly larger payoff than the original menu (C%, C!). This is immediate if the original menu
induces both T* > t& and TH > !, as the principal gets a strictly negative payoff from each type in this
case. Suppose instead that the original menu is (C?, C?") with T? < t9 for type 6 € {L, H} and T? > t?

for ¢’ 0. Then consider a menu (C?, C?) where C? = C? = (7%,0,b (Te)). This menu trivially satisfies
all the constraints in the principal’s program. Moreover, compared to the original menu, this menu yields
the principal a weakly larger payoff from type 6 because it induces this type to work for the same periods
as C? with a (weakly) lower initial transfer and (weakly) lower bonuses in each period ¢ € {1,...,7%},
and it yields the principal a strictly larger payoff from type 6’ because the payoff from this type under the

new menu is non-negative given that the bonus is BQ(TH) < 1in each period t € {1,...,T%}.

SA-10



Next, we show that the solution to [RP/] yields a positive rent to type H (i.e. U(f{ (CH,1) > 0) and
it also yields a positive rent to type L (i.e. UF(CE,1) > 0) if type L is not excluded. By the limited
liability constraints (¢/1) and (¢¢7), UF(C*,1) > 0 and Uf(CH,1) > 0. Moreover, given limited liability,
Ug(C? 1) = 0 for a type § € {L, H} implies T? = 0. Hence, if type 6 is not excluded, this type receives
a strictly positive rent. All that is left to be shown is that the solution to [RP;/] cannot exclude type
H, and thus it always yields U (CH,1) > 0. First, suppose that U¥(CL,1) > 0 and U1 (C#,1) = 0.
Then since Bf M > BtL AL for all t < tF (by the assumption that t! > tI) and T < t%, it follows
that U1(CE,1) > UF(CF,1) > 0 = U (CH 1), and thus (Weak-ICL) is violated. Next, suppose that
Ug(C? 1) = 0 for both types § € {L,H}. Then T% = 0 for both types § € {L, H} and the principal’s
payoff is zero. However, the principal can then strictly improve upon this menu by using a menu of
constant-bonus contracts CF = G = (1,0,5" (1)), where note that 5" (1) < 1.

Step 7: The high type experiments more than the low type

We show that the solution to [RP;] must have TX < T. Suppose per contra that the solution is a
menu of connected bonus contracts {CL, C} such that T > T*. Without loss by Step 5, let CL =

(T, WOL,EL(TL)). Note that by (Weak-IC#L), UH (CH 1) > Ul (CE,1). Moreover, by Step 6, TL < t£,
which in turn implies 7% < #. But then it is immediate that a menu ((~3L ,cH ) where CL =cCf =
(T*,0, BL(TL)) yields the same amount of experimentation by type L, strictly more efficient experimen-
tation by type H, and payoffs U (CF,1) < UF(CE,1) and U (CH 1) < U (CH 1), while satisfying all
the constraints in [RPy]. It follows that (CF, C) yields a strictly larger payoff to the principal than the
original menu (C%, C*), which therefore cannot be optimal.

Step 8: Back to the original problem

We now show that the solution to the relaxed program [RP/] is feasible and thus a solution to the original
program [P]. Recall that (given Steps 1-3) the only relaxation in program [RP] relative to [P] is that
[RP;] imposes (Weak-IC ) instead of (ICH¥). Thus, all we need to show is that given a constant-bonus

contract CL = (TL, W, b"(T1)) with length TL < L, it would be optimal for type H to work in each
period 1,...,TL. The claim follows from Step 6 in the proof of Theorem 3 and the proof of Proposition 1.
Q.E.D.

D.6. Details for Subsection 7.3

Here we provide details for the discussion in Subsection 7.3 of the paper.

Assume [y = 1 and for simplicity that there is some finite time, T, at which the game ends. Since
Bf =1forallf € {L,H}andt € {1,...,T}, the high type always has a higher expected marginal product

than the low type, i.e. BtH M=y > BtL AE = \[ for all t. Consequently, the methodology used in proving
Theorem 3 can be applied, with the conclusions that if the optimal length of experimentation for the low
type is some T (constrained to be no larger than 7)), the optimal penalty contract for the low type is given
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by the analog of (6) with Bl =1forall &
p_ [0 T
s it =T,

and the portion of the principal’s payoff that depends on 7' is given by the analog of (D.1) with the
simplification of fy = 1:

- a t—1

V(T) = (1—po)d 6 (1=A)" (AF—¢)

t=1

- lelat (1=8) [(1=21)" = (1= 2] = a7 [(1=2%)T = (1= A1)

—Ho T ’
-y (=21 (1= a8

Hence, for any T € {0,...,T — 1} we have the following analog of (D.2):

V(T +1) = V(1) = 8 (1= o) (1= M) (W = ¢) = oz (1= 1) (W = aE) .

Clearly, V(T +1) — V(T) > (<)0 if and only if

1—A\T Hoc ()\H — )\L)
(i) > O pr—aw

Since the left-hand side above is strictly increasing in 7T, it follows that V(T) is maximized by e {0,T}.
Hence, whenever it is optimal to have the low type experiment for any positive amount of time, it is
optimal to have the low type experiment until 7', no matter the value of 7. Note that whenever exclusion

is optimal (i.e. = 0) when 8y = 1, it would also be optimal for all 5y < 1; this follows from the
comparative static of " with respect to /3y in Proposition 2.
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