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Abstract

We study stochastic dynamic investment games in continuous time between two investors
(players) who have available two different, but possibly correlated, investment opportunities.
There is a single payoff function which depends on both investors” wealth processes. One player
chooses a dynamic portfolio strategy in order to maximize this expected payoff while his op-
ponent is simultaneously choosing a dynamic portfolio strategy so as to minimize the same
quantity. This leads to a stochastic differential game with controlled drift and variance. For the
most part, we consider games with payoffs that depend on the achievement of relative perfor-
mance goals and/or shortfalls. We provide conditions under which a game with a general payoff
function has an achievable value, and give an explicit representation for the value and resulting
equilibrium portfolio strategies in that case. It is shown that nonperfect correlation is required
to rule out trivial solutions. We then use this general result to explicitly solve a variety of spe-
cific games. For example, we solve a probability maximizing game, where each investor is trying
to maximize the probability of beating the other’s return by a given predetermined percentage.
We also consider objectives related to the minimization or maximization of the expected time
until one investor’s return beats the other investor’s return by a given percentage. Our results
allow a new interpretation of the market price of risk in a Black-Scholes world. Games with
discounting are also discussed as are games of fixed duration related to utility maximization.
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1 Introduction

This paper treats various versions of stochastic differential games as played between two “small”
investors, call them A and B. (The investors are called small in that their portfolio trading strategies
do not affect the market prices of the underlying assets.) The games considered here are zero-sum,
in that there is a single payoff function, with one investor trying to maximize this expected payoff
while simultaneously, the other investor is trying to minimize the same quantity. There are two
correlated risky investment opportunities, only one of which is available to each investor. The
players compete by the choice of their individual dynamic portfolio trading strategy in the risky
asset available to them and a risk-free asset that is freely available to both. There is complete
revelation, or observation, in that A’s strategy is instantaneously observed by B (without error)
and vice versa.

For the most part, the games we consider have discontinuous payoffs where Investor A wins
if his fortune ever exceeds Investor B’s fortune by some predetermined amount, and similarly, In-
vestor B wins the game if his fortune ever exceeds Investor A’s fortune by some (possibly other)
predetermined amount. As we show later, we require non-perfect correlation between the invest-
ment opportunities so as to rule out trivial solutions to our games. Specifically, if the investment
opportunities available to A and B are the same, then in any of our continuous-time stochastic
differential games with perfect revelation, any move by Investor A can be immediately reacted to,
and perfectly adjusted for, by Investor B, thus heading off any movement in the state variable.
Thus, in our setting, the only interesting games are those where there is non-perfect correlation
between the investment opportunities, allowing non-perfect adjustment and reaction between the
players.

Aside from the intrinsic probabilistic and game-theoretic interest, such a model is applicable in
many economic settings. For example, our results have significant bearing on what is sometimes
referred to as active portfolio management, where the objective of an individual investor is to beat
the performance of a preselected benchmark portfolio (see e.g. Browne 1999). While the chosen
benchmark is most often a wealth process obtained from a known deterministic portfolio strategy
(e.g., an index, such as the S&P 500), our results would provide a worst case and minimax analysis
for how the benchmark would perform in a game theoretic setting. These results could then be used
in turn, for example, to set conservative capital requirements for a given preassigned maximally
acceptable probability of underperformance relative to that benchmark.

Another, perhaps more direct, example occurs in many trading firms, where each individual
stock, or sector of stocks, is assigned to its own individual trader. Our model is then applicable
to an analysis of the performance of these traders when a component of their compensation is
determined by the achievement of relative goals, for example a bonus for the “best” performer (the
winner of the game), and/or a penalty, such as termination, for the worst performer (the loser).
Similarly, our results are of interest in a partial analysis of the competition played out between two
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who achieve rewards based on the relative performance of their funds.

Finally, we also note that our results also allow new interpretations of the market price of risk
of an asset in a Black-Scholes world, in that we show that the degree of advantage a player has
over the other is determined solely by the market price of risk of his investment opportunity.

An outline of the remainder of the paper, as well as a summary of our main results are as
follows: In the next section, we describe the formal model under consideration here. There are two
correlated stocks as well as a risk-free asset called a bond. Each investor can invest freely in the
risk-free asset and but is allowed to invest in only one of the stocks, according to any admissible
dynamic portfolio strategy. His opponent can also invest freely in the risk-free asset, but only in
the other stock according to any admissible dynamic portfolio strategy. We then describe how
the investors compete. The relevant state variable is the ratio of the two investors, and the game
terminates when this ratio first exits an interval.

In Section 3, we provide a general result in optimal control for a stochastic differential game
with a general payoff function, in the context of our model. Specifically, we characterize conditions
under which the value of this game will be the smooth solution to a particular nonlinear Dirichlet
problem. The equilibrium, or competitively optimal controls are then given by an explicit expression
involving the derivatives of this value function. We then solve these Dirichlet problems explicitly
for various specific examples in subsequent sections. The proof of this theorem is presented in the
final section of the paper.

In Section 4 we consider the probability maximizing game, where Investor A is trying to maximize
the probability of outperforming Investor B by a given percentage, before Investor B outperforms
him by another given percentage. It turns out that a value for this game exists if and only if a
specific measure of advantage parameter, which is defined here as the ratio of the market price of risk
for A’s investment opportunity over the market price of risk for B’s investment opportunity, takes
values in a particular interval. This interval is determined solely by the instantaneous correlation
between the investment opportunities. If this condition is met, then we give explicit solutions for
the equilibrium portfolio strategies. Among other results, we show that the disadvantaged player
has a relatively bolder strategy than the player who holds the advantage, as would be expected from
the classical results of Dubins and Savage (1965) for single-player probability maximizing games.
For the symmetric case, where no player holds the advantage, the equilibrium strategies reduce to
the growth-optimal strategy.

In Section 5 we consider games where the objective is to minimize the expected time to out-
perform the other player. There are two cases to consider, depending on which player has the
advantage. In the symmetric case, the games do not have a finite value. In the nonsymmetric case,
the equilibrium portfolio strategies in this case are the individual growth-optimal strategies, and a
new connection is made with maximizing logarithmic utility.

In Section 6 we consider games with discounting, where the objective of one player is to maximize

the discounted reward achieved upon outperforming his opponent. For this game to have a value,



we require a greater degree of advantage to exist than was required for the probability maximizing
game.

In Section 7 we consider fixed-duration utility based games, where both investors obtain utility
(or disutility) solely on the basis of their relative wealth, i.e., in terms of their ratio. The value for
such games is then given (under appropriate conditions) as the solution to a particular nonlinear
Cauchy problem, and the saddle-points, or competitively optimal control functions are obtained in
terms of the derivatives of this value function. An explicit solution is given for the case of power

utility.

2 The Portfolio Model with Competition

The model under consideration here consists of three! underlying processes: two correlated risky
investment opportunities (e.g. stocks, or mutual funds) S (1) and S, and a riskless asset B called
a bond. The price processes for these assets will be denoted, respectively, by {St(l), St@) , By, t > 0}.

While we allow both investors to invest freely in the risk-free asset, Investor A may trade only
in the first stock, S, and similarly, Investor B may trade only in the second stock, S2).

The probabilistic setting is as follows: we are given a filtered probability space (Q, F,{F:}, P),
supporting two correlated Brownian motions, WO, W@, with E (Wt(l)Wt(Q)) = pt. (Specifically,
Fi is the P-augmentation of the natural filtration F}V := U{Ws(l), w?.0<s< t}.)

We will assume that the price process for each of the risky stocks follow a geometric Brownian

)

motion, i.e., Sii satisfies the stochastic differential equation

dSt(i) = Mz‘Sf@ dt + UiSt(i) th(i) , for i=1,2 (21)

where u;,i = 1,2 are positive constants. The price of the risk-free asset is assumed to evolve
according to
dBt = TBt dt (22)

where r > 0. To avoid triviality, we assume u; > r, for i = 1, 2.
For the sequel, let the parameter 6; denote the risk-adjusted excess return of stock S over the
risk-free rate of return, for ¢ = 1, 2. Specifically,

Hz‘zlui_r
0;

, for i=1,2. (2.3)

The parameter 60; is also called the market price of risk for stock i, for : =1, 2.

"While there are only two correlated risky assets in our model, it is without any loss of generality since it is just
a simple matter of algebra to generalize our results and analysis to a constant coefficients complete market model
(see Duffie 1996) with n risky stocks driven by n Brownian motions, for any arbitrary n > 2. In that case, we
would split the n stocks into two groups, say with the first k stocks available to Investor A and the remaining n — k
stocks available to Investor B, with A being restricted from trading in B’s group and vice versa for B. However, for
notational and expositional ease, we consider just the (essentially equivalent) two asset case.



Let f; denote the proportion of Investor A’s wealth invested in the risky stock S() at time ¢
under an investment policy f = {f¢,t > 0}, and similarly, let g; denote the proportion of Investor B’s
wealth invested in the risky stock S at time ¢ under an investment policy ¢ = {gt,t > 0}. We
assume that both {f;,t > 0} and {g;,t > 0} are suitable, admissible F;-adapted control processes,
i.e., fi (resp. g;) is a nonanticipative function that satisfies EfOT f2dt < oo (resp. EfOT gidt < o)
for every T < oc.

We place no other restrictions on f or g, for example, we allow f; (resp. g;) > 1, whereby the
investor is leveraged and has borrowed to purchase the stock. (We also allow f; (resp. g:) < 0,
whereby the investor is selling the stock short, however for u; > r, for i = 1, 2, this never happens
in any of the problems considered here.)

For the sequel, we will let G denote the set of admissible controls.

Let th denote the wealth of investor A at time ¢, if he follows policy f = {f;,t > 0}, with

Xop = x. Since any amount not invested in the risky stock is held in the bond, this process then

evolves as
de _ deSl‘Fl) Xf (1 ) @
t - ft t SIS]') + t — ft Bt
= X! (Ir+ fioa0n] dt + fror W V) (2.4)

upon substituting from (2.1) and (2.2) and using the definition (2.3). This is the wealth equation
first studied by Merton (1971). Similarly, if we let Y;Y denote the wealth of investor B under
portfolio policy g = {g¢,t > 0}, then Y} evolves according to

s dB
g _ g &9t 9(1 _ t
= Yy ([r + gro2bs] dt + gio2 th(2)) (2.5)

where Wt(2) is another (standard) Brownian motion. To allow for complete generality, we allow
Wt@) to be correlated with Wt(l), with correlation coefficient p, ie., E (Wt(l)Wt@)) = pt.

2.1 Competition

While there are many possible competitive objectives, here we are mainly interested in games with
payoffs related to the achievement of relative performance goals and shortfalls. Specifically, for
numbers [, u with 1Yy < Xy < uYp, we say, in terms of objectives for Investor A, that (upper)
performance goal u is reached if th = uY/, for some t > 0 and that (lower) performance shortfall
level [ occurs if th = [Y? for some t > 0. In general A wins if performance goal u is reached
before performance shortfall level [ is reached, while B wins if the converse happens. (Analogous
objectives can obviously be stated in terms of Investor B with goal and shortfall reversed.) Some

of the specific games we consider in the sequel, stated here from the point of view of Investor A,



are: (i) Maximizing the probability that performance goal u is reached before shortfall | occurs
(equivalently, maximizing the probability that A wins); (ii) Minimizing the expected time until
the performance goal u is reached; (iii) Maximizing the expected time until shortfall [ is reached;
(iv) Maximizing the expected discounted reward obtained upon achieving goal u; (v) Minimizing
the expected discounted penalty paid upon falling to shortfall level [. In each case, Investor B’s
objective is the converse. For all these games, the ratio of the two wealth processes is a sufficient
statistic. In a later section, we also consider a fixed-duration utility-based version of the game
where the ratio is also the pertinent state variable.

Since th is a diffusion process controlled by Investor A, and Y} is another diffusion process
controlled by Investor B, the ratio process, Z9, where th 9= th /Y7, is a jointly controlled

diffusion process. Specifically, a direct application of Ito’s formula gives

Proposition 2.1 For the wealth processes th,Ytg defined by (2.4) and (2.5), let th’g be defined
by Z{ == X[ /Y9, Then

dth’g = th’g (m (ft:9¢) dt + fto'lth(l) - gtUQth(2)) ’ (2.6)
where the function m(f,g) is defined by
m(f,9) =m(f,g:01,02,01,02,p) = fo101 — goa0s + g>05 — por0afg (2.7)

and where the parameters 0;,1 = 1,2 are defined in (2.3).

Alternatively, in integral form we have

t 1 t t
th’g = Zyexp {/0 {m (fsy9s) — 502 (fs,gs)} ds +/0 fsaldWs(l) — / gsagdWs@} (2.8)
0
where the function v2(f, g) is defined by
v (f,9) =0 (f,9: 01,09,p) = [0 + g*03 — 2fgor09p. (2.9)

A consequence of this is that for Markovian control processes f; = f (th g ) and gt = ¢ (Zt 9 )
(also referred to as pure strategies, see e.g. Friedman 1976), the ratio process Z/9 of (2.6) is a

controlled Markov process whose generator, for arbitrary functions ¢(t, 2) € C12, is given by

1
A9p(t,2) = or +m (fro gt) 25 + 5712 (frr0t) 2202z - (2.10)

In the next section we provide a general theorem in stochastic optimal control for differential
games associated with the process {th Tt > O} of (2.6) that covers all the games described above
as special cases. In a later section we consider the problem of maximizing the expected discounted
utility of the ratio. More general results on stochastic differential games where the diffusion com-
ponent of the process, as well as the drift, is controllable by both players are discussed in e.g.,

Fleming and Souganides (1989).



3 Value and Equilibrium in a Stochastic Differential Game

For the process Z/9 of (2.6), let
79 .= inf {t >0: th’g = x} (3.1)

denote the first hitting time to the point x under the specific policies f = {fi,¢ > 0} and g =
{gt,t > 0}. For given numbers [, u, with | < Zy < u, let 759 := min {Tlf’g, Tl{’g} denote first escape
time from the interval (I, u), under the policies f,g.

For a given nonnegative function A(z) > 0, a given real bounded continuous function ¢(z), and
a function h(z) given for z = [,z = u, with h(u) < oo, let v/9(2) be the expected payoff function
under the policy pair f, g, defined by

f.9 f.9
v19(2) = B, (/OT ¢ (2]7) exp {_/Ot)\(Zsf’g)ds} dt+h (Z78,) exp {_/OT A(2f9) d3}> .
(3.2)
(Here and in the sequel, we use the notations P,(-) and E.(-) as shorthand for P(:|Zy = z) and
B(|Z0 = 2).)

The two investors compete in the following form: Investor A would like to choose a control
function f in order to mazimize v/9(z), while simultaneously Investor B is trying to choose a control
function ¢ in order to minimize v/9(z). We consider here only games with perfect revelation, or
perfect observation, so that the players’ choices are instantaneously revealed to their opponents.
The game, or competition, terminates when the ratio process Z9 first exits the interval (I,u).

Let

v(z) =sup inf v/9(z), and 7(z) = inf sup9(2)
feG 9<¢ 9€9 feg

denote the lower and upper values of the game, respectively.

If v(z) = 7(2) for every z, then the value of the game is given by v(2) := v(z) = 7(z). This value
can be attained if a Nash Equilibrium, equivalently a saddle point for the payoff v/9(2), exists, i.e.,
if there exist two strategies, f* = {f;,t > 0} and ¢* = {g;,t > 0} such that for all z € ({,u), and
all other admissible f and g

vh9(2) < v (2) < vTTI(2). (3.3)

If (3.3) holds, then v(z) = /™9 (2) (see for example Elliott 1976, Fleming and Souganides 1989 and
Maitra and Sudderth 1996). The saddle point strategies f*,g* are referred to as the equilibrium,
or competitively optimal, strategies.

In the following theorem, we provide an explicit evaluation of the value of the game as the
appropriate solution to a particular nonlinear Dirichlet problem, as well as an evaluation of the
competitively optimal strategies f; and g;, under suitable conditions. To enable the reader to
proceed directly to the specific examples and applications in the subsequent sections, the proof of
this theorem is presented in the final section of the paper.

To state results more compactly, let us first introduce some notation and definitions:



1. For an arbitrary function ¢(2) € C?, let I' denote the differential operator defined by
T(z) = (1 = p°) [ha(2) + 2002 (2)]” — ¢ (2)° (3.4)

2. For the sequel, we will say that an increasing strictly concave function v (z) € C? (so 1., < 0)

is sufficiently fast increasing on an interval (a,b) if the following condition holds:
2¢,(2) + 290,2(2) >0, forall a<z<b. (3.5)

(Observe that the fast increasing condition (3.5) is equivalent to requiring that the Arrow-

Pratt measure of relative risk-aversion for ¢, defined as —z1,, /1., is less than 2.)

3. For the sequel, the parameter x will denote the ratio of the market prices of risk for the two

risky assets. Specifically, for ; as defined in (2.3) for i = 1,2, define the parameter s by

61

R =K (91,92) = 6’72 . (36)

We will see later that the parameter x is a measure of the degree of advantage one player
has over the other. Investor A is said to have the advantage if £ > 1 and Investor B has the

advantage if k < 1. In the symmetric case the two are neutral.
Theorem 3.1 Suppose that W(2) : (I,u) — R is a C? strictly concave, sufficiently fast increasing
(as in (3.5)) solution to the nonlinear Dirichlet problem forl < z < u:

2V, (2)?
2I'¥(2)

62 [(1 - 52) U,(2) — (1 K2 - 2p/£) (0, (2) + zquz(z))] Fe(2) = AN2)T(2) =0  (3.7)

with
V() =h(), and ¥(u)=h(u). (3.8)

Also suppose that for all admissible policies f and g, E, (Tf’g) < o forl < z < u, and that
U(z) satisfies the following conditions:

(i) For all admissible policies f and g, and for all t > 0, the following moment condition holds
t 2
/ E ([Zg"ng (2L9)]" |12+ gzD ds < 00 (3.9)
0

(i1) The function 2% ,(z)H (z) is bounded on (I, u), where H(z) := W, (2) [V,(2) + 2| V,.(2) |] /| T¥(2) |;
(iii) The function zH(z) [1 + H(z)] is Lipschitz continuous on (I,u).

Then WU(z) is the value of the game described earlier, i.c., W(z) = v(z) = v/"97(2), and more-
over this value is achieved at the saddle point control functions, or competitively-optimal portfolio
strategies, f(z) and g}(2), given by



) = & (;11@((@) KP _ 1) (Wa(2) + 20.a(2) — Vo (2) (3.10)

01

i) = 2 (5t

Fq/(z)> (1= pr)(P.(z) + 2¥,.(2) — U.(2)]. (3.11)

02

Remark 3.1. The technical conditions (i) (ii) and (iii) above play a role at various points in the
proof of Theorem 3.1, which is presented in the final section. Specifically, if Condition (i)
holds, then a stochastic integral term, which in general is only a continuous local martingale,
is a martingale. If Condition (ii) holds, then a particular martingale is uniformly integrable
(and hence the martingale stopping theorem is valid), and Condition (iii) ensures that the
stochastic differential equation for the competitively optimal ratio process Z**, obtained
when the controls of (3.10) and (3.11) are placed back into (2.6), admits a strong solution.
(If (iii) holds, then zf}(2), zg;(z) and zm (f;, g;) are all Lipschitz continuous.)

Remark 3.2. The parameters 6;/0;, i = 1,2, in the optimal control functions, f}(z) and ¢}(z)
of (3.10) and (3.11), are the individual growth-optimal portfolio strategies for the respective
investors. Specifically, Investor A will choose f(z) = 01/0y for all z, if he is interested in
any or all of the following individual objectives, without any regard to actions by Investor B:
maximizing logarithmic utility of wealth at a fixed terminal time; minimizing the expected
time to reach any arbitrary fixed (obviously higher than initial) level of wealth; maximizing
the growth rate of wealth, defined by sup;{liminf; log(X])/t}. (See e.g. Merton (1990,
Chapter 6) and Browne (1998) for reviews and further optimality results.) The obvious
analogous results hold for Investor B.

3.1 The Symmetric Case

In the (fully) symmetric case, u1 = p2 = p and o3 = 09 = o, and so the market price of risk for
the two stocks are the same, i.e., 81 = 02 = 6 say, and of course k = 1. For this case we observe
that the determining ODE for the optimal value function of (3.7) reduces to

2V, (2)?
'Y (z)

—0 (1=p)[¥.(2) + 2P,.(2)] + c(2) — A(2)¥(2) =0, (3.12)

and the associated equilibrium controls of (3.10) and (3.11) reduce to

16 = () 10 D) + 20 - (2] (3.13)
) = 2 (Fa ) 0= ) 4 20— ()] (3.14)

Observe that the only difference between the players strategies in (3.13) and (3.14) is in the
treatment of the instantaneous correlation p.



3.2 The Complete, Symmetric Case

The “complete” case occurs when p? = 1, in that there is then only one Brownian motion in the
model. Without any loss of generality, let us consider only the case p = 1. For the symmetric
version of this case it is seen that the control functions of (3.13) and (3.14) reduce further to the
growth-optimal proportion f;(z) = g;(z) = 0/0, regardless of the particulars of the objective of the
game and the value of ¥U(z). However, when both players choose this policy, the functions m(-,-)

of (2.7) and v?(-,-) of (2.9) both reduce to zero, i.e., in this case we have
0 0 0 0

m (, : 0,0,0,0,1) =02 (, : U,U,l) =0
oo oo

and as such we see from (2.6) that for the resulting ratio process we have dZ; = 0 for all t. As such,
the state never changes, as any movement by a player will be immediately negated by his opponent.
(This is never optimal if p? < 1.) The ODE of (3.12) reduces to the degenerate ¥(z) = c(z)/\(2),
which need not be the value to the game.

This degeneracy should be contrasted with the discrete-time complete case treated by Bell and
Cover (1980), where a randomized version of the growth-optimal strategy is shown to be game-
theoretic optimal for maximizing the probability of beating an opponent in a single play. Such a
result obviously cannot hold in a continuous-time stochastic differential game with full revelation,
since any randomization by a player will be immediately revealed to the other player, who can

immediately (and exactly) adjust.

4 The Probability Maximizing Game

In this section, we consider the game where for two given numbers | < 1 < wu, the objective
of Investor A is to maximize the probability that he will outperform Investor B by u — 1% before
Investor B can outperform him by 1/1—1%. Similarly, Investor B wants to maximize the probability
that he will outperform Investor A by 1/l — 1% before Investor A can outperform him by v — 1%.
Put more simply: Investor A wants to maximize the probability of reaching u while Investor B is
trying to maximize the probability of reaching [. Single-player games with related objectives have
been studied previously in Pestien and Sudderth (1985,1988), Mazumdar and Radner (1991) and
Browne (1995,1997,1999).
Let V(z) denote the value for this game — should it indeed exist: i.e.,
V(%) = supinf P, (Tlf’g > 7’1{’9) = inf sup P, (Tlf’g > ijg) . (4.1)
9 g f

Theorem 3.1 applies to the probability maximizing game by taking A = ¢ =0 in (3.7), and setting
h(l) = 0 and h(u) = 1. Specifically, by Theorem 3.1, we find after simplification, that V(z) must

be the fast increasing (in the sense of (3.5)) concave solution to

(1 - /@2) U,(z) — (1 + K% — 2p/<a) (U,(2) +2¥,(2)) =0, for I<z<u (4.2)

10



with V(1) =0 and V(u) = 1.
The solution to the nonlinear Dirichlet problem of (4.2), subject to the boundary conditions
U(l) =0,¥(u) =1, is seen to be ¥(z) = (27 —17) / (uY —17), where the parameter ~ is defined by

1— k2

= S — 4.
v =7k, p) [y (4.3)

Observe that for p?> < 1, the denominator of (4.3) is positive for all x. As such, the sign of
depends on the sign of the numerator. Specifically, v < 0 if A has the advantage (i.e., if ; > 605),
while v > 0 if B has the advantage.

Observe further that for the solution found above we have ¥, > 0, regardless of the sign or
magnitude of ~, while ¥,, < 0 only for v < 1. Moreover, the required fast increasing condition
of (3.5), 2U, + 2¥,, > 0, holds only for the case where —1 < 5. Thus, we see that we require
—1 < v < 1 for the game to have a value. It follows from (4.3) that this requirement is equivalent

to the following two requirements on the parameters p and k:
1
p<kK and p<—. (4.4)
K

Since we assumed that 6; > 0 for ¢ = 1,2, it follows that x > 0 and hence these conditions are

trivially satisfied if p < 0. Otherwise they are equivalent to
1
p< K< —. (4.5)
p

Assuming that (4.4) holds, it is straightforward to verify that conditions (i) (ii) and (iii) of
Theorem 3.1 hold (in particular, ¥(z) is bounded) and as such, it is seen by Theorem 3.1 that the
value of the game, V(z), is indeed given by

a0

V(z):=V(z;v,u,l) = for I<z<u (4.6)

T

where 7 is defined in (4.3). Therefore, since we now have the value of the game, V' (z), in explicit
form, we can now use (3.10) and (3.11) of Theorem 3.1 to obtain the equilibrium, or competitively
optimal, portfolio strategies. Specifically, by substituting V' (z) of (4.6) for ¥(z) in (3.10) and (3.11)
and then simplifying (and using the definition of v from (4.3)), we obtain the following.

Theorem 4.1 Suppose that (4.4) holds, then for | < z < u and ~y as defined in (4.3), the value
of the probability maximizing game of (4.1) is given by V(z) of (4.6), and the associated optimal

portfolio policies are given by

i) = Lo (@)
* . 92 2
gv(z) = oy k°C, (4.8)

11



where C' is the positive constant given by

(p/k—1)y—1
(1=p?)? -1~

Observe that the portfolio strategies of (4.7) and (4.8) are constant proportion portfolio strate-

C:=C(kr,p,y) = (4.9)

gies: regardless of the level of wealth of the individual investor, or the level of wealth of his
competitor (or their ratio), the proportion of wealth invested in the risky asset (available to that
investor) is held constant, with the remainder in the risk-free asset. Moreover, for each investor,
the constant is independent of the level [ and u. (See Browne 1998 for further optimality properties
of constant proportion portfolio strategies.)

To see that these constants are positive, and so both players take a positive position in their
respective stock, we need only show that C' > 0. The denominator of C' is always negative (since

72 < 1), while the sign of the numerator of C' depends on the sign of the quadratic Q1 (; p), where
Qi(k;p) = pr* =2+ p, (4.10)

since the numerator of C' can be written as Q1(x; p)/k-
For p < 0, Q1(k; p) is trivially negative, and so C' > 0. For p > 0, the two roots to the equation
Q1(k) = 0 are given by

1 1
14_:(1 1,02), and m+:<1+\/1p2>,

p p

with Q1(k) < 0 for k= < k < k™. Since we required k < 1/p, it is clear that we are only interested
in the smaller root, k~, and so for k= < kK < 1/p, it follows that Q1(x) < 0. Moreover, a simple
computation will show that Kk~ < p, for p > 0, and since we in fact required x > p, we finally see
that for all relevant x, we have Q;(x) < 0, giving C' > 0.

Remark 4.1. The value function of (4.6) shows one manner in which the parameter « is a measure
of advantage. Specifically, consider the probability maximizing game with [ = 1/u and Zy = 1.
Then it is natural to say that the player who has the higher probability of winning is the
one with the advantage. Some direct manipulations will show that V(1 : v,u,1/u) > 1/2 if
and only if v < 0, i.e., if and only if K > 1. I.e., Investor A has the advantage (a greater

probability of winning) if his investment opportunity has the higher market price of risk.

Remark 4.2. Observe that the only structural difference in the investment policies of (3.10) and
(3.11) is in the treatment of the measure of advantage parameter k. Specifically, we see from
(3.10) and (3.11) that if A has the advantage, then the relative investment of B is greater,
with the converse holding if B has the advantage. Thus a relatively “bolder” strategy must be
followed by the disadvantaged player, in particular on the order of the square of the measure

of advantage parameter k.
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It is interesting to note that the determination of which player invests the larger absolute
fraction of his wealth turns out to depend only on the instantaneous returns pu;,? = 1,2 and

not the volatility parameters o;,7 = 1, 2. Specifically, after simplifying we observe that

fv _oobe _pa—r

gy o1 p—r
implying that the player with the lower instantaneous return must invest more in his stock, in
order to overcome the advantage of the other player. As can be seen, the volatility parameters,

o1 and o, do not play a role in determining which player invests a larger fraction of wealth.

Remark 4.3. Observe further that since f{, and gj, are constants, Proposition 2.1 implies that
the optimal ratio process, Z**, is a geometric Brownian motion. Specifically, when we place
the optimal controls of (4.7) and (4.8) into the functions m(f, g) of (2.7), and v?(f, g) of (2.9),
we find that they reduce to (using the obvious identity 61 = 02k)

218 02k2C

01 02

(910 Ook2C'
m )

— (202 (e 2 _ 202 2
p . )-C 07k (k—p) and v < )—C’ 01 (1+I€ 2p/<c). (4.11)

From (2.8), we find that the optimal ratio process is the geometric Brownian motion
. C292
7" = Zpexp {21 (EQ - 1) t+6,C (Wt(l) - Wt@))} . (4.12)

Observe that the constant m in (4.11) is positive (since k > p), regardless of which player
has the advantage, i.e., whether x > 1 or x < 1. However the sign of E'ln (Z;"*) depends on
whether k > 1 or k < 1, with Fln (Z;"") > 0 if Investor A has the edge, and vice versa if
Investor B has the edge.

Remark 4.4. Proposition 2.1 exhibits the fact that for any admissible control functions f(z), g(z),

the ratio process Z79 is a diffusion process with scale function given by

oy — e ] [F2[mU®).90)) } e e
st = | p{ /y[vQ(f(y),g(y))]dy d, for l<z<u,  (413)

where m(f,g) and v?(f,g) are the functions defined in (2.7) and (2.9). As such for these

given policies, the probability that Investor A wins the game can be written as

o STI(2) — 5Tl
P, (rf9 < 7f7) = SISO (4.14)

It follows from the single player results of Pestien and Sudderth (1985,88) (see also Browne
1997, Remark 3.4) that for any given control function g(z), Investor A can mazimize the
probability in (4.14) by choosing the control policy that pointwise mazimizes the ratio
[zm(f,9)]/ [z*v%(f, g)], which is equivalent to the pointwise maximizer of m(f,g)/v2(f,g).

13



Similarly, for any given control policy f(z), Investor B can minimize the probability in (4.14)
by choosing g to be the pointwise minimizer of the quantity m(f, g)/v*(f,g). Some compu-
tations will now accordingly show that the minimax value of the the function m(f, g)/v2(f, g)
in fact occurs at the policies fy and gy of (4.7) and (4.8). See Nilakantan (1993) for some

more general results along these lines.

Remark 4.5. The value function of (4.6) can be used to set conservative capital requirements
by setting it equal to a given preassigned probability of outperformance, say p, and then
inverting for the required initial capital. Specifically, setting V' (zp) = p and the solving for z
gives 29 = (17 + p[u¥ — D)7,

4.1 The symmetric case

For the symmetric case, we have 01 = 05 = 0, 01 = 02 = 0, and k = 1. For this case, so long as
p? < 1, (4.3) becomes (1, p) = 0. As such, by taking limits appropriately in (4.6) we observe that
in the symmetric case the optimal value function reduces to

lim V(z;v,u,l) =V (2;0,u,l) =In (;) / In (?) . (4.15)

~—0

Moreover, for p?> < 1, we see that C of (4.9) reduces to C(1,p,0) = 1, and as such, the
competitively optimal controls of (4.7) and (4.8) reduce in the symmetric case to fj, = g7, = 6/0.

Since the function in (4.15) satisfies the appropriate version of the Dirichlet problem of (3.12),
we have the following.

Corollary 4.1 In the symmetric case, so long as p> < 1, the value of the game is given by (4.15),
and the competitively optimal policies for the probability maximizing problem is for each player to

play the growth-optimal strategy, 0/o.

Observe that while the correlation parameter p does not play an explicit role here at all, in
either the value function of (4.15) or the game-theoretic controls 6/c, all of this holds only for
p? < 1. Specifically, the limit in (4.15) is valid only for p? < 1. This can be seen by observing that
from (4.3) we have v(k,1) = (1 + k) /(1 — k). As such,

limy lim (s, p) = 0 # lim lim (s, p) = 0.

p—1K—

5 Expected Time Minimizing/Maximizing Games

In this section we consider games where the objective is the minimization (resp. maximization) of
the expected time for one investor to outperform the other by a given percentage. The existence of
a value for such games depends on which investor has the advantage, i.e., whether x > 1 or Kk < 1.

Since the game is symmetric, in that one player’s advantage is the other’s disadvantage, we need

14



only consider one game. Here we choose to study only the case where Investor A has the advantage
(i.e., K > 1) and as such is the minimize (Investor A would be interested the maximizer if he would
be at the disadvantage with x < 1). Single-player games with minimal/maximal expected time
objectives have been studied in Heath et al. (1987) and Browne (1997, 1999).

If Investor A has the advantage, in that « > 1, then he is trying to minimize the expected time
to the performance goal u, while Investor B, in an effort to stop him, is trying to maximize the

same expected time. Let G*(z) denote the value to this game, should it exist, i.e.,
G*(z) = infsup E, (qu’g) =supinf £, (7’1{’9) , for z<u. (5.1)
f g g f

As we show in the following theorem, the equilibrium portfolio policies turn out to be the

individual growth-optimal portfolio policies.

Theorem 5.1 Let G*(z) be the value of the game in (5.1) with associated optimal strategies f*(z)
and g*(2).

Then, for k > 1,

. 2 u . . 2. 02
G*(z) = mln (z> , with f*(z) = U—l,g (2) = - forall z <wu. (5.2)

Proof: While Theorem 3.1 is stated in terms of a maximization objective for Investor A and
a minimization objective for Investor B, it can be applied to G*(z) of (5.1) by taking c(z) = —1,
A =0 and h(u) = 0. Specifically, G*(z) = —G(z) where

G(z) = s1}pirg1f{sz (7‘1{’9)} = irg}fs1}p {fEZ (71{’9)} , for z<u.

As such, Theorem 3.1 applies directly to G, which in turn must be the fast increasing concave
solution to

2G,(2)?

m@% [(1 - /432) G.(z) — (1 + K= 2p/£) (G.(2) + szz(z))] —1=0, for z<u, (53)

with G(u) = 0. It can be checked that the appropriate solution to (5.3) is indeed given by G(z) =
—G*(z), where G*(z) is given in (5.2). (Observe that —G*(z) is sufficiently fast increasing and
concave only for k > 1.)

It is easy to see that conditions (i), (ii) and (iii) of Theorem 3.1 hold for the appropriate value
functions in the respective cases. In particular, condition (i) holds since for this case dG*(z)/dz =
—2 (262 (k% —1)] ", and so (3.9) reduces to

() (o) o ()] o<,

which must hold by the admissibility requirement on the policies f and g.
As such, we may conclude that G* is the value of the game and substitute it into (3.10) and
(3.11) to obtain the competitively optimal controls, which in this case reduce to the individual

growth-optimal strategies. |
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5.1 Connections with logarithmic utility

Observe that if we take logarithms in (2.8) and then take expectations, we get

B (n (207)) =0 (z0) + B [ [ (o9~ 37 () ds 5.4

where m and v? are the functions given in (2.7) and (2.9). Observe now that for any given g, the
argument that achieves the maximum value of m(f,g) — v2(f,g)/2 is 61 /o1 and similarly, for any
given f, the argument that minimizes m(f, g) — v2(f,g)/2 is given by 63/0a. As such, it is clear

that the growth-optimal policies give the minimax value for m — v?/2, given by

m (91, 92) — 11)2 (91, 62> = 195 (/4;2 — 1) . (5.5)
o1 02 2 o1 09 2

This in turn implies, by (5.4), that these policies are also the competitively optimal policies for the
game where Investor A is trying to maximize the value of FIn (Z{Jg ), while Investor B is trying
to minimize the same quantity, for a fixed terminal time T. This of course is trivially obvious,
since for every ¢, we have In (th 9 ) =In (th ) —In (YY), and so the minimax occurs when each
player maximizes the expected logarithm of his own terminal wealth. Thus we find that mazimizing
individual logarithmic utility is also game theoretically optimal for minimizing (resp. mazimizing)
the expected time to beat an opponent. (This generalizes the single player results of Heath et al.
(1987), Merton (1990, Chapter 6) and Browne (1997,1999).) While this observation is now obvious
in light of the logarithmic value function of (5.2), this was by no means obvious apriori. Fixed

horizon utility based games will be discussed in Section 7.

5.2 The Symmetric Case

The equivalence between the minimal/maximal expected time game and the logarithmic utility
game of fixed-duration just discussed does not carry forth to the symmetric case.

Specifically, the argument above, for the utility based-game of fixed duration (i.e., where for
some fixed T, Investor A wants to maximize F In (Z%’g) while B is trying to minimize the same
quantity) is still valid for the symmetric case, where k = 1. As such we see from (5.5) that the
minimax value of m — v%/2 is zero, and so the value of this game is EIn (Z{Jg) = Zp, with saddle
point, or competitively optimal polices, given by f =g =60/o.

However, as we see from (5.2) of Theorem 5.1, the goal-based game of (5.1) does not have a
finite value in the symmetric case where k = 1. The reason for this is the fact that in the symmetric
case, for the game of (5.1), where the lower goal is 0, the expected time to the upper goal, u, is
infinite. This follows directly from elementary properties of geometric Brownian motion, and the
fact that the minimax value of m — v?/2 is zero. Specifically, for a geometric Brownian motion,
Xt = Xoexp{dt+BW,}, it is well known that if § = 0, then info<t<oo Xt = 0 and supg<;, Xt = 00.
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6 Games with Discounting

In this section we consider games where one player wants to maximize the expected discounted
reward achieved upon outperforming his opponent, while the other is trying to minimize the same
quantity. Symmetry again implies that we need only consider one game, and we will again con-
sider only the maximizing game in terms of Investor A. Specifically, we consider the game where
Investor A wants to maximize the expected discounted reward of reaching the upper goal, u, while
Investor B wants to minimize the same quantity. Single player games with related objectives have
been studied in Orey et al (1988), Browne (1995,1997,1999).
Let F*(x) denote the value of this game — should it exist. Specifically, let

F*(z) =supinf E, (e_)‘ﬂ{’g) = inf sup F, (e_’\”{’g) , for z<u. (6.1)
f9 g f

Theorem 3.1 applies here with ¢ = 0, A(z) = A > 0 in (3.7), and setting h(u) = 1. Specifically, by

Theorem 3.1, F*(z) must be the fast increasing concave solution to

2F,(2)?
2I'F(z)

03 (1 - #2) Fa(2) = (14 5% = 2) (Fo(2) + 2Fex(2)| = AF(2) =0, for 2<1, (6.2)

with F*(u) = 1. Solutions to the nonlinear Dirichlet problem of (6.2) are of the form (z/u)”, where

n is a root to the quadratic
n? (03 (14 K2 = 2pr) + 24 (1= p?)] = 03 (1 - #?) — 22 = 0. (6.3)
The discriminant of this quadratic is
D=1[63(1- )] +8x[03 (1482 —20%) +-20 (1 ?)]

which is positive. As such, the quadratic of (6.3) admits the two real roots nT(\;x,p) and
7~ (\; K, p), where
+- 03 (1 — %) £ VD

2003 (14 K2 —2pr) + 20 (1 — p?)]
Moreover, these roots are of different sign (since A > 0, and [03 (1 + k2 — 2pr) + 2X (1 — p?)] > 0)
with = <0 <yt for A > 0.

Since we require F, > 0, as well as 2F, + zF,, > 0, it is the positive root, n*, that is relevant

(6.4)

here. However, concavity of F' (F,, < 0) requires that n™ < 1. This in turn is equivalent to the
condition Q2(x) > 0, where

Q2(k) := K205 — Kpbs — \p? . (6.5)
(The equivalence follows from the elementary fact that for the quadratic equation az? + bx + c,

with a > 0, the requirement that the larger root be less than 1, i.e. {—b +Vb? — 4ac] /(2a) < 1, is
algebraicly equivalent to the requirement a + b+ ¢ > 0, which for the quadratic of of (6.3) reduces

to Q2(k) > 0.)
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The quadratic equation Q2(x) = 0 admits the two roots

F(A) = g (1 — /1 +4)\/9§) and AT()) = g (1 +4/1 +4)\/9§) (6.6)

with Q2(k) > 0 only for k¥ < £~ ()\) and for k > £*(\). Note that #~(0) = 0 and #7(0) = p.
As such, we now have the requisite condition for a value to exist, and can therefore now use
(3.10) and (3.11) of Theorem 3.1 to find the competitively optimal control functions, which once

again turn out to be constant proportional strategies.

Theorem 6.1 Suppose the measure of advantage parameter, «, satisfies

+

k>RK" and k<R~ (6.7)

where &% and &~ are defined in (6.6). Then the value of the discounted game of (6.1) is given by

F*(z) = (Z>n+ for z<u (6.8)

u

where 1 is defined in (6.4), and the associated saddle point is given by

(/s =)t —1 (L—pr)nt -1 ]

(1—p%) ()" —1 (1—p%) ()" —1

Remark 6.1. Observe that for p < 0 we have T < p < 0 < &, while for p > 0, we have
k<0< p< &', Thus if p < 0, condition (6.7) becomes i < k < &, while for p > 0,

] and gi(z) = 2

fils) =2 [ (6.9

01

02

condition (6.7) becomes x > &T. Since in the latter case, we must also have kt > p, We see
that for the discounted game of (6.1) to have a value, we require Investor A to have a greater
degree of advantage parameter x, than was required for the probability maximizing game to
have a value. (Recall that (4.5) required that x > p.)

Remark 6.2. Observe further that by letting the discount factor A go to zero, we obtain n~ (0; k, p)
0 and 1t (0; K, p) = 7, where v is the parameter defined earlier in (4.3). As such we also find
that in this case the strategies in (6.9) reduce to the strategies obtained previously in (4.7)
and (4.8) for the probability maximizing game of Theorem 4.1. (A similar analysis from the
minimizer’s point of view will show that the resulting optimal strategies will reduce to the

growth optimal strategies of the previous section.)

Remark 6.3. For the symmetric case, the root n* reduces to

i\ 1/2
(1=p)[02 + A1+ p)]

nt(\lp) =

and the condition for a value to exist becomes 62(1 — p) > \p?.
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7 Utility-based Games

So far, the objectives we considered related solely to the achievement of relative performance goals
and shortfall levels, and the games we considered allowed only one winner. In this section, we
consider games of a fixed duration T', where both investors receive utility (or disutility) from the
ratio of the wealth processes (i.e., from the relative performance of their respective wealths’).
Specifically, for given concave increasing utility functions §(z) and U(z), and for a given fixed

terminal time T, let J/9(¢, 2) be the expected payoff function under the policy pair f, g, defined by

JH9(t,2) = By < /t s (2£9) exp {— /t ) A(Zg»g)dv} ds + U (24) exp {— /t ") (z£9) ds}> .

(7.1)

(Here we use the notations E ,(-) as shorthand for and E(:|Z; = z).) Once again we assume that
A is trying to maximize this quantity while B is trying to minimize it.

Let J(t, z) denote the value of this game, should it exist, i.e.,

J(t, z) = ir;f sup J59(t, z) = sup ir;f Jhat, 2), (7.2)
f f

and let fs(t,z) and gs(t, z) denote the associated optimal strategies. Note that in this case we

have time-dependence, which will lead to a nonlinear Cauchy problem, as opposed to the Dirichlet

problem of Theorem 3.1. An analysis similar to that of Theorem 3.1 and its proof (see next section)

will show that, if Y(¢,2) : [0, T]x (0, 00) — Ris a C? concave and sufficiently fast increasing solution

(in z) to the nonlinear Cauchy problem :

2
Y%

T+ Y

62 {(1 - /@2) T, — (1 + K2 — 2p/@) (Y. + ZTZZ)} +B8-AT=0 (7.3)

with Y(7', z) = U(z), then subject to the appropriate regularity conditions (e.g., that Y(z) satisfy
conditions (i) (ii) and (iii) of Theorem 3.1), Y(t, 2z) is the competitively-optimal value function of
the game in (7.2) i.e. Y(t,2) = J(t, 2), and in this case the competitively-optimal control functions

are given by

Filtz) = f; (%) [(2 - 1) (Ya(t, 2) + 2Tas(t,2) — Talt, 2) (7.4)
Gi(t) = iz (lm) (1= pr)(Ta(t, 2) + 2T ou(t, 2)) — Ta(t, 2)] (7.5)

(The proof of this result is in fact easier than that of its Dirichlet counterpart, Theorem 3.1, and
so we leave it for the reader to fill in the missing details.)

As an example of a utility based game, consider the case where 5(z) = A(z) = 0, and where
U(z) = 2%, for 0 < a < 1. (The logarithmic case treated earlier would correspond to the limiting

case of o = 0, since lim,_,0 (2% — 1) /oo = In(2).)
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For this case we find the value function
J(t,z) = el o (7.6)
where g(«) is defined by

(1—52%) —a(l+rK%—2pk)

10) =00 = a2 1)

The associated optimal strategies are again constant proportions, with

O [(p/k—1)a—-1 O [(1—pr)a—1

* (¢ _ = = |— | .
/it 2) o1 L(1—p2)a?-1 oo L(1—p2)a? -1

and g¢7(2) (7.7)

Comparison of the policies of (7.7) with those obtained previously for goal-based games will
provide obvious further analogs between objective criteria and utility function (see Browne (1995,

1997, 1999) for other equivalences in single player games).

8 Proofs

To prove Theorem 3.1, we first exploit the the Hamilton-Jacobi-Bellman (HJB) equations of dy-
namic programming for single player games (cf Krylov 1980) to obtain candidate value functions
and equilibrium portfolio control strategies for the two-player games considered here. These con-
trols and value function will then be verified to be in fact competitively optimal via an extension
of a fairly standard martingale argument.

To proceed, observe that for any given policy function g(z) used by Investor B, the HJB opti-
mality equation for Investor A for maximizing v/9(2) of (3.2) over control policies {f;} € G, to be
solved for a function v*9 is (see e.g. Krylov 1980, Theorem 1.4.5)
sup {AP9p29 4 c—xwm9h =0, v™9(1) = h(1), v*9(u) = h(u), (8.1)
where A/ is the generator given by (2.10). The infimum of this, v(z) = inf, *9(2), is the upper-
value function (see e.g., Fleming and Souganides 1989).

Similarly, for any given policy function f(z) used by Investor A, the HJB optimality equation
for Investor B for minimizing v/9(2) of (3.2) over control policies {g:} € G, to be solved for a

function v/ is
inf {Alovts 4 c— b =0, /(1) = h(1), v/ (u) = h(u). (8.2)

The supremum of this, v(2) = supy v*(2), is the lower-value function.
Assuming now that (8.1) admits a classical solution with v} < 0, we may use calculus to

optimize with respect to f in (8.1) to obtain the maximizer (as a function of g)

feig) =2 (L) + o2 (14+ 2 (83)

0-1 ZVzz ZVzz
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Similarly, if we assume that (8.2) admits a classical solution with 2zv/* + 22vf* > 0, its

minimizer will be given by

o I 2. f,*
Gz f) = 2] <ZVZ> +f(z)pﬂ <Z’/z+z’/zz> . (8.4)

o2 \ 2200 4 22001 o2 \ 2200 4 22001

(Observe that B’s second order condition is the basis of the fast-increasing condition of (3.5).) The
optimizers f(z : g) and §(z : f) of (8.3) and (8.4) are also referred to as the optimal reaction
functions.

Let us assume now that a saddle point exists, and that hence the game must have an achiev-
able value with v*9 = v/ = » (see e.g., Elliott 1976, Maitra and Sudderth 1996, Fleming and
Souganides 1989). If this is the case, then we can find the saddle point by substituting g into (8.3)
and f into (8.4) and solving the resulting linear equations. When we do this we obtain the optimal

control functions

e = 2 [(2 1) 0+ ot - ) (5.5)

01 KR

7 = 2 (1) (- 0n() + )~ )] (56)

where k is the measure of advantage parameter defined in (3.6), and where I' is the differential
operator of (3.4).

When the control functions f*(z), g*(z) of (8.5) and (8.6) are then in turn substituted back into
either (8.1) or (8.2), with v = v*9" = v/"*  we obtain, after some manipulations, the nonlinear
Dirichlet problem of (3.7), with ¥ = v.

To complete the argument (i.e., to verify that v is indeed the value of the game, and is achieved
by the policies f*, g* of (8.5) and (8.6)), we can now rely on the results of Fleming and Souganides
(1989), who provide a quite general verification argument for stochastic differential games, of which
the model treated here is a special case. Alternatively, we can construct a verification argument
directly, similar to the standard martingale arguments in, for example, Fleming and Soner (1993).
To carry out the latter program, define for any admissible policy pair f,g = {f;,g9:,t > 0}, the

process

t
M(t: f,g):= M w (th’g> +/ M (Zgﬂ) ds, for t>0, (8.7)
0

where W is the concave fast increasing solution of (3.7), (3.8), and A{’g = fg A (ch’g) ds. M(t: f,g)
may be interpreted as a conditional (on JF;) expectation of the gain if controls f, g are used up to
time ¢, and the optimal controls thereafter. It can be shown that under the conditions given
in Theorem 3.1, M is a (uniformly integrable) martingale under the pair {f;, g;;t > 0}, but a
supermartingale under the pair {f;, g/;t > 0}, for any admissible {f;}, and a submartingale under
the pair {f;, g¢;t > 0} for any admissible {g;}, where f* and g* are the policies given in (8.5) and
(8.6).
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The representation of the function W(z) of Theorem 3.1 as the value of the game, and the
competitive optimality of the saddle-point policies (f*,¢*) of (8.5) and (8.6), will now follow as a

consequence of the following lemma.

Lemma 8.1 For any admissible policies f = {f;,t > 0} and g = {gi,t > 0}, with M(t : e, e) as
defined in (8.7), and f*,g* as defined in (8.5) and (8.6), we have

E, {M (t/\’l’f’g* :f,g*)}
E, [M (t/\Tf*’g : f*,g)}

IN

M0, f,g")=¥(z) for t>0 (8.8)

v

M@O: f*,g) =V(z), for t>0, (8.9)

with equalities holding if and only iof f = f* and g = g*.

Proof: An application of Ito’s formula to the process M(t : f,g) of (8.7) using (2.6) gives

o (t Nt f,g) = M(0:fg)+ /Ot/\ff‘g e‘Ag’gQ (fmgs : Z!’g) ds
[ o (58) [ ] 520

where the quadratic form Q (f, g : e) is defined by

22 22
Qfg:2) = fooi (2‘Pzz(z)>+g%§ (2\Ifzz(z>+z%(z)>

+ (fo1601 — goaba) 2V, (z) — fgporoa (zzlllzz(z) + Z\Ilz(z))
+e(z) — M2)¥(2).

Observe first that if assumption (i) holds, then the stochastic integral term in (8.10) is a finite-
variance martingale, and hence uniformly integrable. Some direct computations will now show that
for any given g, the maxscg Q(f,g : 2) is achieved at the control function f(z : g) of (8.3), and
similarly, for any given f, the mingeg Q(f, g : 2) is achieved at the control function g(z : f) of (8.4).
Therefore, the minimax value of @ is reached at the policies f* and ¢g* of (8.5) and (8.6), and is
equal to

where the last equality follows from (3.7). As such, for f* of (8.5), g* of (8.6), and for all other

possible f, g, we have

03 [(1-#2) W. — (1442 =2p5) (V. + 20.)] +o(2) = A(2)¥ = 0 (8.11)

Q(f,9":2) SSl;pQ(fvg* 12)=Q(f 9" 2) =0=MfQ(f,9:2) <Q(fNg:2) . (8.12)
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Therefore, from (8.10) we see that for for all admissible control functions f, and g* of (8.6) we
have

[ e ) 2170 (287) [ g (71 o)

>0t (en e ) a0 )= [ e {-alo) {“}PQ (fuog™: 20 } ds

=M (t ATl g*) — M(0, f,4%). (8.13)

(The inequality in (8.13) following from (8.12).) Observe now that the stochastic integral term
in the left-hand-side of (8.13) is a continuous local martingale that is in fact a martingale by
assumption (i) of Theorem 3.1. Hence, taking expectations on (8.13) directly gives the desired
inequality of (8.8). Equality holds in both (8.13) and (8.8) for f = f*.

Similarly, for all admissible control policies g, and f* of (8.5) we have
ot gt / / 1) )
exp{—AI9b 2859w (zI79) | (2L79) o1 dW Y — geo0dW]
o ee{al} 2w (2000) [11 (47 0) rd WD o]
* t/\Tf*’g * *
—M(tATl i pg) - MO - [ exp (AL} Q£ 2L ) ds
0

<M (t/\Tf*’g : f*,g) — M(0, f*,g) — /OMTf*’g exp{—Ag*’g} {ir;f@ (f,g : Zf’g)}ds
:M(t/\Tf*’g : f*,g) — M(0, f*,9), (8.14)

where again, the inequality follows from (8.12). Now once again assumption (i) of Theorem 3.1
shows that the stochastic integral term in (8.14) is a continuous local martingale that is in fact a
martingale.

As such, inequality (8.9) is established by taking expectations in (8.14), with equality holding
only if g = g*.

Finally, observe that if Condition (iii) of Theorem 3.1 holds, then both zf*(z) and zg*(z)
as well as the function zm (f*(z), ¢*(z)), where m(f,g) is defined in (2.7), are all Lipschitz con-
tinuous, implying therefore that the drift and diffusion coefficients of the resulting competitively
optimal ratio process, Z** := Z/"9" are locally Lipschitz continuous; therefore the equation (2.6)
with f = f*, g = ¢* admits a strong solution. Moreover, since Q(f*,g*;z) = 0, the process
{M (t AT g*) > 0} is a (uniformly integrable) martingale under the conditions of The-
orem 3.1. Thus we have shown that

E, {M (t/\Tf’g* :f,g*)} { (t/\Tf 9 g )} <E, [M (t/\Tf*’g : f*,g)] . (8.15)

Since F, [hmt_mo inf M (t/\Tf 9 f, g)] = v19(2), we may now complete the proof by sending
t — oo in (8.15) to obtain /9" (2) < /797 (2) < Vf 9(z). The passage to the limit is justified for
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the left-hand side by Fatou’s lemma (since everything is bounded from below), and for the other

terms by using uniform integrability and the martingale stopping theorem (which is valid by the

assumption that F, (Tf ’9) < oo for all admissible f and g).

This completes the proof of Theorem 3.1. m
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