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We study a system with unlimited service potential where all service requests are served in parallel. The entire system itself 
becomes unavailable for a random period of time at the first instance that the system becomes idle. A queue builds up while 
the system is unavailable, and then all waiting customers enter the system simultaneously-each to its own processor-when the 
system becomes available again. All customers who arrive to find the system in operation proceed directly into service. 
The analysis of this system entails finding the distribution of the delayed busy period of an M!G!o queue. The steady-state 
distribution of the number of customers in the system is obtained for the special cases of exponential and deterministic service 
times. Among other applications, our results enable us to analyze and solve for the optimal N-policy for the systems with 
unlimited service potential. We also study a multiclass model of a polling system with exhaustive service. 

M any operational problems that arise in determining 
efficient strategies for the management of service 

and production systems can be analyzed in a unified 
manner within the construct of "systems with server va- 
cations." In this class of models (see, e.g., Doshi 1986 
for a survey), the server (i.e., system) becomes unavail- 
able for a random period of time (called the vacation), 
that is initiated at the beginning of an idle period. A 
classical example is the problem of efficient start-up and 
shut-down policies for production and inventory sys- 
tems. In the simplest version of this problem (see, e.g., 
Yadin and Naor 1963, Heyman 1968, Sobel 1969, and 
Bell 1971), there is a production facility with one ma- 
chine, which produces a single item. Orders arrive ac- 
cording to a simple Poisson process, and the processing 
time of an individual order is an independent random 
variable with distribution G(-). There is a cost of "turn- 
ing on" the machine and starting a production run, as 
well as a holding cost for keeping the orders unfilled. All 
orders that arrive while a production run is in progress 
will be filled during that production run. In many cases, 
the machine automatically shuts off when the production 
run is over (i.e., no jobs waiting in the queue). It is clear 
that under certain conditions it does not pay to turn on 
the machine when a single order arrives, because there is 
a good chance that no other orders will arrive during the 
processing of that first order, and then the machine will 
shut off, and will have to be restarted for the next (single) 
order. Instead, it might pay to wait until a given number 
of orders have arrived, say N, thus assuring a production 
run that will complete N orders at least. But since the 
facility will be 'open' for at least N orders, there is now a 
good chance that many more orders will arrive during 
the production run, thereby eliminating the need to start 

individual production runs for these newly arriving jobs. 
This is the well known N-policy for the M/G/1 queue. It 
can be viewed as a very simple vacation model, specifi- 
cally, where the vacation time is the time from when the 
production run ends (and the idle period starts) until the 
N orders arrive. Other variants of this problem directly 
applicable to determining optimal operating policies for 
production and inventory systems, such as the T-policy 
and D-policy are described in Heyman and Sobel (1982, 
section 11.6). Kella (1989) discusses the optimal thresh- 
old for a hybrid system of vacations with the N-policy. 

Another classical application of the vacation model is 
single server multiclass customer queueing systems with 
nonpreemptive priorities (e.g., Heyman and Sobel, sec- 
tion 11.5). In this model, service to the lower priority 
customers constitutes vacations with respect to the 
higher priority customer, because the server cannot be- 
gin service to the higher priority customer until the ser- 
vice to the lower priority customer (who is in service at 
the time the higher priority customer arrives) is com- 
pleted. One important model of interest in communica- 
tion as well as production systems is a polling system, 
where a single server sequentially attends to the service 
at the n individual queues (or stations) in a cyclic pattern 
(Cooper 1970, Takagi 1986). Under the popular exhaus- 
tive service discipline, the server cannot move from a 
queue until that queue is empty of customers. The inter- 
cycle times are considered the vacation with respect to 
an individual queue. 

While the literature on the theory and applications of 
vacation models is quite extensive (Doshi 1986, Kella and 
Whitt 1991), almost all studies have concentrated on the 
single server case and ignored the multiple server case. 
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In this paper, we are interested in multiple server sys- 
tems where all servers are synchronized, in that all serv- 
ers come from, and go on vacations simultaneously as a 
synchronized unit (see Levy and Yechiali 1976 for a 
model where exponential servers go on vacations 
individually). 

One major component in the analysis of vacation sys- 
tems is the delayed busy period caused to the (primary) 
customers by the vacation time. In the case of serial 
processing, i.e., a single server, and Poisson arrivals, 
this delayed busy period is relatively easy to analyze (in 
fact, they are compound Poisson with respect to the de- 
lays; see Prabhu 1980, page 81), due to the essential lin- 
earity of the system in that the server works at the unit 
rate. However, little is known about the case of parallel 
processing-with a sewvice unit being comprised of mul- 
tiple sewvers-even though many current production and 
service systems utilize many processors (sewvers) work- 
ing together in parallel. To motivate our results, consider 
a production facility with k machines capable of produc- 
ing a single item. Orders for this item are still assumed to 
arrive according to a Poisson process. The machines are 
coupled together and synchronized, in that the machines 
are not turned on and off individually, but rather simulta- 
neously, as an entire facility. If there is a significant cost 
to turning on the facility, one central operational issue is 
again to determine efficient start-up and shut-down poli- 
cies. An N policy is again a good candidate, i.e., a policy 
which waits until N orders have arrived (and are en- 
queued) before turning on the facility for a production run. 
The facility is then turned off at the termination of the 
production run, when there are no longer any orders 
outstanding. Under this policy, the length of a production 
run is equivalent to a busy period in an MIGIk queue that 
is initiated with N customers, i.e., a delayed busy period. 
This is a simple MIGIk vacation model with the vacation 
again being the time until N customers arrive. To deter- 
mine the operating characteristics of this policy, one 
therefore needs to know, among other things, the distri- 
bution of the length of a delayed busy period in the 
MlGlk. (A note on terminology: We use the term busy 
period in multiple server systems to mean the time until all 
servers are idle.) Unfortunately, except for very special 
sewvice time distributions (e.g., exponential), the even 
simpler ordinary busy period of the MIGIk system (see 
e.g., deSmit 1973, Weins 1989), is already quite compli- 
cated (because the output process during the busy period 
is no longer linear as many jobs are worked on simulta- 
neously), which, in turn, leaves the exact analysis of the 
more complicated delayed busy period (and hence the 
vacation model) almost completely unattainable. There- 
fore, the development of approximations are in order. 

Typically, approximations of performance measures 
for systems involving the MIGIk, involve a related 
model wvith unlimited service potential, i.e., an M/G/?? 
system (see e.g., Tijms 1986, subsection 4.4.3). While the 
M/G/oo system is still highly nonlinear, in contrast to 

the MIGIk system, the distribution of the ordinary busy 
period is available in explicit form (Takaics 1956, Shan- 
bag 1966, and Stadje 1985), which makes the delayed 
busy period distribution amenable for analysis. There- 
fore, with a view toward eventually developing some ap- 
proximations for (more realistic) finite systems, in this 
paper we study the M/G/oo model with system vacations, 
where all servers go on vacation together when the sys- 
tem becomes empty. This paper is obviously just a first 
step in that direction, although we believe our results are 
of interest in their own right. A system with infinite serv- 
ers who utilize a gate between serving successive stages 
of customers, and then go on vacation together when the 
system is empty is analyzed in Browne et al. (1992a, b). 

The remainder of the paper is organized as follows. 
Section 1 introduces our model and notation. The 
Laplace transform for a busy period in an M/G/oo queue 
that is initiated by k customers is explicitly solved for. 
From this we obtain the Laplace transform of the cycle 
time for the vacation model. While the transform cannot, 
in general, be explicitly inverted to obtain the corre- 
sponding distribution function (this is also true for the 
simpler ordinary M/G/oo system; see Stadje), we are able 
to use our results to obtain the first two moments of the 
cycle time explicitly. Section 2 returns to the start-up and 
shut-down problem described above, and solves for the 
optimal N-policy for a system with an unlimited number 
of servers, where there is a cost to start a production 
run, as well as holding costs. We characterize the opti- 
mal threshold in this case, which is related to a classical 
EOQ model. As noted, similar problems have received 
much attention in the literature for the case of serial 
processing; see, for example, Bell and Heyman and 
Sobel, where one of the objectives is to find the optimal 
number of customers in the queue at which to start the 
system. 

In Sections 3 and 4 we obtain some more explicit 
forms by analyzing the case of exponential service, as 
well as the deterministic case. Note that the case of ex- 
ponential service times also corresponds to a single 
server model with state-dependent service rates At,, = 

n A, and that our results are the first on general vacations 
(to our knowledge) that pertain to such models. (For 
vacations with a state-dependent arrival rate, see 
Shanthikumar 1988, and for state-dependent vacations, 
see Harris and Marchal 1988). Section 5 analyzes a 
model of a polling system with two customers classes, 
namely the altenating priority infinite server queue. 

1. THE MODEL, NOTATION, AND BUSY PERIODS 

Consider an M/G/oo system in which whenever there are 
no customers in the system, service throughout the sys- 
tem is shut down for a random length of time, which we 
call a vacation. When a vacation ends, if there are cus- 
tomers waiting, the system is turned on and remains that 
way until it is empty. Otherwise, a second vacation takes 
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place. We assume that interarrival times, service times, 
and vacation times are independent, that each sequence 
is identically distributed, and the service times and vaca- 
tions have finite first and second moments, respectively. 
To study this system, we use the following notation: 

V = a random variable having the vacation time 
distribution; 

S = a random variable having the service time 
distribution; 

A = the arrival rate; 

Fx(t) - P[X < t] = the distribution function (d.f.) 
of X; 

EX = the expected value of X; 
Var(X) = the variance of X; 

X(a) Ee-a = the Laplace-Stieltjes transform 
(LST) of a nonnegative random variable X; 

Rx= a random variable having the stationary 
forward recurrence time distribution of a 
nonnegative random variable X, i.e., 

t 

FRX (t) [1 - Fx(x)] dx/EX, 

Rx(a) = [1 - X(a)]/(aEX), 

and 

ER k = EXk+ll[(k + 1)EX]; 
Ok a random variable having the distribution of 

the busy period (the time until the system is 
empty) for a system starting with k 
customers at time zero, all of whom begin 
service at the same instant (implicitly, 
00 0); 

Ov= a random variable having the distribution of 
the busy period, starting from the end of a 
vacation (can be zero if no customers are 
present); 

Bv= V + Ov = a random variable having the 
distribution of a busy cycle starting from 
the beginning of a vacation; 

p(t) = A f' [1 - Fs(x)] dx = AE min(S, t); 
p = lim"". p(t) = AES; 

Pk(t) = eP(t)[p(t)k/k!] = the probability that there 
are k customers in a standard M/G/oo system 
at time t, starting from an empty system. 

If we consider a standard M/G/oo queue in which at time 
zero there are k customers all starting service at the same 
time, then the probability that at time t there are n cus- 
tomers present is given by 

min(n, k) 

7Tkn (t) - bki (t)Pn-i (t), (1 ) 
i=O 

where 

bki (t) - - Fs (t)]iFs (t)k-i. (2) 

In particular, for n = 0 we have that 

17kO(t) = bko(t)po(t) = Fs (t)ke P(t). (3) 

We begin with the following result. 

Lemma 1. For every k - 0 and a > 0 we have 

Wk (a) = A (a) (4) 

where 

00 

Ak(a) = e XXtrko (t) dt, (5) 

whence 

EGk = eP lim[AO(a) -Ak(a)] 
a O 

00 

e p [1 - Fs(t)k]eP(t) dt, (6a) 
0 

and 

00 

EO' 2eP[EOk |(e -P(t) - e -P) dt 

+ t(1 - Fs(t)k)e-P(t) dt]. (6b) 
0 

Proof. Although we can imitate the ideas in Takacs 
(1956) (where the LST of 01 is obtained in the context of 
the dead time in a type-2 particle counter), and in 
JBrowne and Steele (1992) (where the remaining busy pe- 
riod in an ordinary M/G/oo system is studied), the follow- 
ing seems more direct and elementary. Starting at time 0 
with k customers, all beginning their service at the same 
time, we let the system run without interruption, so that 
all subsequent busy periods will start with the arrival of a 
single customer. Let {61ili > 1} be the sequence of these 
subsequent busy periods and let {Iili > 1} be the se- 
quence of empty periods (idle times). Then Ok, {Olili ? 
1} and {Iili > 1} are all independent, and for every i ? 1, 
0Oi is distributed like 01 and Ii has an exponential distri- 
bution with parameter A. For the purpose of this proof 
only set To = ok and 

n 

Tn = Ok + 2 Y(I + 1 li) (7) 
i=1 

for n ? 1. (Note that in this notation, we have sup- 
pressed the dependency of To and T, on k.) Then, with 
X(t) -1 if the system is empty at time t, and X(t) = 0 
otherwise, we have that 
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Ak(a) = { eat'rkO (t) dt = E j e (X(t) dt 

T,, +1n1+1 

=E e- aet dt 
n- J0 Ti 

oc 1 -Ee -a,+' 
= ~Ee - aT, (8) 

11=0 ~a 
2t k(a) (a) 

-= K(A + a A + a 

Ok(a) 
A + a - A01(a) 

It is not hard to see that the same holds for k - 0 (with 
0((a) - 1) so that 

k(a) = Ok(a) Ak(a) Ok()(A(a)(9) 0()(a) A()(a) 

To obtain (6a) we first observe that a change of variables 
and dominated convergence give 

aA(a) = e(t+p(tIa)) dt-e P (10) 

as a I 0 (the integrand is dominated by e ', and lima 
p(tla) = lim, p(t) = p). Since EOk = lima4 O41 - 

Ok(a)]/a, (6a) is obtained when we use the fact that 
lima 0(f(a)/g(a)) = lima ( f(a)/limaj t g(a), where 
f(a) = A0(a) - Ak(a), and g(a) = aA(a), and both 
limits exist. Note that E0, = (e' - 1)/A, which is well 
known for the ordinary M/G/oo busy period. 

To obtain (6b) first note that since 1 - Ok(a) = 

aEOk[1 - aE(Oj)12EO1k + o(a)], we have 

1 Ao(a) 
-Ok(a) A((a) -Ak(a) 

1 E(O ) 
-rf9 + ,(fw)+o(1). (11) aEGk +2(EOk)~ 

Next, observe that A0((a) - Ak(a) admits an expansion 
around zero which, using (6a), can be expressed as 
e-PEO - a fx te-P(')(1 - F@s(t)k) dt + o(a), and 
therefore we have 

A(a() ePA(a() e2p aA((a) - = + .. +. . 
A((a) -Ak(a) EOk (EOk)2 

f te -p(t)(1 - Fs (t)k) dt + o(1). 

(12) 

Now equate (11) and (12), to get 

E(0 2) e If aA eA(X(a}) 
E(R)2 1 [ePA((a) - + e 0a)2 

2(EOk)2 - EOk (EOk) 

and then use ePA((a) - 1/a = f) e-'(ePP(') - 1) dt 
and (10) to see that (6b) is obtained as a I 0. 

With Lemma 1 we are now prepared to study the LSTs 
of Ov and Bv. In the following theorem p'(t) = A[1 - 
Fs(t)], that is, the derivative of p(t). 

Theorem 1. For every a > 0, 

Ov(a) Aja) J V[p(t)]e-1at+P(t)] dt (13) 

and 

Bv(a) =A() fa PIa + p'(t)]e -[at+P(t)] dt (14) 

whence 

EOv = EBv - EV EV f Rv(p?(t))ePP(t)p?(t) dt 

(15a) 

and 

E' v32eP EOv (e -P') - e -P) dt 

+EV J tRv(p'(t))e-P(t)p'(t) dt] (15b) 

Proof. Equation (13) follows from 

(A V)k 
Ov(a) = - Ee -A Ok (x) (16) 

k=() k! 

and some manipulations, while (14) follows from 

v(a) = Ee AV _ e-"VW (a) (17) 
k=(( k7 

For (15a, b) repeat the argument in Lemma 1 or observe 
that for i = 1, 2, 

(A V)k 
EOV z Ee-AV EO'k (18) 

-=( k. 

The proof is complete. 

Remark. If we denote the inverse function of f(t) = 1 - 
e{"t' by g(t), then substitution in (15a) gives 

EOv = ePEV J RV(?'(11 )dx. (19) 

In particular, since Rv() S 1 and [g'(x)(1 - x)=] -- 
p'(g(x)) S A, this implies simple upper and lower 
bounds for the expected length of a busy cycle: 

EV/[1 + Rv(A)(e" - 1)] S EBZ S e"EV. (20) 
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2. THE EXPECTED NUMBER OF CUSTOMERS IN 
THE SYSTEM AND OPTIMIZATION 

Here we will consider two models. The first model starts 
with an empty system with the service station being shut 
off. When the kth customer arrives (k ? 1) the service 
station is turned on and keeps working until the system 
empties, after which this procedure repeats itself. This 
kind of policy is often referred to in the literature as an 
N-policy, but we will use the index k. It has been studied 
mostly with respect to the M/G/1 model (e.g., Bell 1971, 
Heyman and Sobel 1982, and Kella 1989). The second 
model is the one with vacations, as described in Section 
1. Since the process that describes the number of cus- 
tomers in the system for each of these models is regener- 
ative with finite mean nonarithmetic cycle times (in fact, 
due to the Poisson arrivals, the cycle time distributions 
are absolutely continuous), the existence of a limiting 
distribution is assured. In particular, if we let Lk(t), 

L (t) be the number of customers in the system at time t 
for the first and second models, respectively, and we let 
Bk be the cycle time for the first model (we have already 
denoted the second by Bv), then the expected value of 
the limiting distributions of these processes is given by 

B, 

l1=E E I Li (t) dt i = k, V. (21) 

We already know the value of EBv from (1Sa). Also, it is 
clear that EBk (k/A) + EOk, where Eok is given by 
(6a). 

Theorem 2. For k > 1 and V such that EV < oo, 

(k-i1) 
lk p + 2 lrk lv= p + AERvrv (22) 

where 

k _ EV 

lTk k + AEOk' _EV+Ev (23) 

are the corresponding limiting probabilities that each 
system is shut down. 

Remark. It is interesting to note that there is consider- 
able resemblance between (22) and corresponding first 
moment results for the M/G/1 queue. In fact, for the 
latter system, if p < 1, a similar result holds except that 
we replace p with A2ES2/2(1 - p) (the steady-state ex- 
pected number of customers in the system for an M/G/1 
queue) and -rk and Try by 1 (e.g., Fuhrmann and Cooper 
1985). 

Proof. We start by noting that the integral(s) in (21) 
can be written as a sum of two integrals. The first is the 
integral of Li(t) until the system is turned on, and 
the second is the integral from that epoch until the end 
of the cycle. Let N(t) denote the Poisson arrival process. 
For k - 1 it is clear that the contribution to the expected 
value from the first integral is 

k i-1 k(k-1) 
I - ~ = 31 (24) 
i=1 A 2A 

while the corresponding contribution for the model with 
vacations is 

v v 

E {N(t) dt = E (At) dt = AEV2/2, (25) 
o o 

where the first equality follows by conditioning on V and 
applying Fubini's theorem. The second integral is simply 
the sum of all the service times of the customers that 
arrived during the entire busy cycle (from time zero). 
Wald's identity immediately implies that this gives 
ESEN(Bi) for i = k, V. To complete the derivation we 
use the fact that since N(t) - At is a martingale (with 
respect to the filtration generated by the process Li(-)) it 
follows by Doob's optional sampling theorem that EN- 
(min(Bi, t)) = AE min(Bi, t) and by monotone conver- 
gence that EN(Bi) = AEBi. With (21) and some 
straightforward manipulations, the proof is complete. 

We conclude this section with an optimization prob- 
lem. Consider the model with N-policy. Assume that 
there is a holding cost for each customer of h per-unit 
time and a setup cost of K for each cycle. How this setup 
cost is charged is of no consequence. For example, part 
of it could be charged when the station is turned off and 
the rest when it is turned on. We would like to find k 
which minimizes our long-run average costs 

Ck = hlk + KB (26) 
EBk 

Interestingly enough, this problem has a nice simple 
answer. 

Theorem 3. Let 

V - min{k kk 1 (27) 

then for every k > k* we have that Ck < Ck +1, hence 

inf Ck = min Ck. (28) 
k>_1 1-<k<k* 

Remark. It is interesting to note the following well- 
known related problem. Consider a discrete EOQ inven- 
tory model with demands that form a renewal counting 
process with rate A, that is, the interdemand times are 
i.i.d. with mean A-. Assume that the holding cost is h 
and the fixed ordering cost is K. Then it is well known 
and easy to check that k* from (27) is precisely the value 
which minimizes the long-run average costs. 

Proof. For k > 0, letting 

ak= 1 p j Fs(t)k[1 -Fs(t)]e>t) dt (29) 
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it is clear that {aklk > O} forms a decreasing sequence. 
Noting that EBk = >:,k- ' ai for k ? 1, it is straightfor- 
ward (but somewhat messy) to verify that Ck < Ck +I if 
and only if 

k 

E: ai 
1 K 2A i=o 
2 h k(k+ 1)) (k+ 1)ak (30) 

Finally, if k > k* then the left side is < 1 and, as the right 
side is always greater than one, and the result follows. 

3. EXPONENTIAL SERVICE TIMES 

When the service times are exponential, say with param- 
eter p, it is possible to obtain a somewhat more explicit 
expression for EQi, i = k, V. For this case p = A/t,u 
p(t) = 1 - el-e MI)P and p'(t) = Ae-'. Hence, sub- 
stituting x - pe-' in (15a) we have that 

p 

EOv = EV Rv(Ax)eX dx. (31) 

If in addition V is exponentially distributed with parame- 
ter v, then simple manipulation gives 

E 0 v = A -le 1(e/"[Ei((v/,u) + p) - Ei(v/pt)], (32) 

where Ei(-) is the exponential integral defined via 
Cauchy's principal value as: 

f ex r X 
Ei(t) = e 

dx limlim-dx 
J ox I () 

, 
J _x e) U (e t)X 

X x)l~ 

-y log x+ E 1, t >O, (33) 
11=1 nn! 

where y is the Euler constant (e.g., Abramowitz and 
Stegun 1972). 

Note that the busy periods of both the vacation model 
and the N-policy model correspond in this case directly 
to an equivalent system with a single exponential server 
who works at the state-dependent rate pt,, = np when 
there are n customers in the system. 

For k B 1 it is easy to check that a simple change of 
variables in (6a) gives 

EOk = t _Xf 1x e(l x)P dx. (34a) 

This can be rewritten in terms of the Erlang loss func- 
tion, B (n, x) = (17' ( x'Ii!) -x'In! as 

EOk = A i(eP - 1 + k-I [e - B(i, p)l) (34b) 

In this special case, we can solve for the distribution of 
the steady-state number of customers in the system, for 
both the vacation model and the N-policy model. We 
begin by considering an M/M/?? queue, starting with k 

customers in the system, such that every time the system 
is about to become empty, it is instantly restarted with k 
customers. This gives a Markov chain with the state 
space being the positive integers (zero is excluded) and 
transition matrix Q = q,i where 

A ifj=i+ 1, 

i4if i= land]i =i 1 qij=|, if i 1 2andJ-i-1k, (35) 

0 otherwise. 

This system clearly has a limiting distribution with state 
probabilities satisfying the equations: 

/I rrk + A 7, i,7r 1I i < k, ~u~r1+A7rf1- 1/T (36) 
A7r,1= -iptwfk kk<i, 

where 7Tk = 0. Letting nk(z) I , z'ik be the corre- 
sponding generating function we have that 

AIk(z) + ,Ank(z) 1 -z = d A. (37) 
1- z dz 

with initial condition Jlk(l) = 1, hence the unique solu- 
tion is 

nk(Z)_ Hk (z) (38) 

where 

Z 1 -hk k-l 

Hk(Z)= | - e(zx)P dx= xie(z-x)P dx. 
J( - 

i=o)J' 

(39) 

Note that we can factor out e-0-Z)P from (38), which 
is the steady-state generating function of the number of 
customers in the system for a standard M/M/oo model. 
However, it is not hard to show that the remaining factor 
is not a generating function, so that a desired decompo- 
sition result, which holds under very general conditions 
for the M/G/1 queue (e.g., Fuhrmann and Cooper 1985, 
Shanthikumar 1988, and Kella and Whitt 1991) does not 
hold in this case. 

To proceed, let Qk.(t) denote the number of customers 
at time t for the system just considered. Then, by regen- 
erative theory, it also holds (with a slight abuse of nota- 
tion) that 

nHk(Z) = FO ZQA(tk() dt. (40) 

Therefore, with (34) we have that 

E zQA(t) dt - Hk(z)/p. (41) 

This allows us to find the steady-state distributions of the 
number of customers in the model with N-policy and 
the one with interruptions. Denote by P(), where i = 

V, the generating functions of these distributions. 
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Theorem 3. When the service times are exponentially 
distributed with parameter , 

1 - + pHk(Z) 
1kZ -z (2 

k + pHk(1) (42) 

and 

z R v(A (1 -z)) + pHv(z) 
Pv(z) - 

1 + pHv(1) 

where 

z 

Hv(z) = Rpv(A(l -x))e(z-x)P dx. (44) 

Proof. To obtain (42) we first compute the expected 
value of the integral of ZLk(t) from time zero, until the first 
time that there are k customers present. It is easy to 
check that this quantity is given by 

k 1 -zk 

A-l I zi-i = A- - . (45) 
i=,1- 

Adding (45) to A7'Hk(z), dividing by EBk = A'k + 
,u'Hk(1) and multiplying the numerator and denomina- 
tor by A gives (42). 

To get (43) we have that 

B 
L 

x 
A V~(A V)k 

E z L"(t) dt = E > eV A_ Hk(Z) 
k=() k! 

- p 1Hv(z). (46) 

To this we add (with, as before, N( ) being our Poisson 
process) 

V rV 

E zN(t) dt = E e ? A (I z) dt = EVRv(A(1 - z)), 

(47) 

and divide by EBv, which gives (43). This completes the 
derivation. 

4. DETERMINISTIC SERVICE TIMES 

Assume now that service times are deterministic, and of 
length D. Note that in this case p = AD and p(t) = 
A min(t, D). In this case as well, we will be able to find 
the steady-state distribution of the number of customers 
in the system, both for the N-policy and the model with 
vacation. The following is the main result of this section. 

Pj(z), i = k, V are defined in exactly the same way as in 
Theorem 3. 

Theorem 4. When the service times are deterministic, 
and of length D: 

Pk(z) = [lK k(l-z) + (1 - Trk)]e-(-Z (48) 

and 

Pv(z) = [L vR v(A (1 - z)) + (1 - 7 v)]e -(1 Z)P, (49) 

where 7Tr, i = k, V are given in (23) where, in this case, 
they can be written as 

k AEV 7; 
k= k~ 7v (50) 

k +el - 1 AEV+ V(A)(et - 1) 

Remark. Note that in this case we do get a full distribu- 
tional decomposition of the same flavor as is obtained for 
the MIGI1 queue. This is in comparison to Theorem 2, 
where this was the case only for the expected value. 
Observe that (1 - zk)/[k(1 - z)] is the generating func- 
tion of the uniform mass distribution on 0, ... , k - 1, 

Rv(A(l - z)) is the generating function of the number of 
customers that arrive during a random length of time 
which has the stationary forward recurrence time distri- 
bution of a vacation, and e-(`-z)(' is the generating func- 
tion of a Poisson random variable with parameter p, 
which is the corresponding steady-state distribution of 
the number of customers in a standard M/D/o? system. 

Proof. Let us begin with the model with N-policy. As in 
the proof of Theorem 3, 

Bk 

E z Lk(t) dt 

Pk(z) = (51) 
EBk. 

Note that since the service times are deterministic it im- 
mediately follows that ELOA = = (el' - 1)/A for all 
k ? 1, so that EBk = (k + el' - 1)/A. To compute the 
expected integral in (51) first note that the expected inte- 
gral from time zero until the first time that there are k 
customers present does not depend on the service time 
and is given by (45). For the remaining part we let Qk(t) 
be as before (see (40)), the number of customers in an 
M/D/oo system, with k customers present at time zero all 
starting (and, in this case, also ending) service at the 
same time. Then it should be clear that the remaining 
part of the integral in (51) is given by E f( kZCIkM dt. 
Since the service times are deterministic it should be 
clear that 

~~~~D 
zQkA(t) dt=E J Z(t)+'-l dt 

+ E zf Q dt 

JD (52) 

= E zQ()l dt 

-(z -z")E ZQIW-I dt. 

Now since the LST of the limiting distribution of the 
number of customers in an ordinary M/G/oo queue is 
given by 
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A-' + B zQI(t) dt 

e -Z)p =+E6,(53) e-(l-)f) = 
A -I + EH 

( 

we have that 

E j zQI(t) dt = A (54) 

On the interval (0, D), Q() - 1 is a Poisson process 
with rate A, hence 

E I 
zQI(t)1 

dt = AeA(l-z) dt 1 - e (lz) dt 
A(I -z) 

Putting it all together, straightforward manipulations give 
(48). To obtain (49) we can repeat the same argument as 
in (46). Since there is no new insight here we omit this 
derivation. 

For the deterministic case we can give a more precise 
statement than is given by Theorem 2 for the related 
minimization problem considered in Section 2. In partic- 
ular, note that with ak as in (29), we have that 

[A -e P for k = 0, 
A for k >, 1. (6 

hence, from (30), Ck < CkAIl if and only if 

I +K 2A _ < k + et' ~~~~(57) 2 h k(k + 1)) k + I 

Hence, we immediately obtain the following corollary. 

Corollary 1. Ck (see (26)) is minimized with 

k =[(eP - ) + 2A h1]/(ep )1 (58) 

5. AN ALTERNATING PRIORITY INFINITE 
SERVER QUEUE 

One application that our previous results have direct 
bearing upon is a particular example of a polling system 
with two classes of customers that utilize a common ser- 
vice center, which is comprised of an unlimited (infinite) 
number of servers. Customers of class i arrive indepen- 
dently to the system in accordance to a Poisson process 
with rate Ai, i = 1, 2. Class 1 customers require deter- 
ministic service, each of duration D (as in the previous 
section), while class 2 customers require random (i.i.d) 
service with c.d.f. F(-) (as in Section 1). The system can 
only process jobs of the same class at any point in time. 
Customers of class 1 who arrive to find jobs of class 2 in 
service queue up until the system is free of all class 2 
jobs, at which time they proceed into service (simulta- 
neously) and vice versa, while all customers who arrive 
to find their own class currently being serviced proceed 
directly into service (this is called the "exhaustive"7 
service discipline). We will assume that there is no 

switchover time incurred by the system when it switches 
from serving one class to the other. (This model was 
studied for single server systems under the name of an 
alternating priority queue (see Avi-Itzhak, Maxwell and 
Miller 1965), and is the genesis of much of the literature 
on exhaustive polling systems (e.g., Cooper 1970, Takagi 
1986).) While there are many aspects of interest that war- 
rant study for this model, here we will find the distribu- 
tion of the system busy period, by which we mean the 
time from the first instance that a customer arrives to an 
empty system until the next instance that a customer 
leaves behind him an empty system. (A model of a poll- 
ing system with infinite servers who utilize a "gating" 
service discipline is discussed in Browne et al. (1992a), 
and polling systems with a finite number of exponential 
servers moving together are analyzed in Browne and 
Weiss (1992).) 

In the following, let B denote a random variable with 
the distribution of the system busy period, letp = AI/(AI 
+ A,), and let 06 denote an ordinary busy period in an 
M/G/oo queue with arrival rate A, with p(t) = A2 , (1 - 
F(u)) du. The LST of B is our main result in this 
section. 

Theorem 5 

B ( a ) SD(a? + A,l) B(a) = c(c +A- 
1- ~c'(a) + ~c'(a~ + A) 

* (p + (1 -p)[WI(a) - 6(a + AI)]) 

+ (1-p)WI6(a + Al) (59) 

where 

(s) { e s11)(t)BD(a + p'(t)) dt (60) 

and where BD is a random variable that has the distribu- 
tion of a busy period in an M/D/oo queue with arrival rate 
Al, i.e., 

BD(a) (A I + a)e (A T)[ (61 ) 

Remark. Note that A, is implicit in SD(*), where it enters 
through p(t), and p'(t). 

Proof. To begin, let Q(t) = (QI(t), Q2(t)) where Qi(t) is 
the number of customers of type i in the system at time 
t. Let B,0(, denote a system busy period that is initiated 
from the state (1, 0), i.e., by an arrival of a class 1 cus- 
tomer. This occurs with probability p. Note that since 
class 1 customers have deterministic service, obviously 
we have B/ () 'l B, (, for all j ? 1. Next, let B(k, denote 
a system busy period that starts from the state (0, k). 
From total probability, we get the distributional 
equalities: 

dx 
B(= BD+ E BO,AvI(N2(BD) =k), (62) 

A =) 
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and 

d 

B,,k = k + B,(1I(NI (0k) > 0), (63) 

where 1(A) is the indicator of A, Ni(') is Poisson at rate 
Ai, and Ok is a random variable that has the same distri- 
bution as a busy period that starts with k customers in an 
M/G/oo queue with arrival rate Al and service d.f. F. 

From (63), we get directly that 

BOk(a) = Ok(a + AI) 

+ B l, (a)[k(a) - Gk(a + A 1)] (64) 

while (62) gives us 

B ,((a) =BD(a + A2) 

(a+A,)BI) (A2BD )-k 

+ E (e- E O,k (at) k!) (65) 

Substitute (64) into (65), take the sum using the explicit 
forms of (4-5), then take the expectation over BD in the 
last part of (65) and simplify to find 

B ,o (a) = q(a + A1) + B1, (a)[qp(a) - qp (a + A1)] 

which gives us 

~o(a + A1) 
B ,((a) = (a) +(a + A ) (66) 

The proof of the theorem is completed by recognizing 
that 

B(a) -pB X (1 (a ) + (1 -p)Bo,l((), (67) 

and then using (64) (with k = 1) and (66) accordingly. 

The moments of the system busy period can be estab- 
lished accordingly, but since no new insights are to be 
gained, we leave the derivation for the reader. The reader 
should note that what allowed a direct analysis of this 
model is the fact that class I (sub) busy periods are invari- 
ant with respect to the initial number, hence there is no 
dependency structure between successive (sub) busy peri- 
ods of the same class. This would not be the case if class 1 
customers required random services as well. 

Extensions of this polling model are being developed, 
and will be reported upon elsewhere. 
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