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We analyze gated, exhaustive service of an infinite-server system with vacations.
Customers enter a queue in a Poisson stream. The servers, working in paral-
lel, serve customers in stages. A stage begins with all customers transferred from
the queue to the servers (the gate opens). The servers then begin serving these
customers, all simultaneously. The stage ends when their services are completed.
Service is exhaustive because the servers must again examine the queue to see
if any new customers arrived during the last stage. If there are any, a new stage
begins. If there are none, the servers move on to other work. The time spent
away from the queue is called vacation time. The queue may represent a node
or station in a data transmission network and the servers may be communica-
tion channels.

We analyze the equilibrium behavior of the number of requests served dur-
ing a stage for general service and vacation time distributions. This analysis
leads to the solution of a Fredholm integral equation of the second kind. We
find conditions under which the system is stable and compute bounds on per-
formance metrics of interest. Approximate techniques are introduced and
tested. Finally, an extension to polling systems is studied.

1. INTRODUCTION

In the problem to be studied, customers enter an infinite-server system in a Pois-
son stream at rate A per unit time. The servers, working in parallel, give gated
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and exhaustive service to the queue. Service is gafed because it is performed
in stages. A stage begins with all customers transferred from the queue to the
servers (the gate opens). The servers then begin serving these customers, all
simultaneously. The stage ends when their services are completed. Service is
exhaustive because the servers must again examine the queue to see if any new
customers arrived during the last stage. If any did, a new stage begins. If not,
the servers move on to other work (secondary jobs), giving the queue time to
accumulate customers. The time servers spend away will be called vacation time.
Vacations alternate with busy periods of the queue.

The probability that k& customers arrive to the queue during a vacation will
be called »,. No generality is lost by taking »q = 0. For if the servers return
from vacation and find the queue still empty, they merely extend the vacation
another round. We assume that vacation times and busy periods are indepen-
dent. That assumption is a great convenience but it usually holds only approx-
imately. Thus, if secondary jobs to be done during vacations arrive at random
during busy periods, long vacations tend to follow long busy periods. The in-
dependence assumption is satisfied in the important special case where there are
no vacation jobs and the servers spend vacations idly awaiting the next arrival
to the queue. This case corresponds to », = 1 and is covered in Sections 3 and 8.

Customers have independent, random service times with a common distri-
bution function F(¢) = Pr{service time < t}. With \, {»,}, and F(¢) given, the
equations of Sections 2 and 3 will determine the probability distributions of the
duration of a stage and the number it serves.

The servers can work simultaneously on arbitrarily large numbers of cus-
tomers. If k£ customers are in the queue when the gate opens, the stage lasts just
long enough to serve k customers in parallel; i.e., the stage lasts for the long-
est of k service times. In a real application, there is some number M < o of
servers. The queue may represent a node or station in a data transmission net-
work and the servers may be communication channels, for example. Models
with M finite appear to be very difficult to analyze. However, the model with
M = o can provide insight into the number of servers needed for efficient op-
eration.

Another application is task-oriented parallel simulation, in which tasks are
repeatedly removed from a queue by processors working in parallel. Vacations
correspond to idle periods of the server. Gating occurs when processors must
synchronize after each stage of a computation. In parallel simulations, synchro-
nization points are often necessary to guarantee correctness of the computation.
Iterative solution of algebraic systems is another example where this occurs. An-
other example where synchronization is required is bounded-lag distributed
computation (see Lubachevsky [3] for details). In the case of distributed com-
putation, it is not unusual to design a program as if there were one logical pro-
cessor per task. In general, each real processor performs the tasks of many
logical processors, with synchronization points required after each set of tasks.
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It is then of interest to determine how many processors are active in each stage
of the computation.

Let k, denote the number of customers served in the nth stage; k, consti-
tutes a Markov chain. Sections 2 and 3 analyze the transient and equilibrium be-
havior of this chain for general service and vacation time distributions. Section 3
recluces the analysis of stationary distributions to the study of a Fredholm in-
tegral equation of the second kind.

Servers working in parallel remove most of the instability that arises in sin-
gle-server queuing with large A. For instance, suppose service times are distrib-
uted only over a finite interval [0, T]; i.e., F(T) = 1. Then all stages last for
time T at most. For large A, each stage merely serves a number of customers
that is approximately Poisson distributed with mean AT (stages following a va-
cation have another distribution but these stages are rare). If arbitrarily large
service times are possible, then it is no longer obvious that the queue will not
grow. However, Section 4 will show stability as long as the service times and
numbers of arrivals during vacations have finite means and variances.

Section 5 derives bounds on the mean duration of a stage; their accuracy
improves in heavy traffic, i.e., for \ large. Section 6 examines the waiting time
of a typical customer and the number of other customers he or she finds wait-
ing when he or she arrives. Section 7 specializes F(f) to a step function to ob-
tain a numerical approximation applicable to arbitrary F(¢). Section 8 applies
the approximation to the case where v, = 1; i.e., there are no vacation jobs.

Polling systems are an interesting extension of the gated infinite-server
queue with vacations. The literature on polling appears to be limited to sin-
gle-server models (see Takagi [4] for an extensive survey). In an infinite-server
polling system, the single queue discussed to this point is just one of several that
the servers visit in an endless cycle. The times that the servers spend at the other
queues belong to vacations. In these systems, vacations and busy periods are not
independent. Polling systems with exhaustive service can have long mean wait-
ing times. This is illustrated in Section 9, where a two-station infinite-server poll-
ing system is analyzed for several different service policies.

2. STATE PROBABILITIES

The number k,, served in stage n determines distribution functions for the du-
ration of stage n, the number of arrivals during stage n, and hence the number
k.., served in the next stage. Define the state probability p{” = Pr{k, = k},
k = 1. The duration of the nth stage and its distribution function will be de-
noted, respectively, by ¢, and H"(¢) = Pr{¢, < t}. The transition equations
relating p{"*" to p,-(”’ are most conveniently expressed in terms of the generat-
ing functions

P™(x)y =3 p"xk,  V(x) =3 wexk, Q.1)
k=1 k=1
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and Laplace transforms

G (s) = f e S dH "M (t). 2.2)
0
With k, given, ¢, is the maximum of &, service times. Then
Pr{t, < t|k, =k} =F(t)* 2.3)
and
H"(t) = 3 p{"F(0)k = PM(F(1)). 2.4
k=1

Also, with ¢, = ¢ given, k,, is determined from the number z of arrivals in
time ¢, a Poisson-distributed random variable with mean Az. If z # 0, then
k.1 = z. If z =0, then k., has the distribution »; of the number of arrivals
during a vacation. It follows that

e (NDF

Prikne = klty =1} =™ =2

+ e My, k=12,..., 2.5)

(n+1) _ ® ()‘t)k -\ (n) —
Pl = o e dH" (1), k=12,..., (2.6)
0 .

and

oo

P (x) =f (M — 1+ V(x))e™ dH ") (t)

0

=GN = Ax) + (V(x) = HG™(N). 2.7

The Laplace transforms G in Eq. (2.7) can be expressed in terms of P
by using Eq. (2.4),

G (s) = fme-“ dP"™ (F(t)). 2.8
0
Then
P (xy = fw [e M=% 4 (V(x) — 1}e M] dP'"(F(t)). (2.9)
0

When Eq. (2.9) is expanded in powers of x, equating coefficients of x* gives
p"*Y as a linear function of p{™. Starting with any given initial state distri-
bution p?, one may iterate Eq. (2.9) to calculate the state probabilities p\",
pi?, ... of the stages that follow.

The transition equations can also be expressed in terms of H (") (¢) alone.

With the change of variable x = F(y) in Eq. (2.7), we obtain a recurrence for
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H"(y) = P")(F(y)), expressed in terms of U(y) = V(F(y)). A simpler
form, obtained by substituting F(y) =1 — F(y), U(y) =1 — U(y), and
H™@)y=1-=H"(t),is

=4

A(y) =1+ f (e — T(y)e ™) dH (1) 2.10)
0

Integration by parts, using A ”(0) = 1, produces
— — T —
H"(yy = U(y) + f K(y,t)H™(¢) dt 2.11)
0

with
K(y,t) = MF(y)e M0 — T(y)e ™), (2.12)

and the service times are distributed over [0, T]; T may be infinity. Equation
(2.11) will be used in the next section to study stationary distributions, obtained
as n becomes large.

3. STATIONARY DISTRIBUTIONS

In statistical equilibrium, the probability distributions p{ and H " (¢) are the
stationary distributions p, and H(t), independent of n. To study them we use
the equations of Section 2 with all superscripts (n) deleted. (This convention is
applied throughout.) The stationary form of Eq. (2.9) is

P(x) = fwe‘“"x”dP(F(t)) + {(V(x) - l}jv e MdP(F(t)), 3.1
0 0

now an integral equation for P(x). For the moment, we assume that Eq. (3.1)
has a unique solution. We will return to this question later in this section and
in Section 4.

A more convenient form of Eq. (3.1) is sometimes obtained by changing the
variable from ¢ to F = F(t). Then ¢ in Eq. (3.1) becomes the inverse function
t = t(F) (such that F(¢t(F)) = F) and Eq. (3.1) becomes

1 1
P(x)=f e—M'-X>'<F>dP(F)+(V(x)—nf e™MP dP(F).  (3.2)
0 0

For example, if service times are uniformly distributed over [0, T'], F(¢) =
t/T, t(F) = TF, and Eq. (3.2) is

1 1
P(x)=f e‘”"x’TFdP(F)+[V(x)—l]f e MFdP(F). 3.3)
(4] (4]
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If service times are exponentially distributed with mean 7, F(t) =1 — ™",
and Eq. (3.2) is

1 1
P(x) =f (1 = F)MU=9gP(F) + {(V(x) — l]f (1 = F)M dP(F).
0 0

3.4

By expanding P(x) and P(F) in Eq. (3.2) and equating coefficients of x*,
one obtains an infinite system of linear equations for the state probabilities

o 1 F k .
Di = ij,f e-m”{[)"k(—,)] + Vk}Ff“ dF, k=12,.... (3.5
Jj=1 0 .

When service times are uniform or exponential, the coefficients in Eq. (3.5) are
elementary (although unpleasant) integrals, but the solution requires numerical
methods. B

The stationary form of Eq. (2.11) is a Fredholm integral equation for H(¢).
It may be written compactly as (I — K)H = U, where K is the integral operator
in Eq. (2.11) with the kernel K(y,t), and I is the identity operator. Then Eq.
(2.11) suggests the formal solution

H=(1-K)'U= iK'U. (3.6)
r=0

Equation (3.6) is the familiar Neumann series, which can also be obtained by
solving the integral equation by successive approximation. Indeed, Eq. (2.11)
has the solution

H®=(1+K+ ... +K")YT+K'HO, @.7

Then A will ap_proach Eq. (3.6) for large n if the Neumann series converges
and the term K"H @ of Eq. (3.7) tends to zero. That will happen if K has a
sufficiently small norm |K|, i.e., if

T
K| ssupf Ky 0| de < 1
y 0

(see Kress [2]). Moreover, when the sequence H ") (t) converges, so does the
sequence of generating functions P (x). The no-vacation case, » = 1, gives a
simple example.

THEOREM 3.1: Suppose V(x) = x and service times have a finite bound T} i.e.,
F(T) = 1. Then the integral equation H = U + KH has a unique solution, given
by a convergent Neumann series (Eq. (3.7)). Moreover, H\")(t) approaches
H(t) as n — o for any choice of H9(t).
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Proor: It suffices to prove |K| < 1. With V(x) = x, we have U(y) =_F(y).
But then Eq. (2.12) shows that K(y,1) >0so [{ |[K(y, 1) dt <1 —e M <
1 —e, [ |

In the next section, we examine stability for general ¥(x) and unbounded
service times.

4. STABILITY

When A is large, an instability of the following sort may be imagined. A typi-
cal stage n has a large number, about A¢,, of arrivals. At least one of them re-
quires an abnormally long service time, so ¢,,, > ¢,. But then stage n + 1 must
serve even more customers, and so on. Is it possible for &, to grow with n and
eventually remain forever above any preassigned finite bound? Of course, as
Section 1 has already mentioned, this kind of instability can only be imagined
for service time distributions F(¢) with long tails.

THEOREM 4.1: Suppose service times have a finite mean 7 and variance ¢*.
Also suppose the number of requests arriving during a vacation has a finite
mean v and variance w*. Then k, < 8A holds for infinitely many n with prob-
ability 1, where

A=AT4+ N7+ Mo + 02 + 2. “.1)
Thus, k, cannot grow and remain arbitrarily large. Indeed, whenever &, <
8.4, there is a fixed, small but positive probability that no customers arrive dur-

ing stage n. Then there is probability 1 that the servers go on vacation infinitely
often.

Proor: The proof begins with Eq. (2.5), from which
" oo 00

I

Pr{k,., = 1|k, = k) =f +u,] dF (1)*

0

and

o oo 12 )\ !
Etk3+1|kn=k1=f E{%

0 /=1

+ Izu,]e')" dF(1)*

= fm (N + N2 dF (O + (v2 + wz)fme‘M dF(t)*.
0 0

The second integral is at most 1. Because F(¢)* is the distribution function for
the maximum of k independent service times ¢,, £, ..., t;, the first integral is
an expectation

k
Emax (\; + N7} < E D) (M + Nt2) = kN1 + kN(72 + 02).

I=sisk i=1
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Thus, for k=1,2,...,
E[k,f+1|k,, =k} < k(A + N7+ N02} + v? + 0? < kA. 4.2)
Apply Chebyshev’s inequality to Eq. (4.2) to get Prik,., =/|k, =k} <
kA/I?. Then also

k
Prik,. = !k, = k} < >, Prlk, = j|k, < k}

Jj=1

JA
”

al kA kA
< ZPI‘{k,, =j|kn5k} -5 = 7 -
/=1 ! !
With I = k/2,
k 4A
Pr{k,,+,<§ k”=k}21—_k—
and

4
Pr{kn+l < 5

Now consider a stage that serves a large number of customers, say ko, = k,
where 2°*24 < k <23 A, and r is a positive integer. The bounds established
above show that the event E = {k, <27k, k, <27%k, ..., k, < 27"k} has con-
ditional probability

44 84 27+14
Pr(E|k0=k]2<1—7)<1—T)---(1— P )
> (1=27)(1 =27 ... (1 =271

=T (1 —27) = .288788... ..
i=1

When event E occurs, k, < 27"k < 8A4. Thus, whenever k, grows to a high
value, k, = k > 8A, it returns to a value below 84 within log,(k/A4) stages,
with probability at least .288788. From this it follows that each fluctuation to
a large value of k, is followed, with probability 1, by a return below 84 even-
tually. Then k, < 84 infinitely often, as claimed. ]

5. BOUNDS

Because vacations follow stages in which no customers arrive, the state proba-
bilities give information about the rate at which the servers leave on vacation.
The stationary probability that a randomly chosen stage is followed by a vaca-
tion is

(=]

Pr{vacation) =f e ™ MdH(t) = G(\) 5.1
0
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by Eq. (2.8). Because a fraction G(A) of the stages precede a vacation, a busy
period contains a mean number, 1/G (\) of stages.
A stage requires mean time

T5=f tdH(t). (5.2)
0
A relation between Ts and K, the expected number served in a stage in statis-
tical equilibrium, follows from Eq. (2.6):

Ks=ATs+ E(e™™)r =ATs+ G(A\)v < ANTs + », (5.3

where v = 2322, kv, is the mean number of arrivals during a vacation, and ¢ has
the stationary distribution of stage times. Bounds on Tg and K in terms of »
alone can be derived as follows. Let Tg(k) denote the mean duration of a stage
serving k customers; i.e., T5(k) is the expected maximum of k service times.
Note that

Ts(k) = Emax[tl,. . .,tk} < E(tl + -+ tk) = kTs(l), 5.49)

s0 the means T5(k) are finite if the mean service time Ts(1) is. Also Tg(k) is
a concave function so long as Tg(1) is finite. For,

Ts(k) = fw (1 = F(t)*} d, 5.5)
0

and so, for k > 1,
Ts(k + 1) — Ts(k) — [Ts(k) — Ts(k — 1))
=Te(k+ 1) —2Ts(k) + Ts(k— 1)

= —fm (F()¥* = 2F ()% + F(1)*"} dt
0

- —fmF(t)"“[l _ F(0)]?dt <0.
0

By linear interpolation, or otherwise, we may now extend Ts(k) to a con-
cave function Tg(x) of a real variable x. Then

Ts= 2, piTs(k) < Ts( kpk) = T5(Ks). (5.6)
k=1 k=1
Substitution into Eq. (5.3) puts an implicit bound on K,
Ks < NT5(Ks) + ». 5.7
For service times uniformly distributed on [0,1],

To(k) = z—f:—l (5.8)
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and, with Tg(x) = x/(x + 1), Eq. (5.7) becomes

- A —1)2
KS<)\+V l+\/(2+v )+4V' 5.9

For exponential service times with mean 1,

1 1 1

Tslk)=1+ -+ -+ --- + = 5.10

s(k) + 5+3 + + X (5.10)

and Eq. (5.7) gives a bound approximating the solution of K5 = A log K5 + ».
Numerical results in Section 8 will test the accuracy of the bound Eq. (5.7).

6. WAITING TIMES

The waiting time W of a customer is the time that elapses between his arrival
and the start of his service. A related quantity is the number C of other custom-
ers that the given customer finds waiting when he arrives. This section exam-
ines the state of the system seen by a random arriving customer and finds the
probability distribution for C. The mean waiting time then follows immediately
from the mean of C.

Stages that serve k customers serve a fraction kp,/Ks of all customers.
Then a random customer has probability kp,/Ks of being served along with
k — 1 others in the same stage. These k customers all arrived in the preceding
stage or vacation, and the random customer is equally likely to have been the
first, second, ..., or kth in order of arrival. Thus the random customer found
¢ others waiting with probability

> kpk 1

Pr{C=c} = _—— = 6.1)
2Kk m%”"

As a check, Eq. (6.1) with ¢ = 0 states that a random customer has probabil-
ity 1/K of being the first arrival among those served in the same stage.
The mean number waiting is

e -] 1 oo
E[C] = ZcPr(C—c} ¢ N Z k(k Kk~ 1) Dk 6.2)
c=0 c=0 S k=c+1 k=1 S

By PASTA [5], E[C] is the time-averaged mean number of customers in the
queue. Now Eq. (6.2) supplies E{C] in Little’s formula for the mean waiting
time [1, p. 17]:

E[C] = AE[W]. 6.3
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The distribution function for W requires more details about the vacation
mechanism than just the {»,}. Two different models of how vacations occur
will help to make that clear.

Random number— At the start of a vacation, a random number r=1,2, ...
is chosen with probability »,. The vacation then lasts until just after the rth
customer arrives, however long that takes.

Random duration— At the start of a vacation a random duration ¢ is cho-
sen with probability distribution ® (7). After ¢ units of time have elapsed, if any
customers have arrived, the vacation then ends. If not, the vacation is extended
another random time. These extensions continue, if necessary, until some cus-
tomers do arrive.

The two vacation mechanisms give rise to the same vacation arrival distri-
bution if

I B 0, _ .
V’_‘L r!(e"'—1)dq’(t)’ r=12,...;

ie.,
] e)\lx_l
Vix) = — do(1).
(x) fo 7 420

Nevertheless, they produce different waiting-time distributions. Random-
number vacations give zero waiting time to each customer who is the last to
arrive before the start of a busy period. On the other hand, in general, random-
duration vacations give no customers zero waiting time.

7. APPROXIMATIONS

To approximate Eq. (3.2) by a finite system one could set p;,, =pjp= -+ - =
0 for some large integer J and solve the J equations (Eq. (3.2)) with k£ =
1,2,...,J, for py,...,p;. Another way to get a finite problem might be to ap-
proximate the system itself by a loss system having a large finite number M of
servers. Whenever the servers find more than M customers in the queue they
serve only M customers and make the rest leave without service. This loss sys-
tem is again a Markov process but with only M states. Equation (2.4) still holds.
However, Eq. (2.5) now holds only for k = 1,2,...,M — 1. For k = M,

VRN N O ¥
Pr{kp =M|t, =t} =e >, + V- a.1)
m=M m!
Then Eq. (2.7) and the equations that follow from it require some modifica-
tions. For most F(¢), approximating F(t) by a step function with a finite num-
ber of steps seems the most attractive way to obtain a finite problem. The results
for step functions are given below.
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Let F(¢) be a step function with steps at times 77, T5, ..., Ty,

(Q():O, t< Tls
q, Tl-St<T2’
F(y=1": : (1.2)

an-1, TN—I =< TN)

LqN:l’ TNSt<oo

Equation (2.9) becomes

N

P(x) = 3} (P(q,) = P(q,-)}e (e + V(x) — 1. (7.3

r=1

The unknowns P(q,),..., P(gn_,) in Eq. (7.3) may be found by successively
replacing x by q,, ¢1, . . ., gn—; to get a linear system that can be solved for the
P(q,). Since there are only N — 1 unknowns, the solution is easy when F(t)
has few steps. Once the P(q,) are known, expanding P(x) gives

N )\T, k
pe= 2, (P(q,) - P(qr_l)}e‘”'[(—k,—)

r=1

+ Vk] , k=1 (7.49)

As a check, consider Eq. (7.4) with N= 1 step of height g, =1at T\ =T
(all service times are exactly 7). In Eq. (7.4), P(go) = P(0) =0 and P(q,) =
P(1) =1. Then
(A\T)*

Dk = e‘”{T + Vk} , k=1, I.5)

which is indeed the probability that a stage, lasting for duration 7, is followed
by a stage that serves k arrivals.

With N =2 steps, g, = q, and g, = 1, one must find P(q,) by substituting
x = q in Eq. (7.3). Then Eq. (7.4) holds with P(gy) =0, P(q,) =1, and

e-)\Tz(l—q) + (V(q) — l)e—)\Tz
— e MiU=a) 4 o= ARU-0) _ (Y (q) — 1)(e M — e 2) "

(7.6)

P(q,) =P(q) = 1

For larger values of N, P(q,),...,P{(gn~1) must be obtained by solving
the N — 1 equations obtained from Eq. (7.3). For example, the linear system for
the case V(x) = x, studied in the next section, can be written

N~1

(cj = 6;)P(g)) =eM=9TW — (1 —ge™™~,  1=<i=sN-1, (1.7

J=1
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where §;; = 1 if i = j and §;; = 0 otherwise, and where
¢y =e =0T — (1 — g;)e ™ —~ [e M= Tiet — (1 — g;)e 1],
l=sisN-11=</j=<N.

Although the solution is more complicated than Eq. (7.6), there is still a sim-
ple interpretation for Eq. (7.4). From Eq. (2.4), H(T,) = P(F(T.)) = P(g,) is
the probability that a stage has duration 7, or less. Then P(q,) — P(q,_;) in
Eq. (7.4) is the probability that a stage has duration exactly 7,. The other fac-
tor in the rth term of Eq. (7.4) has the same interpretation as that in Eq. (7.5).

8. NUMERICAL RESULTS

This section examines the system with V(x) = x. Discrete approximations are
used for the uniform and exponential distributions of service times. For the dis-
crete approximation to F(t) =1, 0=<t <1, put

i _2i—-1

i = T;
qi IN

, I=<i=<N,
N

which preserves the mean 1. With the P(q;) determined from Eq. (7.7), the
distribution { p,} is obtained from Eq. (7.4).

Table 1 shows the mean K and standard deviation og of the number of re-
quests served in a stage, for several values of A and the discretization param-
eter N. As can be seen, the results strongly suggest that convergence in N to the
results for the continuous model is fast, especially at low to moderate values of
A. The quick convergence of K and o, to the parameters of a Poisson distri-
bution with mean A(1 — 1/2N) is apparent, as A becomes large (the discretized

TasLe 1. Moments of Number Served with Uniform F(¢)?

N=35 N=10 N=15
A KS gs Ks Js KS Js
.5 1.0372 2128 1.0375 .2138 1.0375 2139
1.0 1.1386 .4383 1.1397 .4406 1.1399 .4410
2.0 1.5067 .9048 1.5120 9113 1.5129 9125
10.0 1.5304 3.1170 8.7594 3.1774 8.8048 3.1898
(10.0) 9.0) (3.0) 9.5 (3.0822) (9.6667) (3.1091)
20.0 17.8831 4.2856 18.6293 4.4174 18.7967 4.4506
(20.0)  (18.0) (4.2426)  (19.0) (4.3589)  (19.3333)  (4.3970)
40.0 35.9940 6.0035 37.9074 6.1876 38.4435 6.2521
(40.0) (36.0) 6.0) (38.0) (6.1644) (38.6667) (6.2182)

2Numbers in parentheses refer to the Poisson distribution with mean A (1 ~ 1/2N).
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distribution is supported over an interval of length 1 — 1/2N). For the original
continuous model, the Poisson distribution with mean \ is a good estimate for
moderately large X (A > 20 say); with these values of A the expected number
served in a stage is sufficiently large that the expected maximum service time is
very close to the maximum possible service time, 1.

We also test the tightness of the upper bound K, s(\) on K obtained from
Eq. (5.7). The bound Eq. (5.9) is

AN+ VN + 4
—
The bounds Kg(0.5) = 1.2808, K(20) = 20.0499, and K¢(40) = 40.025 com-

pare favorably with K presented in Table 1.
To approximate the exponential distribution F(¢) =1 —e™, set

Ks< Ks(\) =

=L 1=<i<N,
2

gi=t—e T+ 1 <i<N-1, gy=1

The approximation, shown in Figure 1, is rather coarse for small 2. N and A
should be moderately large for good accuracy. For small A, more points 7; are
probably needed in the region out to the knee of the curve but fewer beyond the

F(t)

Figure 1. Step function approximation of F(t) =1 —e™".
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knee. Table 2 gives the results K5 and g for several values of A and N. Clearly,
for given A and a desired accuracy, the exponential distribution needs a finer
discretization (larger N) than the uniform distribution. Numerical values of
Ks(\) from Egs. (5.7) and (5.10) are Ks(2) = 6, Ks(4) = 14, Ks(6) = 24,
Kg(8) = 34, and kS(IO) = 45, which Table 2 shows to be reasonably accurate
for large A.

The distributions { p,} for N = 20 are plotted in Figure 2 with smooth in-
terpolating curves to bring out the change in shape as the parameter A increases.

Some features of heavy traffic behavior are already apparent, even for the
modest values of A shown. The distribution { p,} is fairly peaked. The value
K ax Of k, where p, is maximized, is shown in Table 3. The corresponding mo-
dal value pn.x = supy py is also shown. A rough calculation gives the following
estimate K for the value of Kyax = Kmax(M). For a stage with k> 1 jobs,

-

k

k

Pr[stage length < log k + c] = (1 - ) ~ exp(—e~°),
which rises sharply from 0 for ¢ « 0 to 1 for ¢ > 0, with most of the transition
occurring in the neighborhood of ¢ = 0. Thus for k > 1, stages with k& custom-
ers usually persist for times near log k. Then the next stage contains very nearly
A log k jobs. In heavy traffic equilibrium therefore, we expect a stage to con-
tain close to K jobs where X log K = K. K is also shown in Table 3. It agrees
rather well with K., even for A as low as 4.

The solution of Eq. (7.7) gives N — 1 points of the stationary distribution
of stage duration, H(T;) = P(q;), 1 =i =< N — 1. These distributions are shown
in Table 4.

9. POLLING WITH CONSTANT SERVICE

The gated infinite-server system in a general polling setting is difficult to ana-
lyze, owing to the dependence between the vacation times and busy periods at

TasLE 2. Moments of Number Served with Exponential F(¢)

N=5 N=10 N=15
A KS Og KS Js KS Js
2.0 3.7620 2.9372 3.8198 3.0727 3.8244 3.0899
4.0 11.3296 5.8100 11.6708 6.3833 11.6983 6.4660
6.0 20.4504 7.7787 21.3445 9.0762 21.4191 9.2834
8.0 30.0177 9.3898 31.7244 11.6204 31.8714 12.0063

10.0 40.8716 10.7525 42.6433 14.0770 43.8756 14.4278
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Figure 2. Distribution of { p,} for unit exponential F(¢), N = 20.

any one of the stations. However, the case of two identical stations and constant
service times 7 is simple enough to analyze completely, as shown later. Besides
illustrating the difficulty of the general problem, this section shows that differ-
ent polling rules can dramatically affect waiting times. The vacation-time dis-
tribution is no longer prescribed but will be deduced analytically.

Three new service rules will be compared with exhaustive service. These
rules choose the next queue to be served as follows:
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TasLe 3. Mode of { p,] for Unit Exponential Distribution F(¢), N =20

A Kmax K pl"ﬂX
4.0 9 8.6132 .067763
6.0 18 16.9989 .047710
8.0 27 26.0935 .036948
10.0 38 35.7715 .030260
12.0 48 45.9238 .025684

¢ Rule 1 chooses one of the occupied queues at random.
¢ Rule 2 chooses the other queue if it is occupied.
¢ Rule 3 chooses the queue with the customer who has waited longest.

The basis of comparison will be the mean wait for service of a typical customer.
Mean waiting times W,, W,, W,, and W; for exhaustive service and service by
rules 1, 2, and 3, respectively, will be derived. The calculations will show that

TasLe 4. H(t) for Unit Exponential Distribution, with N = 20

)y

t 2.0 4.0 6.0 8.0 10.0

.5 .2265 .0287 .0020 .0001 .0000
1.0 3913 .0834 .0119 .0015 .0002
1.5 .5506 1876 .0494 0123 .0030
2.0 .6868 .3364 .1399 .0559 .0217
2.5 7915 .5006 .2853 .1578 .0856
3.0 .8657 .6490 .4557 3133 2122
35 9154 .7656 .6146 .4864 3810
4.0 9474 .8488 7414 .6417 5515
4.5 9671 .9047 .8328 7621 .6943
5.0 .9802 .9408 .8945 .8473 .8003
5.5 .9879 .9636 9344 .9040 .8732
6.0 .9927 9771 9596 .9405 .9208
6.5 9955 .9864 9753 .9634 9511
7.0 .9973 9917 .9849 9776 .9700
1.5 .9984 .9950 .9908 .9864 .9817
8.0 .9990 .9970 .9944 .9917 .9889
8.5 .9994 9981 .9966 .9950 .9932
9.0 .9996 .9989 .9979 .9969 .9959

9.5 .9998 .9993 .9988 9981 9975
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W; < W, < W, < W,. Little’s theorem [1, p. 17] then shows that the mean
queue lengths for the four service rules are also ordered in the same way.

All stages now have a duration equal to the constant service time 7, regard-
less of the number served; the system can be analyzed as a Markov chain with
five states called (0,0), (1%,0), (0,1*), (1*,1), and (1,1*). The numbers in each
pair show whether a queue is empty (0) or occupied (1), the asterisk denoting
which queue is being served. A discrete Markov chain is formed by the states
at the beginnings of new stages or vacations (most vacations are stages for some
queue, but (0,0) represents a vacation for both). The transition probabilities de-
pend on the service rule but the main parameter will be ¢ = =7 (the probabil-
ity that a queue has no arrivals during a service time). We set p =1 — g.

All four service rules treat the two queues alike, a symmetry that simplifies
the equilibrium state probabilities. In steady state, the probability of being in
either of the states (1*,1) or (1,1*) is the same and denoted by a. Similarly, the
probabilities of (1*,0) and (0,1*) are the same and denoted by b. Finally, state
(0,0) has probability

c=1-=2a-2b. 9.1)

The probabilities ¢, 2b, and 2a of 0, 1, or 2 queues being occupied satisfy the
same transition equations

c=2g%
9.2)
a=pa+ p*b
for all four service rules. Then, Eq. (9.1) shows that
p2
a= 2 3
2(0-g+q°+4q°)
q 9.3)

T2l-g+d+4)

2q°

T2l-g+q+qY)

4

9.1. Waiting Times

The elapsed time between most transitions equals the service time T. However,
transitions from state (0,0) are different, occurring after a mean wait 1/2\ for
the next arrival to either queue. The mean time between transitions is then

(4
=2aT + 2bT + —
T a 3N

21 -g+g)T+4q?
TNl -g+q*+g)

9.9
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Now consider a customer arriving at random, say to the first queue. His or
her mean wait W; (i =0,1,2,3) will be a sum

W= 2 R(S)wi($), 9.5
N

where the sum is over the five states S. R(S) denotes the probability that the last
transition before the customer arrived was to state S and w;(S) is the cus-
tomer’s expected wait, given S. Note that the state the customer finds at his or
her time of arrival may differ from S because of earlier arrivals.

Because the states persist for different lengths of time, R(S) is not just the
probability of S at a transition (which is given by Eq. (9.3)). Instead,

c
R(0,0) = —
0.0 AN
R(1%,0) = R(0,1*) = ﬂ 9.6)
T
aT

R(1*,1) =R(1,1*) = —.
T

In general, the customer’s conditional expected wait w;{S) depends on the ser-
vice rule (indexed by i), although w;(0,0) = 0 for all i. For other states S, the
waiting time is a sum ¢, + LT, where ¢, is the wait for the current stage to end
and L is the number of extra stages the job waits before service begins.

With exhaustive service, L = 0 if the customer finds the first queue being
served so

T
wo(1%,0) = wo(1%,1) = E(t;) = 3

If the second queue is being served, the customer must also wait for a stage in
which the second queue has no arrivals. Then L has a geometric distribution
with mean p/g:
T T,
wo(0,1%) = wo(1,1%) = = + 2,
2 g

Now that wy(S) is known, Egs. (9.4), (9.5), and (9.6) combine to give the
mean wait W,. Similar arguments give W), W,, and W; from

T3 -gq)

w1500 = Wi (0,1%) = wi(1,1%) = S,

T(3+gq).

wl(l*yl) = 2(1 + q) ’
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T
w2(0,1%) = wy(1,1%) = 2

wy(1%,0) = T3 =4).
2
wy(1,17) = ;
wi(1%,1) = -321
w3(0,1*) = wy(1%,0) = T — il—;—')\qﬁ.

Formulas for the W; are

T q’
wy=—[1-L
° 2q< d)

_AT*(3p + 2¢?%)
APEALIA S i e B

1+ q)d
2( 7 , .7
w,= MN"@p+a7)
d
W—T(l—‘”q2>
3= 2d )

where
d=2\T(l —q+q?) +q>.

Only the argument for w;(0,1*) and w;(1*,0) merits comment. The ar-
rival time ¢, measured from the last transition, is uniformly distributed over
the interval [0,T]. If the customer is the first to arrive to either queue, then
his service begins after the wait #, = T — . That event has probability e =",
Otherwise, another customer arrived first and is equally likely to be in either
queue. Then the waiting time is 7 — ¢ or 2T — ¢, each with probability {1 —
exp(—2At)}/2. The mean wait for these states is then found by averaging over f.

Table 5 illustrates numerical waiting times from Eq. (9.7). The factor 1/¢
in W, grows exponentially with the arrival rate and makes W, huge, for large
values of AT. With Rules 2 and 3, no customer waits longer than 27T. Their
mean waits, and even the mean wait with Rule 1, remain bounded.

9.2. Vacation Distribution

Previous sections regard the vacation distribution {»,} as prescribed. But in
polling applications, the service time distribution F(¢) and the arrival rate de-
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TaBLE §. Mean Waiting Times for Constant Service Polling Disciplines

AT W,/T W,\/T Wy/T W,/T
0.2 0.2339 0.2330 0.2322 0.1629
0.5 0.6375 0.6058 0.5865 0.5051
1.0 1.3164 0.9997 0.8832 0.8412
2.0 3.6919 1.3111 0.9889 0.9783
4.0 27.2991 1.4729 0.9998 0.9988
6.0 201.7144 1.4963 1.0000 0.9999
8.0 1490.4790 1.4995 1.0000 1.0000

termine {v,} automatically. The same five-state Markov chain that entered into
the derivation of mean waiting times will now be used to obtain {v,} for ex-
haustive polling of two queues with constant service time. We consider a vaca-
tion that follows a busy period of the first queue.

The busy period ended in a stage that began in state (1%,1) or (1*,0). Since
stages that begin in these two states all have probability g of being the last stage
of the period, busy periods end in these two kinds of stages with probabilities
a’' =a/(a+ b)and b’ = b/(a + b). As Section 1 remarked, the end of the busy
period has an influence on the vacation. Thus, the vacation could be a period
of service to neither queue if the state at the start of the final stage was (1*,0),
but not if it was (1*,1). V(x) will be a suitably weighted average of generating
functions for states (1*,1) and (1*,0).

States during the vacation may be (1,1*), (0,1*), or (0,0). The vacation
ends with a transition to (1%,0). Consider the number of arrivals to queue 1
during the rest of the vacation, starting just after a transition to (1,1*). Let
A(x) be the generating function for the probability distribution of that num-
ber of arrivals. Also let B(x) and C(x) be similar generating functions for
{0,1*) and (0,0). Equations for A(x), B(x), and C(x) follow from an analy-
sis of transitions. A stage starting at (1,1*) adds a Poisson-distributed number
of arrivals to queue 1 and ends with a transition to (1,1*) or (1*,0) (end of va-
cation) with probabilities p and g, respectively. Thus,

A(x) = (pA(x) + q)er D,

In the same way,
B(x) = pq(e’™ — 1)A(x) + pgB(x) + ¢*C(x) + ¢*(e™ — 1)

and

C(x) = [B(x) +x]/2.
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These equations may be solved for A{x), B(x), and C(x).

If the stage before the vacation began started in state (1*,1), an event of
probability a’, then the vacation started in state (0,1*). Otherwise, with prob-
ability b’, the last stage started in state (1*,0); the vacation then began in state
(0,1*) with probability p or in state (0,0) with probability gq. The number of
arrivals during the vacation is distributed with the generating function

V(x) =a’'B(x) + b’'[ pB(x) + qC(x)]

2 ATx
q e -1
= + xj. 9.8
1—q+q2{1—pqe”x x} 09

Expanding Eq. (9.8) in powers of x and matching coefficients gives an ex-
plicit expression for »;, but it is an infinite series. For computing purposes, a
more convenient recurrence is obtained by multiplying both sides of Eq. (9.8)
by the denominator 1 — pge*™ before expanding:

V()=O,

2 T
Vv, = q <1+ )\ ),
1 - pg 1 — pq

)= P4 k=l (NT) N ©-9)
1—-pgj=i (k=i "7
q’ (AT)* (AT)*!
- ’ k = 2,3, e
(1 —pq)Z[ kP k-
The mean number of vacation arrivals is
NT q?
v=V'({1)=—+ . 9.10)
g 1-pg

One use for {v,] is to predict how much storage space the queue will need.
Of course, the storage must hold the Poisson-distributed number that arrives
during a service stage. But at high arrival rates the queue tends to be much lon-
ger after a vacation. The number served in a stage has the probability distribu-
tion in Eq. (7.5). Using Eqgs. (7.5) and (9.9) with AT = 1, one finds that the
dueue length exceeds 3 after 2% of the stages but exceeds 10 after 2% of the va-
cations. For AT = 2, the queue lengths at the 2% level become 5 and 56.

The queuing system of Sections 2-8 differed from the present polling sys-
tems in having vacations independent of busy periods. Just how much differ-
ence that assumption makes can now be tested by comparing the mean waiting
time W, for exhaustive polling with the mean waiting time E(W) of Section 6,
with V(x) being the vacation distribution in Eq. (9.8). The mean wait obtained
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from Eq. (6.3) was E[W] = P”(1)/(2\Ks). With constant service times, and
v given by Eq. (9.10), Eq. (5.3) becomes

3
Ks=NTs+vG(\) = AT +vg = 2\T + - A
q

while Eq. (3.1) reduces to

P(x) =e MU= 4 [V(x) — 1]e™ .

After substituting Eq. (9.8) for the vacation distribution V(x) and differenti-
ating the expression for P(x), the result is

_ 2
E[W] = (1 — pg)\T

- ) 9.11
q[2AT(1 — pg) + ¢°] ©-1D

But now, rearranging terms shows that E[W] is exactly W, of Eq. (9.7).
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