
Drawdown Minimization

Drawdown versus Shortfall

One measure of riskiness of an investment is “draw-
down”, defined, most often in the asset manage-
ment space, as the decline in net asset value
from a historic high point. Mathematically, if the
net asset value is denoted by Vt , t ≥ 0, then the
current “peak-to-trough” drawdown is given by
Dt = Vt − max0≤u≤t Vu. The maximum drawdown,
max0≤u≤t Du, is a statistic that the CFTC forces
managed futures advisors to disclose, and so many
investment advisors and managers implicitly face
drawdown constraints in setting their investment
strategies. Hedge funds, for example, implicitly face
drawdown constraints in that many multiperiod hedge
fund contracts reflect investor preferences related to
the maximum drop in a fund’s asset value from the
previous peak. These often include a high-water-mark
provision that sets the strike price of each period’s
incentive fee equal to the all-time high of fund value
(see Hedge Funds).

Another measure of riskiness that is related but
often confused terminologically with drawdown is
that of “shortfall”, which is simply the gap, or loss
level of the current value from the initial or some
other given value. This value could be constant but
more often is determined by a stochastic exogenous
or endogenous benchmark. For example, the shortfall
with respect to the endogenous benchmark of the
running maximum is the drawdown.

Since drawdown and shortfall are essentially
equivalent in single period models, the research on
the topic reviewed in this article is focused on
multiperiod and, in particular, on continuous-time
models pioneered in [16] and [17] where optimal
portfolio rules are derived by solving a multiperiod
portfolio optimization problem. The minimization
of short-fall probability in a single-period model
dates back to [18] and [21]. See Value-at-Risk; Ex-
pected Shortfall for work on portfolio selection with
drawdown constraints in single period mean-variance
models.

In the continuous time framework, there is an
implicit nonnegativity constraint on wealth, which
is one form of a shortfall constraint (see Merton
Problem).

The models reviewed here differ in their assump-
tions regarding investment horizons (finite or infi-
nite), constraints (fixed or stochastic benchmark),
stochastic processes (diffusion with and without
jumps), as well as objective function (purely proba-
bilistic or expected utility based). In general, without
transactions costs, the incorporation of drawdown
constraints induces a portfolio insurance strategy:
specifically, in the stationary stochastic model case,
the strategy is that of a constant proportions port-
folio insurance (CPPI) with different “floor” levels
determined by the horizon and the objective (see
Transaction Costs for portfolio optimization with
transaction costs).

In this case, the risky asset price is assumed to
follow a geometric Brownian motion with drift µ + r ,
and diffusion coefficient σ 2 where r is the rate of
return on cash. Hence, as is standard (see Merton
Problem), the dynamics of the investor’s wealth
portfolio are given by

dWt = rWtdt + xt [µdt + σdZt ] (1)

where Zt is a standard Brownian motion and where
xt denotes the dollar holdings of stock.

For reference, investment strategies that are of the
form

xt = k × Wt (2)

are called a constant proportion rebalanced portfolio
rule (see Fixed Mix Strategy), and are optimal in
a variety of settings ([7]). Investment strategies that
are of the form

xt = k(Wt − Ft ) (3)

are referred to as constant proportion portfolio insur-
ance strategies (CPPI ) with scale multiple k and floor
Ft (see Constant Proportion Portfolio Insurance).

Such CPPI strategies are, in fact, constant propor-
tional strategies on the surplus Wt − Ft and in a pure
diffusion setting insure that wealth remains above the
floor level Ft at all times, (although it is possible that
Ft serves as an absorbing barrier). These strategies
effectively synthesize an overlay of a put option on
top of the wealth generated by a constant proportional
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strategy, and are at the core of many of the strategies
that have been discussed here.

Infinite Horizon Drawdown Minimization

In a seminal paper on the subject, Grossman and Zhou
[15] show how to extend the Merton framework to
encompass a more general drawdown constraint of
Wt ≥ αMt , where Wt is the wealth level at time t, Mt

is the running maximum wealth up to that point,
that is, Mt = max0≤u≤t Wu, and α is an exogenous
number between 0 and 1.

The motivation for this constraint is that, in
practice, a fund manager may implicitly be subject
to redemptions that depend on whether the manager’s
portfolio stays above a (possibly discounted) previous
high, Mt .

For an investor with constant relative risk aversion
utility, Grossman and Zhou [15] show that the
optimal policy implies an investment in the risky
asset at time t in proportion to the “surplus” Wt −
αMt , that is, a CPPI ([3]) strategy with floor given
by a multiple of the running maximum wealth,
Ft = αMt . The analysis of Grossman and Zhou [15]
is extended in [12] by allowing for intermediate
consumption.

Infinite Horizon Shortfall Minimization

There are a variety of approaches and objectives
related to shortfall minimization. For example, in a
stochastic model where rational investment strategies
may enable wealth to hit a given shortfall (e.g.,
liability driven models), one might choose a strategy
that minimizes the probability of ever hitting this
shortfall level directly ([5, 6, 8, 9, 11, 13, 19,
20]), or one might incorporate a (expected) shortfall
constraint into other objectives such as a standard
utility maximization framework ([1, 2, 4, 20] and
[22]).

Directly minimizing the probability of hitting a
shortfall level is a relevant objective only in eco-
nomic settings where there is a possibility that a
shortfall level is reached under a rational investment
strategy. One such setting is the case of external risk,
such as an insurance company, or liabilities as treated
in [5], where the investor’s total wealth evolves
now according to a combination of an uncontrolled

Brownian motion (the “risk” part), and a controlled
geometric Brownian motion (the investment possibil-
ity). Drawdown and shortfall prevention strategies for
deterministic liabilities are treated in [6] where it is
shown that if the initial wealth or reserve is below
the funding level of the perpetual liability, the opti-
mal strategy is linear in the negative surplus, that
is, has an inverse CPPI structure, namely k(F − W).
For initial wealth above the funding level, various
CPPI strategies using the funding level as the floor
are optimal for a variety of utility and probabilistic
objectives.

Other settings of interest include cases where
there is an exogenous and uncontrollable benchmark
relative to which the shortfall is measured. Infinite
horizon probabilistic objectives are treated in [8] in
an incomplete market setting, and connects these
results with those obtained from standard utility
maximization problems. A risk-constrained problem
that yields a CPPI related strategy is treated in
[11]. Stutzer [19] treats long-horizon shortfalls and
deviations from benchmarks in the context of a large-
deviation approach.

Finite Horizon Shortfall Minimization

The structure of the optimal strategy changes signif-
icantly when the horizon is finite in that the optimal
strategies become replicating strategies for various
structures of finite term options. Specifically, the
strategy that minimizes the shortfall probability start-
ing from a wealth process below the target level is
given by the replicating strategy for a digital or binary
put option on the shortfall level. This is discussed
in [9, 10] and in an equivalent hedging framework
in [13]. The optimal dynamic policy in the case of
multiple risky assets has a time-dependent compo-
nent (determined by the risk premium and remain-
ing time) and a state-dependent component, which
is a function of the current percentage of the dis-
tance to the target. The minimization is treated in
[13] in the context of determining a partial hedg-
ing strategy on a contingent claim that minimizes
the hedging cost for a given shortfall probability.
This strategy may be considered a dynamic ver-
sion of the static Value-at-Risk (VaR) concept and
the authors label it quantile hedging. The poten-
tial riskiness of such a strategy is illustrated in [9,
10] via the fact that since it replicates a digital or
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binary option, the strategy effectively acts as the
delta of the digital option with all the instability of
that delta as the term decays if the strike remains
unachieved. Strategies that mitigate this fact and
therefore minimize the expected shortfall are con-
structed in [14]. These strategies effectively replicate
options with standard put payoffs as opposed to dig-
itals or binaries.

Utility Maximization Approaches to the
Expected Shortfall

Utility maximization approaches to the expected
shortfall problem also lead to optimal strategies
that have optionlike features. Basak and Shapiro [1]
consider an agent’s utility maximization problem in
a model with a VaR constraint, which states that
the probability of his wealth falling below some
“floor” W is not allowed to exceed some prespecified
level α:

Pr(W(T ) ≥ W) ≥ 1 − α (4)

and is clearly related to the objectives treated earlier
by Browne, Föllmer, and Leukert [9, 13, 14] (see
Value-at-Risk).

In this framework, the case α = 1 corresponds
to the standard benchmark agent that does not limit
losses and α = 0 corresponds to the portfolio insurer
(or put option purchaser) who maintains his wealth
above the floor in all states [3].

Basak and Shapiro [1] show that the VaR con-
strained agent’s wealth can be expressed as either
(i) the portfolio insurer solution plus a short posi-
tion in binary options or (ii) the benchmark agent’s
solution plus an appropriate position in “corridor”
options (see Corridor Options). Similar to the
analysis and earlier findings mentioned above they
observe that since the VaR constrained agent is
only concerned with the probability (and not the
magnitude) of a loss, he or she chooses to leave
the worst states uninsured because they are the
most expensive ones to insure against. Thus, as in
[14], Basak and Shapiro [1] examine a so-called
LEL-RM (limited-expected-losses-based risk man-
agement) strategy, which remedies some of the short-
comings of the VaR constrained solution. Other
related papers considering variants of these results
are found in [2, 22]

References

[1] Basak, S. & Shapiro, A. (2001). Value-at-risk-based risk
management: optimal polices and asset prices, Review
of Financial Studies 14, 371–405.

[2] Basak, S., Shapiro, A. & Tepla, L. (2004). Risk
management with benchmarking, Management Science
52, 542–557.

[3] Black, F. & Perold, A.F. (2004). Theory of constant
proportion portfolio insurance, Journal of Economic
Dynamics and Control 16, 403–426.

[4] Boyle, P. & Tian, W. (2007). Portfolio manage-
ment with constraints, Mathematical Finance 17(3),
319–343.

[5] Browne, S. (1995). Optimal investment policies for a
firm with a random risk process: exponential utility
and minimizing the probability of ruin, Mathematics of
Operations Research 20, 937–958.

[6] Browne, S. (1997). Survival and growth with a liability:
optimal portfolio strategies in continuous time, Mathe-
matics of Operations Research 22, 468–493.

[7] Browne, S. (1998). The return on investment from
proportional portfolio strategies, Advances in Applied
Probability 30(1), 216–238.

[8] Browne, S. (1999). Beating a moving target: optimal
portfolio strategies for outperforming a stochastic bench-
mark, Finance and Stochastics 3, 275–294.

[9] Browne, S. (1999). Reaching goals by a deadline: digital
options and continuous-time active portfolio manage-
ment, Advances in Applied Probability 31,
551–577.

[10] Browne, S. (1999). The risks and rewards of minimizing
shortfall probability, Journal of Portfolio Management
25(4), 76–85. Summer 1999.

[11] Browne, S. (2000). Risk constrained dynamic active
portfolio management, Management Science 46(9),
1188–1199.

[12] Dybvig, P.H. (1995). Duesenberry’s ratcheting of con-
sumption: optimal dynamic consumption and investment
given intolerance for any decline in standard of living,
Review of Economic Studies 62,
287–313.
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