Fake Alphas, Tail Risk and Reputation Traps

Marco Di Maggio*
Columbia Business School

mdimaggio@columbia.edu

June 6, 2015

Abstract

This paper develops a model of active asset management where a fraction of man-
agers have skill and invest alongside unskilled managers who can generate active
returns at a disutility. Because of agency frictions, star funds exploit their status by ex-
tracting higher rents from investors and by exposing them to tail risk, while poor per-
formers may end up in a reputation trap, limiting their ability to attract investment.
These effects exacerbate fluctuations, especially in times of high-volatility. Moreover,
there exists a feedback effect between the managers’ reputation and the compensation

for selling disaster insurance, which exacerbates agency frictions.
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1 Introduction

In 2008 the global asset management industry managed a total of $90 trillion, through
pension funds, mutual funds and hedge funds. This tallies with the substantial increase in
the institutional ownership of corporate equity, from 7.2% in 1950 to 78% in 2007 (French
(2008)).! Their sheer size and the ability to engage in sophisticated trading strategies
through leverage, derivatives and short positions makes institutional investors key play-
ers in the financial markets. Moreover, their performance is monitored constantly by cap-
ital providers (investors and lenders), which means fund managers must be concerned
with perceptions of their ability or reputation.

However, the effectiveness of market discipline in shaping institutional investors’ con-
duct has been seriously challenged by the recent financial crisis. The collapse of financial
markets’ discipline has been cited as a key element of crises by the Federal Reserve chair-
man, Ben Bernanke: “Market discipline has in some cases broken down.”> What is more,
institutional investors can amplify aggregate shocks by taking excess risk (Huang et al.
(2011)), riding bubbles (Brunnermeier and Nagel (2004)) or hoarding liquidity when it is
most needed (Ben-David et al. (2012)).% Is it possible that these distortions are due to
managers’ desire to make and keep a good reputation? How does market discipline in-
teract with aggregate uncertainty to affect fund managers’ strategies? In this paper, we
show that market discipline may in fact generate perverse incentives and induce more
risk-taking and higher agency costs, especially in times of high-volatility.

We begin with a model of intermediation with two classes of agents, households
and investment specialists (fund managers), and analyze the households” and specialist’s
problems jointly. Specialists have the expertise to actively invest in financial markets,
while households can only invest in a benchmark portfolio. The specialist invests in the
risky asset on the households’ behalf and is rewarded with a fixed fee and a performance
tee. We can think of the specialist as the manager of a financial intermediary that raises
funds from investors or as a fund manager who can actively manipulate the returns on
his fund’s portfolio. However, this intermediation is subject to moral hazard, in that spe-

cialists can generate returns by exploiting their stocks-picking ability or by timing the

'The Investment Company Institute (2009) reports that assets of equity mutual funds total $3.8 trillion
at the end of 2008, and that 87% of those assets are under active management, as opposed to being index
funds.

2Statement by Chairman Ben S. Bernanke on December 18, 2007.

3In a good number of instances financial institutions deliberately misled investors. Two among many
cases are those of Bear Stearns High-Grade Structured Credit Fund, which misled investors into a sinking
fund, and fund manager David Einhorn, whose short selling notoriously helped to bring down Lehman
Brothers. (New York Times, June 20, 2008)



market, but they have short-sighted incentives to mislead the households by manipulat-
ing returns and riskiness.

We first capture the specialist’s stock-picking ability, defined as the possibility of gen-
erating active returns at a disutility as in Glode (2011) and Buffa et al. (2014), to show
how reputational concerns aimed at relaxing agency problems impact on specialists” in-
centives. The model envisages “skilled” specialists, who have an advantage in generating
persistent positive returns (true alphas), and “unskilled” ones who incur a cost to find the
most profitable investment opportunities (fake alphas). A specialist’s reputation is defined
as the households’ belief that the specialist is “skilled". Specialists” reputations change
over time as households observe the returns on investment. Unskilled specialists want
to pool themselves with the skilled in order to attract more investment and earn higher
commissions. The fear of reputation loss, therefore, leads unskilled specialists to identify
the investment strategies that will generate excess returns over the risk-free asset.

The first main result of the model is its rich equilibrium dynamics. One can identify
three regions, depending on the level of the specialist’s reputation: a reputation-exploitation
region, in which good-reputation specialists extract the rents associated with their “star
status” by maximizing their short-term payoff; a reputation-building region, where special-
ists with intermediate reputations try to improve them by delivering higher returns, but
at a rate that is decreasing in their perceived reputation; and the reputation trap region for
specialists with poor reputations, where households’” confidence in their ability is so low
that they refuse to entrust any more capital, which eliminates their chances of improving
their reputation.

These results relate our paper to the seminal framework introduced by Berk and Green
(2004). However, while Berk and Green (2004) show that performance may not be persis-
tent if the investors allocate their funds to the best-performing funds and the latter have
lower returns in managing larger asset volumes, in our model, fund managers are not
characterized by decreasing returns to scale in performing their investment strategies.
Rather their reputation concerns endogenously generate similar implications. In fact, as a
manager improves his reputation, he acquires more and more assets and his incentive to
exploit his reputation also increases.

In a crisis, the agency costs are exacerbated by the high-reputation specialists” incen-
tives to act myopically. We show, in fact, that as market volatility increases unskilled spe-
cialists become more likely to get caught in a reputation trap, while unskilled specialists
are more likely to be lucky and attract households’ funds. Intuitively, in a more volatile
market it is harder for the specialist to affect households’ beliefs, which squares with the
evidence in Huang et al. (2011). Due to the effect of households’ learning processes,



high-reputation specialists also have more incentive to exploit their reputation, because
they expect their actions not to affect households’ investment decisions. This carries two
implications: higher turnover among intermediaries during crisis than during boom, if
they are forced to exit the market when they lose their households’” support; and second,
a shrinking of the region in which the specialist exerts higher effort, so that precisely at
the time when households would most need the specialist’s guidance, the specialist has
less incentive to work for higher returns.

We then extend the model to capture aggregate uncertainty about the state of the
economy and the possibility that specialists can time the market. The model can capture
market-timing ability by assuming that the economy is subject to disaster risk - the rele-
vance of which has been brought out by the recent financial crisis - and the intermediary
can determine investors” exposure to it. For instance, Kelly and Jiang (2012) show that a
significant part of hedge fund returns can be viewed as compensation for selling disaster
insurance. A rationale for this behavior is that specialists seek to enhance their reputa-
tion by capturing a positive premium for exposing their households to such risk. We
analyze this possibility in a general equilibrium framework where the reward from sell-
ing disaster insurance, namely the premium, is endogenously determined by risk-averse
market-makers.

Specifically, we show that even when the specialist has the possibility of hedging dis-
aster risk, he may elect not to do so. We consider two different cases: the investors might
withdraw their capital from all the funds if the tail risk materializes i.e. a “flight to safety”
episode; alternatively, the investors might reward the managers who are able to hedge the
tail risk and outperform the market, i.e. investors “bet on the mavericks”. The intuition is
that in the event of a flight to safety the specialist will lose households” support indepen-
dently of his behavior (which happens when the tail event is expected to be particularly
severe), which increases his incentive to misbehave before the occurrence of such events.
In fact, by exposing the households to this tail risk the specialist captures a positive pre-
mium, and he might induce returns-chasing investors to update their beliefs about his
type and entrust more capital to the fund. This enables him to improve his reputation,
which means that agency costs increase as the specialist can exert lower effort than in
absence of tail risk.

However, fund managers like John Paulson, Greg Lippman or Michael Burry shot to
fame and fortune with investment strategies that paid off during the subprime housing
market crash and were rewarded with significant inflows after the crisis. We can capture
this possibility in reduced form by assuming that if they hedge against the tail risk, fund

managers are going to be rewarded with higher expected profits in the future. We show



that even in this case, managers might prefer to increase short-term returns by exposing
the households to tail risk, because betting on the crash is costly, and it leads to a decline in
reputation in the short run. More importantly, we show that there exists a novel feedback
loop between the specialist’s reputation and the premium. In fact, in equilibrium as the
specialist’s reputation increases, the market makers expect the specialist to be skilled with
higher probability, they fear to be on the wrong side of the market, which induce them to
charge a higher premium. This, in turn, increases the specialist’s incentive to expose his
portfolio to tail risk even more, as a high premium will boost his short-term performance,
which further improves his reputation. Thus, prices and incentives are linked through
the effect of reputation.

In other words, when the crisis is expected to be severe and persistent, specialists
strategically choose to get over-exposed to tail risk due to their reputation concerns in ad-
vance of the crisis. Then market discipline, instead of incentivizing the specialist to pro-
tect households from fluctuations actually makes them more vulnerable. This also implies
that in normal times, it is very hard for households to distinguish between high-skilled
specialists and those who sell disaster insurance, because their returns can be similarly
high.

The model delivers several novel empirical implications concerning the specialists’
behavior over the business cycle. Some of these predictions find support in existing em-
pirical studies, while others provide new testable implications. We describe some of these
results here and provide a more exhaustive discussion of the empirical implications of our
results in the body of the paper. First, high-volatility phases are amplified by the interme-
diaries that manage to attract funds even when unskilled, which increases the riskiness
of households’ portfolios. Second, these intermediaries’” track record should significantly
affect their portfolio allocation. In particular, a series of positive shocks to returns affect
the type and the riskiness of the strategy the specialist will pursue in a non-monotonic
tashion. Third, the incentives to use tail risk exposure to enhance reputation change over
time, which means that intermediaries” portfolios should become more and more nega-
tively skewed as they expect market turmoil. Finally, as the premium that can be captured
by exposing to tail risk increases, unskilled managers will have stronger incentives to sell
disaster insurance, which will boost their performance and their reputation, accelerating
the downward spiral. These implications can be expected to reinforce policy makers’ ef-
forts to regulate the financial industry. In fact, the financial crisis has demonstrated the
importance of the role played by institutional investors, but so far the discussion has fo-
cused on their explicit incentives, mainly bonuses and stock options, and how these affect
risk-taking. Here, we show that a neglected factor is implicit incentives, which might make



specialists” actions procyclical.

Relation with the literature. To the best of our knowledge, the study of the role
played by reputation concerns in conjunction with the possibility of both stock-picking
and market-timing ability has been largely unexplored by both the theoretical and the em-
pirical literature. Few exceptions are Kacperczyk et al. (2012), Kacperczyk et al. (2014),
Kelly and Jiang (2012), DeMarzo et al. (2012) and Makarov and Plantin (2015). Kacper-
czyk et al. (2014) finds that the same fund managers that pick stocks well in expansions
also time the market well in recessions, and Kacperczyk et al. (2012) propose a model
based on rational inattention to explain this evidence. Kelly and Jiang (2012) show that
tail risk is a key driver of hedge fund returns in both the time-series and cross-section,
while DeMarzo et al. (2012) and Makarov and Plantin (2015) consider optimal incentive
contracts that deter fund managers from putting the firm at risk of a low probability “dis-
aster” or from creating “fake alphas”. We provide a unifying framework to study the
interaction between stock-picking and market-timing ability when no optimal contracts
are available and the specialist is concerned about his reputation.

More generally, this paper contributes to the literature on career concerns in financial
markets, which has shown that institutional investors’s incentives to boost their reputa-
tions might lead to several distortions such as: herding behavior (Scharfstein and Stein
(1990), Zwiebel (1995), Dasgupta et al. (2011) and Ottaviani and Sorensen (2006)), the
prevention of information aggregation (Dasgupta and Prat (2006) and Dasgupta and Prat
(2008)), limited ability to pursue arbitrage opportunities (Shleifer and Vishny (1997)), and
the amplification of price volatility in financial markets (Guerrieri and Kondor (2012)).*
An important difference between our work and these papers is that we assume that the
fund manager knows his type, which generates asymmetric information between the in-
vestors and the manager. Moreover, we jointly characterize the manager’s and the in-
vestors’ problems and we endogenize the returns on the tail-risk strategy. Our results on
the feedback effect between the premium generated by selling disaster insurance and the
fund manager’s incentives relate to a recent paper by Buffa et al. (2014). They study the
joint determination of equilibrium asset prices and fund managers’ contracts including
the extent of benchmarking, and argue that agency frictions exacerbate price distortions
and generate a negative relationship between risk and returns. We fix the contract and
derive the manager’s optimal behavior as a function of the capital invested in the fund
and his reputation.

Other studies that model learning about managerial skill include Lynch and Musto

4Other related papers on delegated asset management include Cuoco and Kaniel (2011), Glode (2011),
Gervais and Strobl (2012) and Kaniel and Kondor (2013).



(2003), Berk and Green (2004), Dangl et al. (2008) and Malliaris and Yan (2010).° In a sem-
inal paper, Berk and Green (2004) were able to reconcile the early evidence on fund man-
agers’ behavior (Jensen (1968), Carhart (1997), Chevalier and Ellison (1997), and Sirri and
Tufano (1998)), showing that performance may not be persistent even when managers
have heterogeneous skills, if the investors allocate their funds to the best-performing
funds and the latter have lower returns in managing larger asset volumes. In our model,
fund managers are not characterized by decreasing returns to scale, but their reputation
concerns endogenously generate similar implications: as a manager improves his repu-
tation, he acquires more and more assets and his incentives to exploit his reputation also
increase. With a focus similar to ours, Malliaris and Yan (2010) link the skewness of funds’
strategies with managers’ career concerns. Unlike that paper, here we set out a rich but
tractable dynamic model that allows us to characterize the investors’ delegation decision
and the fund manager’s investment strategy simultaneously. Moreover, as we shall see in
Section 5, the combination of reputation-building motives and tail risk generates a new
set of empirical implications.®

Finally, our dynamic model relates to the growing literature that uses continuous
time techniques to find optimal contracts in dynamic principal-agent relationships (San-
nikov (2008), Biais et al. (2007), He (2009), Zhu (2012)); characterize the equilibrium in
games of imperfect public monitoring (Sannikov (2007) and Sannikov and Skrzypacz
(2010)); analyze the capital structure of the firm (DeMarzo and Sannikov (2006) and
Bolton et al. (2011)); analyze financial frictions in macro general equilibrium models
(Brunnermeier and Sannikov (2014), He and Krishnamurthy (2013) and He and Krishna-
murthy (2012)) and provide a recursive characterization of equilibria in reputation games
(Faingold (2005), Board and Meyer-ter Vehn (2013) and Faingold and Sannikov (2011)).”
Methodologically, the paper most closely related to the present one is Faingold and San-
nikov (2011), which characterizes the conditions that guarantee a unique equilibrium out-
come. We complement that analysis by highlighting the role of reputation in shaping the
risk taken by fund managers and how it is affected by the endogenous response of the
premium captured by selling disaster insurance.

The paper is structured as follows. The next section presents the basic framework,
highlighting the key friction between investors and intermediaries. Section 3 shows how

market discipline shapes managers’ behavior over time. Section 4 introduces aggregate

50n the theory side Basak et al. (2007) and Chapman et al. (2007), among others, characterize managers’
optimal portfolio choice in the context of a convex flow-performance relationship.

Other related papers include Garcia and Vanden (2009) and Malamud and Petrov (2014) which show
the effect of competition and of the convexity of the managers’ fee on prices in static settings respectively.

’For a survey of this literature see Sannikov (2012).



uncertainty to capture tail risk and to show that reputational concerns can lead managers
to amplify aggregate fluctuations by trying to boost short-term performance. To conclude,
Section 5 reviews the empirical evidence on the model’s testable predictions and discusses
extensions, and Section 6 concludes.

2 The Basic Model

Overview. We propose a continuous-time model with two classes of agents, retail investors
and specialists. We are going to examine the behavior of the representative specialist. The
specialist has the technology or the know-how to actively invest in a risky strategy that
the retail investors cannot follow directly, so specialists receive compensation for invest-
ing in the risky asset on the investors’ behalf. In terms of banking models, we can think
of the specialist as the manager of a financial intermediary that procures resources from
the investors or, alternatively, as a fund manager whose skill is unknown to the investors.
This specialist will then provide the investors access to investment opportunities and
securities that might potentially deliver higher returns. The key friction is that this inter-
mediation relationship is subject to moral hazard. That is, the returns of the risky asset
depend crucially on the specialist’s actions. Whereas the literature has focused mainly on
designing the optimal contract to mitigate moral hazard, our model analyzes the effect
that reputational concerns have on the specialists” behavior. In this section, we present
the basic framework, and in Section 4 we extend it to allow the specialist to attempt to
time the market by affecting the investors” exposure to tail risk.

Setup. We consider an economy with a risk-neutral specialist facing a continuum of
risk neutral investors in a continuous-time repeated game. At each time t € [0, 0), each
investor i € I = [0,1] chooses the fraction of his unit wealth k. € [k, 1] to invest with
the specialist, while the remainder 1 — k! is invested in a benchmark portfolio that pays
a return r;. For simplicity and without loss of generality, we assume that the benchmark
portfolio is riskless. The lower bound k > 0 can be interpreted as the fraction of funds
invested that are not costless to withdraw.® The specialist invests in a strategy that is sub-
ject to idiosyncratic diffusion risk, and whose per dollar returns in excess of the riskless
rate are

dR; = aydt + 0dZ; (1)

where a; € [0, «] is an unobserved action that the specialist takes at each point in time,

81f k = 0, then the analysis would be unaffected, with the only difference being that the specialists with
no funds to manage would leave the market.



while Z; = {Z;, 1,0 < t < oo} is a standard Brownian motion on a complete probability
space (O}, F,P), and o is a positive constant capturing the volatility of returns. Then,
(R¢)4~( is a noisy public signal whose evolution depends on the choice of effort a;. The
assun_1ption that only the drift of dR; depends on the specialist’s action corresponds to the
standard constant support assumption in discrete-time repeated games, and there is no
loss of generality in assuming that the specialist’s action affects the drift of the strategy
returns (1) linearly.” The specialist cannot directly influence the volatility of returns ¢, as
in this case his action would become immediately observable.

We assume that the investors are anonymous: at each time ¢ the public information
includes the aggregate distribution of the investors’ actions k;, which captures the assets
under management at time f, but not any individual investor’s action. This represents the
fact that investors are dispersed and cannot write an explicit contract with the specialist,
as is usually the case in the retail asset management industry. Therefore, the specialist
must rely on his reputation to induce investors to place capital with him.

Contracts and Payoffs. Contracts can be described by two parameters: a management
fee f and a performance fee y. We assume that both are fixed characteristics of the fund.
The management fee is restricted to be non-negative and is per-dollar-managed. The
performance fee is symmetric: for example, if at instant ¢ the specialist has a return Ry,
his compensation will be v (R; — f) + f per dollar managed, while the investors would
receive (1 — ) (Rt — f). The performance fee contract can be thought of as an option of dt
maturity on the performance and continuation value of the relationship with investors.
If the specialist decides to exercise the option, he "receives" the (potentially negative)
performance payment and continues the relationship; if he chooses to rescind the contract
the last transfer payment is not made and the specialist exits the market.'

Investors have identical preferences, and by investing a fraction ki of his capital with
the specialist, each investor i receives the following expected flow payoff at time ¢:

u (at,k§> =ki(1—7) (ar— f) + (1 —ki) s

At each point in time, the investor has one unit of capital to invest and decides what
fraction to invest in the fund and what fraction to allocate to the benchmark portfolio,
anticipating that the returns to the fund depend on the specialist’s effort choice 4;.

Given the aggregate investment strategy k, the specialist obtains the following flow

9By Girsanov’s theorem the probability measures over the paths of two diffusion processes with the
same volatility but different bounded drifts are equivalent, i.e. they have the same zero-probability events.
19This symmetry in fees is crucial for tractability as noted by Moreira (2013).



payoff
7T (at, ]Zt) = ]_C,} (’)/ (at — f) +f) — atbkt —L

where parameter b € (v, 1) captures the degree of misalignment between the two agents,
and k; is the aggregate investment with the specialist. That is, there exists a conflict of
interest between the specialist and the investors, in that a specialist might suggest cer-
tain financial products instead of others in order to gain additional fees if that product
is sold. As noted in the introduction, this possibility gained particular attention recently
during the financial crisis, with subprime mortgages sold to investors that were instead
eligible for the prime market.!’ Parameter b might also capture the private benefits to the
specialist from diverting the funds into other privately optimal strategies.

Action a; can be interpreted in various ways. First, it can be seen as a reduced form
for the effort exerted by the specialist in picking stocks, i.e. acquiring information on the
companies to invest in if (1) is a value strategy. Second, we can think of a; as the probabil-
ity with which the specialist suggests the best products given his costumers’ preferences;
in this case, a lower a; means that the specialist is more prone to sell the products on
which he earns higher commissions, no matter what his investors’ preferences are.'? Fi-
nally, the model is isomorphic to a setup in which the specialist can divert cash flow as
assumed in the literature on dynamic contracting (see DeMarzo and Sannikov (2006) and
Biais et al. (2007)).

While a specialist has more incentive to mislead his customers as the capital invested
increases (as captured by the term atbky), he might incur additional costs that are unre-
lated to the capital managed, which we capture with the parameter L. This cost might
capture, for example, the running cost of the company, or the cost of hiring a quantitative
research team.

Information Structure. While the investors” payoff is common knowledge, there is un-
certainty about the type of the specialist 8. At time t = 0 investors believe that with
probability pp € (0,1) the specialist is a skilled type (¢ = S), who always chooses action
a; = « > 15, and that with probability 1 — pg the specialist is an unskilled type (6 = U),
who maximizes the expected value of his profits discounted at rate r. This is meant to cap-
ture the idea that investors are unaware of the specialist’s incentives, that is, they do not

"n a comment on the causes of the subprime mortgage crisis, The Economist observes that “many cus-
tomers appear to have been encouraged to take out loans by brokers more bothered about their fees than
their clients” ability to repay their debts” (“The trouble with the housing market,” March 24, 2007, 11).

12More precisely, as in the credence good literature (see among others Pesendorfer and Wolinsky (2003)
and Bolton et al. (2007)) his action a4; is the effort spent in matching investors’ preferences with financial
products. The signal dR; could be the returns of the products suggested or the utilities derived by the
investors and the parameter ¢ can capture the transparency of the market.

10



know whether there may be products to which the specialist would prefer to steer his cus-
tomers. The skilled type can be thought of as the specialist who has no conflict of interest
b = 0, who then chooses «, or as the specialist who possesses superior skill and can persis-
tently generate a true alpha. Moreover, these incentives are persistent, which means that
the specialist has the opportunity to build a reputation for honest management. Thus, the
skilled specialist can be thought as a commitment type (Kreps and Wilson (1982)) while
the unskilled is a strategic agent who tries to boost his reputation by imitating him.

Although fund managers and investors observe the fund’s returns (dRs, s < t) before
choosing a; and k;, for the purpose of their respective decision problems, the history of
fund returns can be summarized in the specialist’s reputation p;.

Strategies and Equilibrium. A public strategy of the specialist is a random process (a;),~
with values in [0, «] and progressively measurable with respect to (F}),~- Similarly,_a

public strategy of investor i is a progressively measurable process (k),. , taking values

>0
in [k, 1]. In the repeated game, the investors formulate a belief about the specialist’s type
following their observations of (R;),~o. The belief process is a progressively measurable
process (pt)~ taking values in [0, 1], where p; denotes the probability that the investors

assign at time f to the specialist being the skilled type.

Definition 1 A public sequential equilibrium consists of a public strategy profile (at);~ of the
unskilled specialist, a public strategy (ki) 1> for each investor i and a belief process (pt);~ such
that at all time t > 0 and after all public histories,

1. The strategy of the specialist maximizes his expected payoff
E; {/ re "1t (a5, ks) ds — L | 6 = U} ,
0
2. The strategy of each investor i maximizes his expected payoff
piE; {/0 re”"u (oc,ké) ds| 0= S} + (1 —py) E; {/0 re "u (as,ké> ds |6 = U]

3. Beliefs (pt);~q are determined by Bayes’ rule given the common prior po.

A strategy profile satisfying condition (1) and (2) is called sequentially rational. A belief
process satisfying condition (3) is called consistent. We are going to solve for an equilib-
rium Markovian in p.

We can simplify the above definition in two ways. First, since the investors have iden-

tical preferences, we work with the aggregate strategy (k;),. , rather than the individual

11



strategies (ki) j~o- Second, since the behavior of any individual investor is not observed
by any other player and cannot influence the evolution of the public signal, the investors’

strategies must be myopically optimal. Thus, we say a tuple (at, kt, pt),. , is a public se-

£>0
quential equilibrium if, for all + > 0 and after all public histories, conditions (1) and (3)

are satisfied, and if

ke argk;gﬁcﬁ] pru (0, k') + (1 — pe) u (ar, k') Vk € supp (k).

Finally, note that for both pure- and mixed-strategy equilibria, the restriction to public
strategies is without loss of generality. For pure strategies, it is redundant to condition
a player’s current action on his private history, as every private strategy is outcome-
equivalent to a public strategy. For mixed strategies, the restriction to public strategies
is without loss of generality in repeated games with signals that have a product structure,
as in the repeated games that we consider. To form a belief about his opponent’s private
histories in a game with product structure, a player can ignore his own past actions as

they do not influence the signal about his opponent’s actions.

3 Analysis

In this section we develop a recursive characterization of public sequential equilibria,
which we then use throughout the paper. Lemma 1 and Lemma 2 are intermediate steps
that characterize the evolution of investors” beliefs and the specialist’s Hamilton-Jacobi-
Bellman (HJB) equation. Proposition 1 shows a few basic properties of the specialist’s
equilibrium value function and sets the stage for the equilibrium characterization pre-
sented in Proposition 2. The main result of this section is set forth in Proposition 2, which
describes the equilibrium behavior of specialist and investors and the resulting dynamics.
The next section is devoted to the comparative statics with respect to the main parameters
of the model.

A natural state variable in our model is the investors’ belief p about the specialist’s
type. We start by characterizing the stochastic evolution of the investors’ posterior beliefs
on and off- the equilibrium path in the following lemma.

Lemma 1 (Belief Consistency) Given prior belief p, € [0,1], a belief process (pt),~ is consis-
tent with a public strategy profile (4, k)~ if and only if

dpr = [x (&, 8, p1) (ar —a(pr)) /o) dt + x (a4, p;) dZ] )

12



where for each (a,p) € [0,a] x [0,1],

x(@a,p)Epl—p)o"(a—a)

A

a(p) = pat(1—p)a
cdZ! = aydt + cdZ; — (proc + (1 — py) 4;) dt

Note that in the statement of Lemma 1, (4;),- is the strategy that the investor thinks
the unskilled specialist is following. Thus, when the specialist deviates from his equilib-
rium strategy, the deviation affects only the drift of (R;),.,, but not the other terms in
equation (2). In fact, unexpected changes in the observation process cannot raise volatil-
ity, since they are unobserved.

Equation (2) highlights the two separate forces that drive the updating. The drift term
X (a,d,p) (a—a(p)) /odt takes into account the possibility that the specialist may devi-
ate from the expected choice of effort. In expectation, this term is zero, i.e. E (a) = a (p),
but this is useful in the computation of the optimal action for the unskilled advisor. In
contrast, the diffusion term in (2) captures the influence of the observed signal on the evo-
lution of beliefs. Z! being a Brownian motion, this part of the updating is completely un-
predictable. Intuitively, this expresses the fact that the current belief already incorporates

everything that is known, so any change must come as a surprise. The representation
O'de = Iltdt + U'dZt — (pt(x + (1 — Pt) ﬁt) dt

confirms this, showing that the change in beliefs depends on the difference between the
realized signal, a;dt 4+ cdZ;, and the expected signal a (p) dt.

The coefficient x («, 4, p) of equation (2) is the volatility of beliefs: it reflects the speed
with which the investor learns about the specialist’s type. The lower the noise level o,
or the greater the difference between the drifts produced by the two types a — 4, the
more informative the signal and more pronounced the change in beliefs when the signal
is observed. This is only relevant, of course, when the investors are not certain of the
current type. For p = 0 or 1, the investors rule out any possibility of learning from the
signal, i.e. the diffusion term vanishes no matter what action is taken. Once investors are
certain of the specialist’s type, their beliefs become insensitive to his performance.

We turn to the analysis of the specialist’s problem. Since we are looking for an equi-
librium that is Markovian in the investors’ belief, we derive his HJB equation V (p) as a
function of the belief p. The specialist’s problem is to find a policy function a (p;) that
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solves the following problem

V(p) & V (a,
(P) u:[O,Ilr]liX[O,a] (ll P)

subject to the stochastic evolution of beliefs p derived in Lemma 1 and a; £ a (p;). The

following lemma derives the specialist’s value function as a function of investors’ beliefs

P-13

Lemma 2 (H]JB Equation) Given the investor’s beliefs p, investor’s strategy k and the expected
action 4, the specialist’s H]B equation is given by

Vi) = max (o B) + X [ )V () ®

A

~ 2 2
X ((0;/ Trpp)t) V/ (p) + X (IXI azt/ pt) V// (p)

The specialist’s value function has an intuitive interpretation. When choosing his ef-

fort, the specialist maximizes the sum of his flow payoff and his continuation value, con-
sidering how his decision a affects what the market learns about his type and the resulting
impact on his reputation. That is, he weighs the short-run benefits of lowering the opti-
mal action a against the change in his value function V' (p) due to the market’s updat-
ing about his type 6. Specifically, exerting greater effort enables the specialist to capture
higher incentive fees 7y but prevents him from capturing the broker fees b. This describes
his flow payoff. What prevents the specialist from fully exploiting his position, however,
is that lower a with the consequent poor performance, adversely affects his reputation p,
which in equilibrium results in lower future investment k.

To show how these different forces play out in equilibrium, we now turn to the condi-
tions that characterize sequential rationality. The investors’ problem is straightforward; in
fact, since they are anonymous, they cannot do better than maximize their short-sighted
payoff:

k€ arg max [k (1-9) @(p) = f)+ (1K) r]. 4)

Recall that @ (p) = prv + (1 — p:) d¢ is the expected return on the investment as a function
of the expected effort level 4.

The specialist’s problem is considerably more complex, because in optimizing he takes
into account the effect that his action at time t will have on the investors’ beliefs, which

13We assume L < M = V (1) .If this parametric assumption is not satisfied, then the specialist never

participates to the market.
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changes his continuation value. A public strategy (a:),- is sequentially optimal if for all
t > 0 and after all public histories

a; € arg max ks (y—=1D) a/+MV/(

/
a'€[0,a] ro pla.

This condition characterizes the specialist’s optimal choice of effort as a function of
the belief p and of the reputational sensitivity A = WV’ (p). The latter measures
the importance of his continuation value for the specialist. The higher the reputational
value A, the greater the effort he exerts. Intuitively, the specialist will make greater effort
when the benefit V' (p) of doing so is greater, i.e. when his future payoff is more sensitive;
when the market is more transparent, i.e. low ¢ and when he is more patient, i.e. lower
r. The incentives to imitate the skilled specialist are weaker when the investors are more
strongly convinced about the specialist’s type, namely when p is close to zero or one as
A — 0 in these cases.

Before characterizing the equilibrium, we show the following result:

Proposition 1 (Value function) There exists a unique bounded value function V (p) - increas-
ing in the investors” belief p and decreasing in the volatility o and in the conflict of interest b -
that solves the specialist’s H]B equation.

This result ensures the existence of a solution to the HJB equation and highlights the
effects of the main parameters of the model on the unskilled specialist’s equilibrium pay-
off. The first thing to notice is that this is a model in which reputation is good, i.e. allows
the specialist to commit (at least imperfectly) to the efficient action and generate a positive
alpha.'* This explains why his equilibrium payoff is increasing in the reputation p: intu-
itively, better reputation means he attracts more funds and at the same time, irrespective
of his effort choice, the fund is more attractive to investors.

It is interesting to consider how the equilibrium payoff of the specialist is affected
by the volatility of returns. Figure 1 shows that greater volatility, or equivalently lower
market transparency, reduces the specialist’s equilibrium payoff. The main channel is the
way in which volatility ¢ affects investors” learning. Higher ¢ means that it is harder for
the specialist to improve his reputation, because positive returns will be interpreted as
the result of luck rather than effort.

Finally, since b is the main parameter gauging moral hazard, we study how an increase
in the severity of moral hazard might affect the specialist’s ability to gain profits. Propo-
sition 1 shows that a sharper conflict of interest with the investors reduces the specialist’s

4For an example of a model of "bad" reputation see Ely and Valimaki (2003).
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Figure 1: The specialist’s value function as a function of his reputation.

equilibrium payoff, because it becomes more costly for him to take the long-term optimal
action. This affects the investors” optimal investment policy k adversely.

Now we can characterize the equilibrium behavior of the specialist and the investors.
Since effort is costly for the specialist and the investors’ payoff is linear in expected effort
a, the specialist chooses the lowest value of a that makes the investors choose a positive
level of capital k. Call this value a* (p) . This choice of effort can then be substituted into
the first order condition for the specialist in order to specify the level of capital k* (p) that
is incentive-compatible with the specialist’s exerting effort a* (p). The strategy profile
(a* (p),k* (p)) can then be substituted into the specialist’s HJB equation (3) in order to
get a second-order differential equation in p.

We can now state the main result of this section:

Proposition 2 (Equilibrium) There exists a unique public sequential equilibrium characterized
by two cutoff values, p and p for the specialist’s reputation, such that

Forp <p, (a*,k*) = (0,k);

_ * LK\ rS+f(1_fY) p . A .
Frp<p @) = (G2 o™ )
Forp>p, (a*,k")=(0,1).

The dynamics of the effort choice in equilibrium is shown in Figure 2. First, when in-
vestors are not going to respond to good performance, the specialist’s continuation value
becomes insensitive to his performance, in turn reducing his incentive to exert effort.

Lower expected effort leads investors to allocate a smaller fraction of their capital to the
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Figure 2: The equilibrium strategy of the specialist as a function of his reputation.

fund, up to the point where they do not find it worthwhile to invest at all. That is, there
exists a reputation trap: the specialist does not exert any effort because the cost is greater
than the gain to his continuation value.

Notice that even if in expectation the specialist is not going to escape the trap —because
the investors’ beliefs have a negative drift, which means that in the long-run the special-
ist’s reputation converges to zero — after a sufficiently long series of good performance
the specialist’s reputation can get back above the threshold. That is, since performance
is noisy and subject to shocks, reputation can improve enough for investors to find it
optimal to invest again.

Second, for intermediate reputation values there exists a reputation-building region,
where the specialist exerts positive effort enabling him to mimic (imperfectly) the choice
of the skilled specialist. Greater effort increases expected returns and incentivizes in-
vestors to allocate capital to the fund. This is where we expect most of the funds to
be. Good performance affects reputation positively, because investors are still uncertain
about the specialist’s type, which means that their choice k will be sensitive to the ob-
served returns. This in turn incentivizes the specialist to exert effort over time, which
boosts their returns as shown in Figure 2.

Finally, when reputation is sufficiently good, a positive level of effort becomes unsus-
tainable in equilibrium, because the investors are willing to invest even if they expect
zero effort from the unskilled specialist. Intuitively, when reputation is high enough, the
specialist starts to behave more short-sightedly, extracting more surplus from the relation-
ship with the investors. That is, there exists a reputation-exploitation region. This region

corresponds to the case of a fund that has already gained the "star status" that enables
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Figure 3: Sample path of returns generated by the strategic specialist in the three different
regions.

the specialist to attract more investors thanks to past performance, while current perfor-
mance becomes less relevant to the investors’ choice. That is, the specialist is rewarded
with capital inflows, even if he does not outperform the relevant benchmarks as shown in
the rightmost region in Figure 2. One might well interpret the equilibrium in this region
in the light of some recent scandals. Fund managers like Bernie Madoff or financial advi-
sors like those at Washington Mutual or Goldman Sachs, had the opportunity to deceive
their clients, because they were able to gain the trust of the market. Figure 3 shows an
example of the corresponding returns generated by the unskilled specialist as a function
of his reputation.

Interestingly, while Berk and Green (2004) show that performance may not be per-
sistent if the investors allocate their funds to the best-performing funds and the latter
have lower returns in managing larger asset volumes, in our model, fund managers are
not characterized by decreasing returns to scale. Rather their reputation concerns en-
dogenously generate implications that are similar to Berk and Green (2004). In fact, as a
manager improves his reputation, he acquires more and more assets and his incentives to
exploit his reputation choosing a lower a also increases, meaning that performance will
not persist over time. The effect of size on performance has been recently analyzed em-
pirically by Reuter and Zitzewitz (2010) and Pastor et al. (2013). Reuter and Zitzewitz
(2010) exploit the fact that small differences in mutual fund returns can cause discrete
changes in Morningstar ratings that, in turn, generate discrete differences in mutual fund
size to identify the causal impact of fund size on performance. Their estimates do not
support the hypothesis that fund size erodes fund returns, which is consistent with the
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non-monotone relationship between reputation and returns of our model. Similarly, Pas-
tor et al. (2013) do not find decreasing returns at the fund level. Interestingly, they show,
instead, that a fund’s performance typically declines over its lifetime, which is consistent
with the prediction of Proposition 2 and Figure 2.

A similar rich dynamics to the one presented in Figure 2 is provided in Liu (2011). He
proposes a model where customers must pay to observe the firm’s past behavior and the
equilibrium structure features accumulation, consumption, and restoration of reputation.
Limited record-keeping is shown by Liu and Skrzypacz (2013) to give rise to “reputa-
tion bubbles” in which short-run players drive up the reputation bubble by giving more
and more trust to the opportunistic long-run player under perfect knowledge of his type,
because they understand that the opportunistic player has incentives to build up his rep-
utation in order to exploit it even more in the future.!” In our setting there is no limited
record-keeping, nevertheless, owing to the noise in the returns dR;, the specialist can still
exploit his reputation without being found out immediately. The role of reputation in our
model is similar to the role played by trust in a recent work by Gennaioli et al. (2015).
They propose a model in which trust in the fund manager reduces an investor’s percep-
tion of the riskiness of a given investment, and gives managers the ability to charge fees.
In contrast, higher reputation in our setting results from better past performance and it
allows the manager to shirk more without inducing outflows. As in the reputation trap
we identify in Proposition 2, Bar-Isaac (2003) shows that a sufficiently long run of bad
luck could induce a seller to stop selling, because he cannot convince the buyers that his
products are high quality. In our setting, after a long enough sequence of negative shocks

o Z; driving his reputation down, the specialist can end up in a reputation trap.

3.1 Equilibrium Properties

The main point of this section is to further investigate the properties of this equilibrium
with a series of results on the equilibrium dynamics and comparative statics results for
the optimal action a* and for the investors” investment strategy k*. One of the main ad-
vantages of having a continuous time framework is the greater flexibility in characterizing
the effect of the parameters of the model on the equilibrium outcome.

One striking feature of the asset management industry is the extreme persistence and

15 Another interesting dynamics is proposed by Phelan (2006): a model in which the long-run player —
say the government — switches types over time, showing that governments that betray the public trust do
so erratically, that public trust is regained only slowly after a betrayal, and that governments with recent
betrayals betray with higher probability than other governments.
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Figure 4: The equilibrium strategy of the investors as a function of the specialist’s reputa-
tion.

very low variation in the charging fees.!® Then, it is important to understand how a
potential change in the fees might shape the specialist’s incentives, and how these formal
incentives interact with his objective to build a reputation. In particular, we are interested
in understanding how the contracting features affect the equilibrium effort choice. The
following proposition shows the answer:

Proposition 3 (Optimal action) The specialist’s action is non-monotone in the market’s belief
p, and increasing with the fees f and vy and with the investor’s outside option rs.

Note that, while f, o and r; are exogenous parameters, the market belief p is endoge-
nously determined in equilibrium. The specialist’s action is first zero for low reputation
levels, then it becomes positive but decreasing in p, and then it is zero again for high
enough level of reputation. In other words, for p > p, the specialist’s incentives to de-
ceive investors are increasing in the reputation he has built. The effect of reputation p
captures the idea that at a high level of reputation the specialist has a greater incentive
to deceive investors by exploiting their trust. But this effect is mitigated by the investors’
ability to choose the safe investment rs, and by the performance fee y. Intuitively, the fees
f and 7y measure how much the specialist cares about the returns, hence in a sense how
closely his interests are aligned with those of his investors. The effect of the investors’
outside option is driven by the specialist’s need to exert greater effort to compensate the

investors for the lost opportunity ;.

16For instance, Deuskar et al. (2011) show that during the period from 2000 to 2009 only 8% of all hedge
funds changed fees at least once.
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We turn next to the effect of market characteristics on the equilibrium dynamics of
Figure 2. In particular, how does the volatility of returns ¢ affect the possibility of ending
up in a reputation trap?

Proposition 4 (Reputation trap and business cycle) The threshold p is increasing in the cost
L, in the specialist’s patience r, and in the market volatility o.

Proposition 4 shows that the region in which the reputation trap can occur widens as
the volatility of returns (or, equivalently, the transparency of the market) decreases, as
shown in Figure 4. This is because the specialist expects his action to be less effective in
influencing investors’ beliefs (i.e. his effort is less productive). One implication is that
during a crisis, when the volatility of returns is particularly high (Schwert (2011)), the
specialist is more likely to be trapped in the [O, p} region and be unable to attract any
more funds from investors. This in turn carries two implications. First, there is greater
turnover among specialists during bust than during boom if they are forced to exit the
market when they lose the support of their investors. Second, the region in which the
specialist exerts more effort [p, ?} shrinks (as 7 stays the same), which means that just
when investors need the speci_alist’s guidance to get better returns, the specialist himself
has less incentive to produce higher returns. This connection between the business cy-
cle and the specialist’s incentives to exploit his reputation recalls Bar-Isaac and Shapiro
(2013): in relation to credit rating agencies, they show that the value of reputation de-
pends on economic fundamentals subject to cyclical variations and that the quality of
the ratings is countercyclical, because in boom periods, the outside options of current
and prospective employees improve substantially, making it harder and costlier for the
agency to retain high quality analysts.!” Our mechanism, by contrast, depends on the
investors” attempt to learn the specialist’s type. Intuitively, Proposition 4 shows that an
increase in the specialist’s patience r corresponds to a decrease in his effort level, because
he attaches greater weight to the cost of effort at time # and his reputation sensitivity A is
reduced.

Finally, we can characterize investors’ reaction to information about the specialist’s

performance in the following proposition:

Proposition 5 (Fund flows) The optimal investment k is increasing in the specialist’s reputa-

tion p, and is decreasing in o and b.

7That credit rating agency reputation is ineffective during booms is shown by Ashcraft et al. (2010),
with evidence that the boom in the issuance of mortgage-backed securities from 2005 to mid-2007 lowered
the quality of ratings. Griffin and Tang (2012) demonstrate that the agencies generally made positive ad-
justments to their models” predictions of credit quality and that these adjustments were correlated with
subsequent downgrades.
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Figure 5: The equilibrium strategy of the investors as a function of the specialist’s reputa-
tion.

Intuitively, these comparative statics results show that even if the investors are risk-
neutral, they are less willing to invest in a volatile environment, i.e. when the volatility of
returns ¢ is high, because it is harder for them to discipline the specialist, which in turn
decreases the expected returns of investing with him (see Figure 5). But as the specialist’s
reputation increases, so does investors’ expected payoff, which makes them more willing
to allocate wealth to the fund (higher k). Moreover, as the conflict of interest b intensifies,
the investors expect the unskilled specialist to have more incentives to exploit his repu-
tation, and accordingly they invest less. The two parameters ¢ and b can be interpreted
as two different aspects of moral hazard: b captures the strength of the incentive for the

specialist to manipulate his returns, ¢ the investors” ability to monitor the specialist.

4 Market Timing and Tail Risk

In the previous section the only source of risk postulated is the strategy risk cZ;. How-
ever, the financial crisis has demonstrated the importance of tail risk. The crisis has also
raised the problem of why financial intermediaries that have the expertise and knowledge
to detect tail risk nevertheless got so deeply exposed to it. For instance, Kelly and Jiang
(2012) show that a significant component of hedge fund returns can be viewed as the com-
pensation for selling disaster insurance. We suggest a rationale for this behavior, namely
the expectation that when these extremely rare events do happen they affect specialists’
continuation value, which in turn alters their incentives and their trading strategies in

the first place. Moreover, in our model the premium on these disaster insurance assets
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will be endogenously determined, and it will be a function of the specialist’s reputation,
which provides implications on the feedback loop between asset prices, the specialist’s
reputation and his incentives to invest in these assets.

Specifically, we assume that there is a disaster insurance asset in zero net supply, let us
call it a CDS for simplicity of exposition, which pays a premium p in each instant to the
seller. Upon the realization of the disaster, a holder of CDS receive —¢ with ¢ < 0. Thus,
the cash flow of CDS is

dC; = pdt + ¢dNy,

where dN; is a Poisson process with an intensity rate ¢, that is, the disaster is realized
at random time 7, and its realization is public knowledge.

We assume that the specialist chooses the exposure e; € [—1, 1] to this jump-event risk,
or equivalently his holdings of the CDS, being a price-taker with respect to the premium
p.'® Thus, the return equation becomes

th = atdt + U'dZt + edet (5)
= ((Zt + etp) dt +odZ; + et(det,

where e;p is the premium component that the specialist earns for holding market-wide
tail risk. For tractability, we assume that the skilled specialist always chooses ¢; = —1,
that is, he perfectly hedges this risk as he buys the CDS.!” We introduce a realistic friction
between investors and the specialist: investors cannot know whether fund managers have
piled up tail risk in their portfolio, that is, they cannot tell whether the returns are due
to the specialist’s skill or to the strategic exposure of the investors” funds to these extra

risks.20

This friction allows the unskilled specialist to use the exposure to tail risk as an
additional strategy to boost his returns and then his reputation.
Finally, to endogenously determine the premium p, we assume that there is a risk-

averse market maker who solves the following problem:

max E oQe_ﬁtu c)dt|,
e tutena

c,e 0

18The analysis of a specialist who is able to directly affect the premium quoted by the market maker is
significantly more cumbersome and it is not evident that will add significant insights.

9This corresponds to the efficient action for large ¢ and ¢.

2In line with this assumption, Kacperczyk et al. (2008) show that despite extensive disclosure require-
ments, mutual fund investors do not observe all actions of fund managers. Sato (2014) studies how opacity
in financial markets affects investor behavior, asset prices, and welfare, and show that an “opacity price
premium” arises as opaque assets trade at a premium over transparent ones despite identical payoffs.
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subject to the budget constraint
th = (TWt + E_tp — Ct) dt + éthNt,

where c is his consumption rate and ¢ captures the quantity of CDS in his portfolio. To
make the problem interesting, we also assume that the market maker faces a demand o;
of CDS shares from noisy traders, where o is a random variable drawn from a distribution

G (+). Thus, market clearing condition is given by the following:
et + e = oy.

In a similar spirit to Glosten and Milgrom (1985), a market maker only observes o; — ey,
which means that he is not able to distinguish between an order from a skilled specialist

and one from an unskilled one. We can define J(W) the market maker’s value function as

JW) =pJs(W) + (1 = p)Ju(W),

where J;(W) and J, (W) are the value functions when the specialist is known to be skilled
and unskilled, respectively, and p is the specialist’s reputation.

Interpretation. The jump event can capture, for example, the possibility of a fall in
house prices with (5) being the return on real estate investment. Another moment when
negative tail risk materialized was the Russian default of August 1998. The assumption
that investors cannot tell whether the high returns stem from exposure to tail risk or from
the alpha-generating skill of the specialist may represent the complexity of the financial
instruments employed. For instance, before the crisis investment managers would buy
AAA rated tranche of CDOs to get a return of 50 to 60 basis points more than a similar

2l That “excess” return was

AAA rated corporate bond (i.e. which is captured by p).
compensating investors for the “tail” risk the CDO would default, which at the time was
perceived small, but certainly not zero (as captured by ¢ > 0).?? Similarly, Acharya et al.
(2009) argue that commercial and investment banks had set up a way to sell deep out-of-
the-money options through an intricate structure of ABCP guarantees.

Equilibrium Premium. We start the analysis by solving for the premium p as a function

of the specialist’s reputation and his demand for the asset. The Hamilton-Jacobi-Bellman

21CDOs are pools of loans sliced into tranches and sold to investors based on the credit quality of the
underlying securities.
22#Bankers’ pay is deeply flawed” by Raghuram Rajan on Financial Times, 01/08/2008.
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equation for the market maker is

T(W) = maxu(e) + (W + o — ) J(W)' + g (J(W +28) — J(W)),
where the first term captures the flow utility, the second term describes the change in the
continuation utility in response to changes in wealth, whereas the last term captures the
change in the value function once the event is realized. We can take first order conditions
with respect to ¢ and é:

W(e) = pl(W) + (1 —-p)J.(W)
o = —gpPk (W+eg) +(1—p)Ju(W+eg)
pIs(W) + (1= p)Ju(W)’ '

To obtain closed form solutions, we assume that the market maker has exponential
utility with risk-aversion parameter . Then, we can show the following result:

Proposition 6 (Equilibrium Premium) The equilibrium premium is

o+p—e(1—p)>,

~ — 1—-96 _
P 64)( ¢ T

which converges to the expected payment —¢ ¢ when the market maker is risk-neutral, i.e. 6 — 0.
Moreover, p is increasing in the specialist’s reputation p (for given e) and in the noise traders’
demand o.

Intuitively, since the skilled specialist always chooses ¢; = —1, when the market maker
becomes more convinced that the specialist is skilled, namely when p increases, he quotes
a higher premium p. Moreover, more risk averse market makers, and those facing higher
noise traders’ demand quote a higher premium as well to protect themselves against the
jump risk.

We can now analyze the optimal strategy of the unskilled specialist, but in order to
do so, we need to analyze the equilibrium in the case of realization of the jump event.
There are two possible cases. First, if the returns turn out to be negatively skewed, and
investors incur a loss, they might minimize their exposure to risky assets and invest all
their resources into safe securities. This happens, for example, when the negative shock
is large and persistent, i.e. large ¢. We label this possibility “flight to safety”. Second,
investors might reward the specialists who are able to outperform the market during a
crisis by granting them higher capital. We label this case “betting on mavericks”.
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Figure 6: Sample path of returns generated by the strategic specialist when he can increase
his exposure to tail risk.

4.1 Flight to Safety

We first analyze the case in which the realization of the tail risk triggers a sharp reaction
on the part of investors, say a “flight to safety”, captured in the model by assuming that
investors set k = k, i.e. during these periods investors invest all their resources into
safe securities or in passive index funds (see, among others, Caballero and Kurlat (2008),
Vayanos (2004), and Beber et al. (2009)).

Now we can analyze the dynamics prior to the realization of the jump event. The
possibility of producing extra returns by taking tail risk enables the specialist to enhance
his reputation if ¢; > 0. That is, there exists a substitutability between the effort a; in
picking the right investment strategy and the exposure to tail risk e;. This leads to the
following result:

Proposition 7 (Tail risk exposure) If there is a “flight to safety”, the unskilled specialist ex-

poses his investors to tail risk, i.e. e; = 1 and the premium is p = —C¢ (1 —0r¢ 25’:;_51).

Moreover, for any t < T his effort choice is lower than when there is no disaster risk.

Proposition 7 provides two results. First, even when the specialist can hedge disaster
risks, he may opt not to do so. The intuition is that if there is a negative event the special-
ist will lose investors” support regardless of what he does, which increases his incentive
to act poorly prior to the occurrence of such events. So it is optimal for him to expose
the investors to this risk. Second, the possibility of the jump event { allows the specialist
to improve his reputation by capturing the premium p due to tail risk. Furthermore, this

premium is itself increasing in p, which leads the unskilled specialist to attract higher
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flows by generating higher short-term returns. This means that as investors cannot dis-
tinguish between the different sources of returns, agency cost increases as the specialist
exerts less effort than in absence of tail risk.

Intuitively, when a crisis is expected to be severe and persistent, so that investors de-
cide to invest exclusively in safe assets, reputation concerns induce specialists to choose
strategically to get over-exposed to tail risk. Thus market discipline, instead of incen-
tivizing the specialist to protect investors from fluctuations, actually aggravates the in-
vestors’ vulnerability. Figure 6 provides a numerical example of a potential path for the
returns generated by the unskilled specialist. It shows that the returns generated by a
unskilled specialist increase during normal times but fall sharply when the tail event
materializes. This further implies that it is very hard for investors to distinguish between
truly-skilled specialists and those who are merely selling disaster insurance, because their

returns might be similarly high in normal times.

4.2 Betting on Mavericks

The recent crisis shows that while most investors and intermediaries lost money when the
subprime market collapsed in late 2006, a handful of hedge-fund managers actually made
a fortune by betting against a housing bubble that few, at the time, believed was real. The
most notable examples are John Paulson and Greg Lippman. Paulson’s firm made $15
billion in 2007, earning the founder $4 billion and the respect of his peers. Greg Lippman
was able to rake in $100 million in a single week in February of 2007 by betting against the
ABX subprime index, which tracks the demand for credit default swaps. The investors
rewarded these successful specialists by allocating them a higher amount of capital from
then on.”

It is important to capture this possibility as it might lead the specialists to hedge
against the tail risk, rather than sell disaster insurance. We can capture this possibility by
assuming that with probability 1 — 7 (e), where 17 (¢) = 0 for e < 0 and 7’ (e), %" (e) > 0,
the specialist is able to capture an extra expected profit V. This captures in reduced form
the possibility for the specialist to leverage the boosted reputation in the aftermath of the
downturn, or the opportunity to have access to a new set of investors willing to allocate
capital with the specialist. For instance, specialists that outperform during severe down-
turns might have access to institutional investors, that are going to reward their ability to

time the market.

23This effect seems to persist, in fact, investors did not leave Paulson’s fund, even when in 2011 he made
losing trades in Bank of America, Citigroup and Sino-Forest Corporation, which caused his flagship fund,
Paulson Advantage Fund, to record a negative 40% return in 2011.
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Formally, in this case the specialist’s value function becomes

(@ V(p) = maxrr (a,e ) + KON (04 o) a(p)] v (p) ©

ae

5 2 A 2
rp (1= () V= EEABLyr () HEZB) ) 7
p) 2
Comparing (6) with (3), we can see that there are three extra terms. First, the flow
payoff takes into account the possibility for the specialist to gain the premium ep. Second,
by manipulating the investment strategy and exposing it to tail risk, the specialist can
affect the drift of the investors’ beliefs, as captured by the second term. Finally, at arrival
rate ¢ the specialist will obtain the extra return V with probability (1 — 7 (e)) when the
tail risk is realized.

Taking the first order condition with respect to ¢, we obtain the following:

rkp + MV (n = o1 @V. 8)
—— —_——
Myopic incentive

J/

-

Gains in reputation at <7, Expected Gain at t>T,

The first term depicts the specialist’s incentive to increase e to capture the excess re-
turns thanks to the positive premium p. By increasing the short-term returns, the special-
ist is able to improve his reputation, which will benefit him in the future as he will be
able to gain higher assets under management, and higher fees, which is captured in the
second term. However, increasing the investors” exposure to tail risk has a cost as well,
that is, the foregone possibility to attain the premium V.

We can now address the following question: what is the effect of the specialist’s repu-
tation on his incentives to pile up tail risk? In order to answer this question, we complete
the analysis by considering the interplay between the reputation, the premium and the
specialist’s choice e;. The analysis is significantly more complex in this case when ¢; is
interior as the specialist’s reputation has both a direct effect on the premium p and an
indirect one through the specialist’s choice e. However, we can show the following result:

Proposition 8 If the expected size of disaster, —@¢, and the noisy demands for CDS are suffi-
ciently large, the unskilled specialist has a higher incentive to sell disaster insurance as his repu-
tation increases, i.e. g—; > 0.

Proposition 8 presents the main result of this section. Intuitively, as the specialist’s
reputation increases, the market maker fears more and more to be on the wrong side of

the market, and thus start charging a higher premium for the insurance against the tail
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risk. However, by doing so he encourages the unskilled specialist to expose the fund to
tail risk in order to capture the higher premium. This holds exactly when the investors
would benefit the most from hedging against this risk, i.e. when the expected size of the
disaster is large, and when the market maker faces noisier demand for the CDS, which
makes him less able to price the CDS correctly. In sum, the specialist’s desire to boost
his reputation increases his incentive to expose the investors to tail risk, moreover, as
he captures the premium and improves his performance, through a general equilibrium
effect the premium rises, which makes "selling disaster insurance" an even more attractive

strategy.

5 Discussion

5.1 Empirical Implications

We have proposed a framework for analyzing the behavior of specialists who manage in-
vestors’ funds and are compensated with a fixed fraction of the asset under management
and a fraction of the realized returns, but use strategies that are driven mainly by implicit
incentives. The model offers a rich set of testable predictions.

History and Performance. First, in contrast to the existing literature, our model predicts
that the performance history of fund managers has a significant impact on their future
behavior. In particular, a long sequence of positive returns should be associated with
lower returns in the future, while a long enough series of negative shocks can lead the
fund out of the market, with more shocks needed for the more established funds. This
can be tested by looking at how past performance affects portfolio holdings and excess
returns over time.

Reputation and Volatility. Second, the strategies adopted by fund managers depend cru-
cially on their reputation and on market volatility. This implies a testable cross-sectional
variation across managers with different histories. In particular, managers with poorer
reputations should increase the riskiness of their portfolio in hopes of improving their
status by realizing higher returns. At the same time, fund managers with better rep-
utations tend to underperform in periods of high volatility but nevertheless suffer less
disinvestment, due to slow investor learning.

We can relate the results implied by Proposition 4 to some recent empirical evidence
on inflows in the asset management industry. For instance, Huang et al. (2011) analyze
mutual fund data from 1993 through 2006, finding that the sensitivity of flows to past

performance is weaker for funds with more volatile past returns and that older funds
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have weaker sensitivity than younger ones. These two empirical findings suggest that
investors update their beliefs about the fund managers over time, and are reluctant to
invest with a manager whose returns are so volatile that they can be presumed to be due
to luck rather than skill; and that investors tend to downgrade the reputation of already
established managers hit by negative shocks less sharply.**

Reputation and Tail Risk. Third, the portfolio returns of fund managers with poor rep-
utations should become more and more skewed as the probability of a crisis or of a flight
to safety increases. That is, “reaching for yields” behavior is more likely to be observed
during a bull market, as the probability of lower returns in the future is higher, or when
it is more difficult to produce returns in excess of the risk-free rate, as when the rates
on treasuries bills are high. Kelly and Jiang (2012) show that a significant part of hedge
fund returns can be viewed as compensation for selling disaster insurance and, consistent
with the predictions of the model, they show that young managers with limited perfor-
mance history tend to generate higher returns by exposing their investors to tail risk.
There should also be a positive correlation between the premium paid for selling disaster
insurance and the accumulation of tail risk in the managers’ portfolios.

Flight to safety and Volatility. Another implication is provided by the solution to the
investors’ portfolio choice problem depicted in Figure 5: in periods of high volatility, in-
vestors’” funds tend to flow towards safer assets, i.e. k; is lower. Intuitively, an increase
in volatility induce investors to shield themselves from the agency conflict with the fund
manager by diverting their resources towards the benchmark portfolio rs. This endoge-
nous flight to safety is confirmed empirically by several recent studies about the financial
crisis such as Mitchell and Pulvino (2012). They note that, around the Lehman Brothers
collapse, investors shifted assets out of risky securities, such as the investment with fund
managers, into U.S. Treasuries, as captured in the model by the benchmark safe portfolio
rs, which caused the 28-day U.S. Treasury bill yield to decrease from 1.4% on September
12,2008 to 0.1% on September 17, 2008.2°

Size and Returns. Finally, the size of the fund has a non-monotone effect on the man-
ager’s incentives. This follows from the existence of a reputation trap and a reputation
exploitation region, in which the managers’ incentives are the lowest, while in the rep-
utation building region their incentives to behave in the interest of households are the
strongest; and the increasing relationship between the capital allocated by the households

to the funds and the managers’ reputation. As predicted by Proposition 2, Pastor et al.

24Gimilar evidence, corroborating these implications, is provided by Franzoni and Schmalz (2013).
ZThese movements in the short-term rates during the Lehman period are outside the distribution of the
daily change in rates during the previous seven years.
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(2013) show that a fund’s performance typically declines over its lifetime.

5.2 Discussion of Assumptions

The model abstracts from a number of important features of reality. In what follows we
discuss how the basic environment can accommodate these features and how they would
modify the results.

Management fees. In the baseline version we take the contract between the specialist
and the investors as given for several reasons. First, the performance fee aligns special-
ists” and investors’ interests except for the former’s reputation concerns. In reality, asset
management contracts usually give the manager a fixed fraction of the asset under man-
agement plus a performance fee, and there is evidence of persistence in these contracts.?
For instance, Deuskar et al. (2011) analyze the hedge fund industry and show that dur-
ing the period from 2000 to 2009, a very small fraction, around 8%, of all hedge funds
changed fees at least once. Second, we can endogenize the fees by allowing competition
among intermediaries or by assuming that investors can bargain with managers over the
fees at discrete intervals. This would not affect the main results. Finally, the literature has
extensively examined the role of contracts and, more generally, of explicit incentives for
managers.27 It might be interesting in the spirit of DeMarzo and Sannikov (2006) to ana-
lyze the optimal contract when investors can commit at t = 0. In this case, there would be
no shirking in equilibrium, in that, the specialist would always have the incentive to exert
high effort. In our view, while the analysis of the optimal contract can generate a num-
ber of insights on executives’ compensation and how the policy maker should intervene,
at the same time, the way in which market discipline shapes the managers” behavior re-
mains an important issue. An important topic for future research is to extend the current
setting to study the interactions between implicit and explicit incentives.

Monitoring. The model has assumed that investors observe the fund’s returns contin-
uously which enables them to update their beliefs about the specialist’s type. We could
change the environment by making the returns visible only at discrete intervals. This
might capture the inability of investors to monitor the specialist’s decisions, either be-
cause monitoring is costly or because investors may be rationally inattentive. At the same
time, monitoring difficulties could represent the complexity of the financial instruments
that a specialist uses. This would not change the main implications of the model except

26For studies on the role of more complex contracting features, such as high-water marks, see the papers
by Goetzmann et al. (2003) and Panageas and Westerfield (2009) among others.

Z’For instance, Stoughton (1993) investigates the significance of nonlinear contracts on the incentive for
portfolio managers to collect information.
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that suboptimal strategies by the specialist could go undetected for a longer time, making
reputation more persistent.

Competition. We could allow investors to search for the best-performing specialist at a
cost. This would endogenize the investors” outside opportunity and also avoid a situation
in which only the specialist with the best past performance remains in the market. In this
modified framework, the managers” exploitation region would depend crucially on the
presence of other managers with better reputation and on investors’ search costs. This
would strengthen the result that during a crisis, when more managers underperform,
agency costs rise as the managers with good reputation exploit investors” perception of

their ability to avoid exerting effort, given the lack of strong competition.

6 Conclusion

In this paper, we have provided a novel model of intermediation with two classes of
agents, households and investment specialists, e.g. fund managers. Specialists have the
expertise to actively invest in risky assets, which households cannot purchase directly.
However, this intermediation relationship is subject to moral hazard, in that specialists
can generate returns by exploiting their stocks-picking ability or by timing the market,
but they have short-sighted incentives to mislead the households by manipulating both
the returns and the riskiness of their investment strategy.

The model generates a rich equilibrium dynamics as specialists” reputation has a non-
monotone effect on their incentives to take advantage of the investors’ trust. We have also
shown that, although the presence of implicit incentives motivate the specialist to gener-
ate excess returns, it might also lead to several distortions. For instance, somewhat para-
doxically, we show that in a crisis the agency costs are exacerbated by the high-reputation
specialists” incentives to act myopically.

We have then extended the model to capture the possibility that the economy is subject
to tail risk. In this setting, we have shown that by exposing the households to this tail risk
the specialist captures a positive premium, and he might induce returns-chasing investors
to update their beliefs about his type and entrust more capital to the fund. We have
also shown that when the premium on disaster insurance is endogenously determined, it
increases the incentives of the specialists with higher reputation to reach for yield.

The model is able to generate several novel empirical implications concerning the spe-

cialists” behavior, which can be tested employing data on fund managers” holdings.
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7 Appendix

Proof of Lemma 1

We could derive the stochastic evolution of investors” beliefs in two different ways.
The first involve applying Girsanov’s theorem and is the one used by Faingold and San-
nikov (2011), while the second one follows directly from Bayes’ rule and is adapted from
Bolton and Harris (1999). We are going to follow the second approach, which allows for
off-equilibrium beliefs, and can be directly employed to derive the Bellman equation for
the specialist.

Consider the random change in belief from p; over [t,t + dt]. Let dR; be the signal

change observed by the investors over this time interval. By Bayes’ rule we have:

_ pt (1 — pt) (fs (dR) — fu (dR))
Wr = Pree = =0 £ AR) + (1— pi) fu (d4R) ©)

If the actual action is a, while the investor expects 4 (p), then the probability density
fu (dR) of increment dR is a normal random variable with mean @ (p) dt and variance
o?dt. We exploit the second order Taylor series approximation e? ~ 1 + z + z2/2:

)

L aar - %dt)z /o

—(dR—adt)*/20%dt _ (adR—a%dt/2)/c? AT f 2
fu (dR) x e =e ~ 1+ (adR 2dt)/(7 +5

The realized signal dR depends on the actual action a taken by the specialist: dR = adt +
odZ. Substituting this and cancelling all terms above order dt, we find:

fu (adt +0dZ) ~ 1+ a (adt + cdZ) /o>

Now we can substitute back into equation (9) to get:

p p(1—p)(a—a)(adt+odZ) /o>
P 1+ a(p) (adt+ odZ) /o?
(
)

Q

Q

a
p(1—p)(a—a)(adt+0cdZ) /c? [1 —a(p) (adt + 0dZ) /(72]
[0 (= p) (& —2) (a—a(p)) /02| dt+[p (1~ p) (u — 2) /o] 4Z

Q

Then, we obtain the equation in the statement of the proposition.

Proof of Lemma 2

First, notice that the specialist has private information about his type 6. Then, we first

need to derive the stochastic evolution of beliefs from the specialist’s point of view. We
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can rewrite the Brownian motion Z? as follows

odZ? = dRy— (pa+ (1 —p)a)dt
= dRy—adt —p(a—a)dt
= dZ5 —p(a—a)dt

Substituting in (2) we get

x(aa,p)(a—a(p) |x(adp)
o (1-p)

Notice that conditional on the specialist being the unskilled type, the posterior on the

| 2

dp = dt + x (a,d,p)dZ?

skilled type must be a supermartingale, because the specialist expects the beliefs about
the skilled type to decrease over time.

We can now derive the value function. From the Principle of Optimality, we know
that V (p) satisfies

V(p) = max {r(k(y(a—f)+f) —abk) dt + ¢, [V (p+dp)] }

ae[0,x]

where
By [V (p-+dp)] = V (p) + V' () By [dp] + 5V" (p) By ap]?

follows from Ito’s Lemma. Substituting in the expression for the evolution of beliefs dp
we find

By V (p+ dp)] =V )+ V" () [ L2 ZRD  RBPIE] gy ) X0 DD) By

Finally, using the approximation et

= 1—rdt we get
V(p) = m (k (v (a— f) + f) — abk) dt

ax o,d a—a a,d,p)|? a,d,p)|?
ue[o,a]{ + (1 — rdt) [V(p)+v'(p) [X<~f’>g (B) _ Ixfzap) }dt+v" (p) Mdt} }

rearranging and eliminating terms of order (dt)z, we get the expression for the value
function displayed in the proposition.
Proof of Proposition 1

We start with some preliminaries about the specialist’s value function. To simplify no-

tation, let us assume that k = 0. A triple (ay, ky, pt), constitutes an equilibrium if (a;, kt)t20
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belongs to the image of the function T (p, A) : [0,1] x R =2 [0,a] x [0,1] :

I'(p,A)= {(a,k) _ kcargmaxpep K (1—7) @(p) = f) + (1 =K) 15 }

a € argmaxy e, 4k (v —b) + Ad’

Fix (p, A) and consider the following correspondence

3 (a k) 7y k e argmaxk/e[oll] [k/ (1 — r)/) (a (p) _f) + (1 o k/) rs]
' a € argmaxy (g a'k(y—b)+ Ad

Then an action profile (a;, k¢) belongs to T (p, A) if and only if it is a fixed point of X (a, k).
Fix (a,k) € [0,a] x [0, 1] and notice that the assumptions on the agents’ flow payoff and on
the drift of the diffusion process R; imply that 7t (a,k) and u (a, k) are weakly concave and
hence by Brouwer’s fixed point theorem X (a, k) has a fixed point. Then, the correspondence
I' (p, A) is non-empty, which shows existence.

The proof of the existence of a solution to the ODE follows the techniques introduced
by Keller and Rady (1999) and Faingold and Sannikov (2011). We divide the proofs in
three steps. First we show existence. We then show that the solution must be unique and
finally we show that the unique solution must be an increasing function.

The proof of Proposition 1 relies on standard results from the theory of boundary-
value problems for second-order equations (see for example De Coster and Habets (2006)).
We now review the part of that theory that is relevant for our existence result.

Given a continuous function H : [a,b] x R?> — R and real numbers c and d, consider
the following boundary value problem:

V" (x) = H(x,V(x),V'(x)), x € [a,b] (10)
Vi) = V()=

Given real numbers « and 8, we are interested in sufficient conditions for the previous
problem to admit a C2—solution V : [a,b] — R witha < V (x) < B for all x € [a,b]. One
sufficient condition is called Nagumo condition, which posits the existence of a positive

continuous function ¢ : [0,00) — R satisfying

% pdo

o ¥(v)

and

|H (x,0,7") | <y ([Y]), V(x,0,0) € [a,b] x [, B] xR.
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To prove existence we use the following result, which follows from Theorems I1.3.1 and
[.4.4 in de Coster and Habets (2006):

Lemma 3 Suppose that « < ¢ < B,a < d < Band that H : [a,b] x R*> — R satisfies the
Nagumo condition relative to a and . Then:

(a) the boundary value problem (10) admits a solution satisfying « < V (x) < B for all
x € [a,b];

(b) there is a constant R > 0 such that every C>—function V : [a,b] — R that satisfies
a <V (x) < Bforall x € [a,b] and solves

V" (x)=H(x,V(x),V'(x)), x € [a,b],

satisfies |V' (x) | < R forall x € [a,b].

Step 1. Existence. Since the right hand side of the ODE blowsupatp =0and p =1,
our strategy of proof is to construct the solution as the limit of a sequence of solutions
on expanding closed subintervals of (0,1). Indeed, let H : (0,1) x R> — R denote the
right-hand side of the ODE and for each n € IN consider the boundary value problem:

V'(p) = H(pV(p),V'(p), pel/n1-1/n] (11)
V(1/n) = gV(1-1/n)=3g.

There exists a constant K;;, > 0 such that

|H (p,v,7") | <K, <1+ |v’|2>, V(pv ') el/nl1—-1/n]x [g,g‘] x R.

Since [y K;!'(1+ v®) 'vdo = oo, for each n € N the boundary value problem
above satisfies the hypothesis of the Lemma relative to « = g and B = g. Therefore,
for each n € N there exists a C>—function V,, : [1/n,1—1/ n]_ — R which solves the
ODE on [1/n,1—1/n] and satisfies ¢ < V,; < §. Since for m > n the restriction of Vj,
to [1/n,1 —1/n] also solves the ODE on [1/n,1—1/n], by the quadratic growth condi-
tion above the first and the second derivatives of V};, are uniformly bounded for m > n,

and hence the sequence (V;,, V;,) is bounded and equicontinuous over the domain

m>n
[1/n,1—1/n]. By the Arzela’-Ascoli Theorem, for every n € IN there exists a subse-
quence of (Vy,, V) which converges uniformly on [1/n,1 — 1/n]. Then, using a diag-

zeN- denoted (V) which

m>n

onalization argument, we can find a subsequence of (V) kEN 7
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converges pointwise to a continuously differentiable function V : (0,1) — {g, g‘] such
that on every closed subinterval of (0,1) the convergence takes place in C.

Finally, V must solve the ODE on (0,1), since V;/ (p) = H (p, Vi, (p), Vi, (p)> con-
verges to H (p, V (p), V' (p)) uniformly on every closed subinterval of (0,1), by the con-

tinuity of H and the uniform convergence <Vnk, V/Zk

) — (V, V') on closed subintervals of

(0,1). We also need to impose that

lim V(p) = lim V(p)
p—p* p—p~

and

lim V' (p) = lim V' (p).
p—p* p—p-

Step 2. Uniqueness. Suppose V and U are two bounded solutions. Assuming that
U(p) > V(p) forsome p € (0,1),let po € (0,1) be the point where the difference U — V
is maximized. Thus we have U (pg) — V (po) > 0and U’ (po) — V' (po) = 0. But then, the
difference U (p) — V (p) must be strictly increasing for p > po, a contradiction. In fact,
suppose that U (pg) < V (po) and U’ (po) < V' (po) . It U’ (p) < V' (p) forall p > po then
we must also have U (p) < V (p) on that range. Otherwise, let

p1=inf{p € [po,1): U'(p) > V' (p)}

then U’ (p1) = V' (p1) by continuity, and U (p1) < V (p1) since U (po) < V (po) and
U’ (p) < V' (p) on [po, p1)- By the optimality equation, it follows that U"” (p1) — V" (p1) <
0, therefore U’ (p1 —€) > V' (p1 — ¢) for sufficiently small ¢ > 0, and this contradicts the
definition of p;.

Step 3. Monotonicity. We want to show that the unskilled specialist’s equilibrium
payoff is weakly increasing in the investors’ belief p. Suppose V is not weakly increasing
on [0, 1]. Take a maximal subinterval [pg, p1] on which V is strictly decreasing. Recall that
V(0)=0and V(1) = @, then since V (0) < V(1) it follows that [po, p1] # [0, 1].

Take p; < 1. Since p; is a local minimum, V' (p1) = 0. Also, V (p1) > m,, (a*, k")
otherwise V" (p1) < 0. Hence

V(o) >V (p1) 2 mp, (0" K) > 1, (a' k) =V (0).
Then py > 0. Therefore V' (po) = 0and V" (pg) > 0 (because 7, (a*,k*) > 7, (a*, k")),
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and so py is a strict local minimum, a contradiction.

Step 4. Comparative statics. We can now show that the unskilled specialist’s value
function is decreasing in the volatility ¢, in the discount rate r and in the conflict of interest
b. We are going to focus on the effect of the volatility o, as the proof for the comparative
static with respect to r and b follows the same steps.

First, we can reformulate the Hamilton—-Jacobi-Bellman equation as

V"'=G(p,V,V)

with boundary conditions V (0) =0and V (1) = Lt/ (rl —),

Then, the function V, (V) is called a subsolution (supersolution) of the restated problem
if V; > G(p, VL, V}) (Vi; < G (p, Vi, Vi;)). One of the properties of the sub and superso-
lution (see Berfeld and Lakshmikantham, 1974) is that if V; (p) and Vi (p) are sub- and

supersolution of V, and Vi (p) > VL (p) then

Vi(p) <V (p) <Vu(p).

Let us assume that 0, > ¢ and suppose by contradiction that for some p, V, (p) >
Vo, (p). Then Vi, (p) — Vo, (p) must attain a local maximum. At the maximum point we

then have
Vi ()~ V2, (p) <00

Hence, the formulation of the HJB equation implies
G (p/ V(71/ Vo/'l) Z G (p/ V(Tz/ VU/'2) 7

which contradicts the assumption that o, > ¢ and V,, (p) > Vi, (p). Then, the special-
ist’s value function is decreasing in the volatility of the returns dR;.

Proof of Proposition 2

To simplify notation, let us assume that k = 0. Let us start by showing that (a*,k*) =
(0,0) cannot be an equilibrium for every p. If # = 0 and p < p then the best response is
to set k = 0, but if k = 0 the FOC for the specialist becomes p(1+)21//(p) > 0 which means
that the specialist has an incentive to increase his effort a*, which is a contradiction.

Similarly, (a*,k*) = («,1) is not an equilibrium for any p. Suppose that 4 = «, then
k = 1, however the FOC for the specialist becomes (v —b) < 0 which means that the

specialist has an incentive to decrease his optimal choice a*, which is a contradiction.
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It is straightforward to see that (a*,k*) = («,0) cannot be an equilibrium either, be-
cause if @ = « the investors’ best response is to set k = 1.

Now we can find the threshold for the specialist’s reputation that identify the exploita-
tion region. Suppose that 4 = 0. The investor’s best response is k = 1if and only if p > p,

where p is defined as
(=) (pa—f) —rs =0

For p < p, we have k* = 0.

For reputation values p € (E’ ;5) , the first order conditions hold with equality. The
investor’s FOC defines the specialist’s effort choice, while the specialist’s FOC defines the
optimal investment, as function of p.

We can now find the interval of p supporting (0,0) as an equilibrium. The lower

threshold p is defined by the following condition

v <p> ~L (12)

We know that V (0) = 0 < L, which means that given the monotonicity of the specialist’s
value function p > 0. In order to make sure that p < 1 we need to impose the following
parametric restriction:

V(l) — f(lr_’)’)

> L

that is, the payoff that the specialist can capture when his maximum reputation is achieved
needs to be higher than the cost of running the fund L. Otherwise, the specialist would

never participate in this market.

Proof of Proposition 3

Given the closed form solution for the effort choice given by:

at = 75+f(1—’)’) p

i-y(d-p 0-p"

we can just differentiate it to immediately obtain

da da
E>O,d—rs>0

and

do_ (fr)(i-p) .

dy  (1-7)?(1-p)?
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We can then apply Cramer’s rule to the set of FOCs to show that the optimal effort choice

is decreasing in the reputation value p :

| Ukk  —Ukp |
da Tk —Tp  (1—9)(a—d8)(y=b) _,
dp Uge Ugg (b—7)1=7)(1-p)
| — |

Proof of Proposition 4

The threshold p is given by the condition

V(E)zL

Since the left hand side is increasing in p, an increase in L leads to an increase in the
threshold p. Moreover, we have shown in Proposition 1 that the specialist’s value function
is decreasing in ¢, r and b, which means that an increase in the value of the threshold p is

needed in order to keep satisfying condition (12).
Proof of Proposition 5

The optimal investment function k (p) is increasing in p because the investors’ ex-
pected payoff is supermodular in k and p. That is, we have that

dEu (a(p), k)
dkop

=(1—9)a>0.

The comparative statics result with respect to ¢ and b follow from the inspection of
the FOC defining the optimal k* (p).

Proof of Proposition 6
The proof is similar to the one proposed by Garleanu et al. (2009). We start with the
case in which the unskilled specialist chooses e; = 1. The HJB for the market maker J(W)
is
r](W) = maxu(c) + (W + 2o — ) J(W)' + ¢ (J(W + &) — (W),

ce
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and the FOC with respect to c and ¢ are given by the following:

u'(c) = pls(W) 4+ (1=p)Ju(W),
_ep?)s (W+eg) +(1—p)Ju(W+eg)
pls(W)' + (1 = p)Ju(W)’ '

P = (13)

We can now conjecture that

I S S
]S(W) - 576
and
1w
]M(W) - 57‘6 Vi

where bs and b, are some constant, with bs > b,, since the value function in high demand
of CDS is higher. We can now impose a market clearing condition for each case. Then, we
have

Js(W+(0+1)8)

e o 1—5rE(0+1) — orb (14)
]:ETV:Q]/ v 1 —drbs
Ju (W :Esfw_ DO 1 sre(o—1) — o,
]:(Tvrvv\)// v 1—6rby,.

Thus, the equilibrium premium is approximately given by

B p(1—0ori(o+1)—orbs)+ (1 —p) (1 —6ri(o—1) —orby))
po= 59 p(1—6rbs) + (1 —p) (1 — orby)

2p+o—1
- 1—gpEsl 2~
‘:q)( U )

where b = pbs + (1 — p)by.
We can also solve bs and b,, by plugging the optimal consumption rule and equilibrium
premium in HJB:

2p+o0—1 —sr(o
(0+1)(57’(§2§Dﬁ_w = ( +1)€(P+7’b+g/ ( or( +1)§—1>,
> 2p+o0— 1 . _ P ( —6r(0-1)¢ _
(0 —1)ére T (0—1)¢p+rb+ L 5 ( 1) ,
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where b satisfies the following equation:

e or(W+b) _ pe 0T (WHbs) 4 (1 — p)e0r(Wtbu)

For the case in which the unskilled specialist chooses an interior solution, the optimal e

solves the following
- w,d, -
rokp + MV’(P) = ¢r'(e)V. (15)

From equation (13), we know that the equilibrium premium is equal to

_ = P (W+ e_é)/ + (1 —=p)Ju (W—l—é(;‘)/

pls(W)’ p)Ju(W)’

We can then impose market clearing conditions:

Js(WH+eg) = Js(W+ (0+1)8) =exp (—6r(W+ (04 1) +bs))
Ju(W+eg) = Ju(W+(0—e)g) =exp (—6r(W+(0—e)+bu))

To find a closed form solution, we can use an approximation as equation (14). Thus, the

equilibrium premium is

p(1—06ré(o+1)—6rbs)+ (1 —p) (1 —6ri(o—e) —drby))

p = —GCo p(l —orbs) + (1 — p) (1—6rby)
R (1 IPWLL, p1__e<5(r115_ p)) . (16)

Proof of Proposition 7

The HJB in the case of flight to safety is given by the following:

(@) V(p) = macrn(ae k) + MNP 00 avip) a2

ae

X (D‘/ at, pt)z v

~ 2
ARy (p) 4 KB )

(1-p)

Hence, the FOC with respect to e is given by
rvkp + MV’ (p)>0
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since V' (p) > 0. This means that the optimal exposure ¢ is a corner solution e = 1.

Given this result, the expected returns of the investors are increased by an amount equal

to the premium p collected by the specialist. This means that he needs to provide a lower

a* to make the investors willing to delegate a higher amount of capital to the specialist.

Proof of Proposition 8

Define the following function:

- a,d,
F(Pwﬂ==rvkp+-51—;—fQW”(P)—-¢n%e)V

where the premium is given by

o-l—p—e(l—p))

e 1— —

Then, we can totally differentiate the above equation to get g—;:

de . _Fp
dp  F’

where

—d !
F, = ,uyk_p + Lv’ + 7_(\/”,
o o

dp
F, = r’yl_CZ—g — 1"V <0,
p (1— orb)
do e (1—p)
de 1—6rb <0.

(18)

/ (19)

Thus, the sign of de/dp depends on the sign of F,. The first term of F, depends on dp/dp.

The second term of F, depends on p. When p is close to zero, the second term is positive,

and when p is close to one, the second term is negative. The third term of F, is assumed

to be negative given that specialist’s value function is concave. If the first term is positive

and sufficiently large, we can say that F, is positive, and thus the optimal e is increasing

in the specialist’s reputation. From the equations in 18, we have that F, is positive when

the expected size of disaster, —¢(, is large and the noisy demands for CDS is large.
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